Tatra Mt. Math. Publ. 26 (2003), 403–410 tm

Mathematical Publications

ON TWO TYPES OF PARTIAL SUMMATIONS

Ján Mačutek

ABSTRACT. Let { P �_j^}1_{j=0 ,}^{_{Pj}^}1_{j=0 be discrete distributions on the nonne-}

gative integers. Generalized partial summations, namely

Px =

1_∑

j=x^{g(j)P}

�_{j , x = 0, 1, 2, . . .} and Px = h(x) 1_∑

j=x^P �_{j , x = 0, 1, 2, . . . ,} are analyzed. Relations between the probability generating functions of the parent and descendant distributions are investigated. For a wide class of discrete distributions we can find the functions g(x) and h(x) such that the distribution remains unaltered under the above mentioned summations.

I. Introduction Let { P^∗_j }_∞ j=0 (parent) and { P_j }_∞ j=0 (descendant) be discrete probability distributions defined on the set of the nonnegative integers. So far three types of partial summations have been analyzed (in the following, a, b and c are proper constants). The summation

P_x = a ∞∑ j=x P^∗_j , x = 0, 1, 2, . . . (1)

is mentioned in [3] and is generalized in [5]. Due to [11] the parent and descendant distributions are identical if and only if they are geometric distributions.

The second type,

P_x = b ∞∑ j=x P^∗_j j , x = 0, 1, 2, . . . , (2) 2000 M a t h e m a t i c s S u b j e c t C l a s s i f i c a t i o n: 60E05, 62E10. K e y w o r d s: discrete distributions, partial summations.

Supported by VEGA grant 1/7295/20.

can be found in [1] and is generalized in [7]. In [9] there are many pairs of parent and descendant distributions from the generalized hypergeometric family (see [8]). According to [12] the Yule distribution remains unaltered under this summation.

The third type yields

P_x = c x ∞∑ j=x P^∗_j , x = 0, 1, 2, . . . (3)

The summation is introduced in [10]. Its generalization is given in [4]. The Salvia–Bolinger distribution (see [8]) is invariant with respect to this summation (proved in [10]).

II. Invariant distributions

Two types of partial summations will be considered. They are

P_x = ∞∑ j=x g(j)P^∗_j , x = 0, 1, 2, . . . (4) and P_x = h(x) ∞∑ j=x P^∗_j , x = 0, 1, 2, . . . (5)

It is easy to see that the summations (1), (2) and (3) are special cases of the summations (4) or (5). For a wide class of discrete distributions, the functions g(x) and h(x) can be found such that the distribution is invariant (i.e., the parent and descendant distributions are identical) under the summations (4) and (5), respectively.

Theorem II.1. Let^{P^∗_j^{}∞}_{j=0} be a discrete probability distribution defined

on the set of the nonnegative integers. Let P^∗_{x+1} = f(x + 1)P^∗_x , x = 0, 1, 2, . . . The distribution is invariant (i.e., P^∗_x = P_x , x = 0, 1, 2, . . . ) with respect to the summation (4) if and only if g(x) = 1 − f(x + 1) , x = 0, 1, 2, . . .

P r o o f . Let P^∗_x = P_x , x = 0, 1, 2, . . . For x = 0, 1, 2, . . . it holds

P^∗_x = ∞∑ j=x g(j)P^∗_j =⇒ P^∗_x − P^∗_{x+1} = g(x)P^∗_x =⇒

g(x) = 1 −

P^∗_{x+1} P^∗_x = 1 − f(x + 1) .

ON TWO TYPES OF PARTIAL SUMMATIONS

Let g(x) = 1 − f(x + 1). Then

P_x = ∞∑ j=x g(j)P^∗_j = ∞∑ j=x ( 1 − f(j + 1) ) P^∗_j = ∞∑ j=x P^∗_j − ∞∑ j=x P^∗_{j+1} = P^∗_x .

The function g(x) for the distributions belonging to the Katz family (see [8]) is derived in [6].

Throughout the paper let us suppose that a product with the lower limit greater than the upper one is equal to 1.

Theorem II.2. Let^{P^∗_j^{}∞}_{j=0} be a distribution with the same properties as

in the Theorem II.1. { P^∗_j }_∞ j=0 is invariant with respect to the summation (5) if and only if h(x) = ( 1 + ∞∑ j=1 j∏ k=1 f(x + k) )_{−1} . P r o o f . Let P^∗_x = P_x , x = 0, 1, 2, . . . For x = 0, 1, 2, . . . it holds

P^∗_x = h(x) ∞∑ j=x P^∗_j =⇒

h(x) = P^∗_{x∞} ∑ j=x P^∗_j = P^∗_0^x ∏ j=1 f(j) P^∗_0^∞ ∑ j=x j∏ k=1 f(k) = ( 1 + ∞∑ j=1 j∏ k=1 f(x + k) )_{−1} .

Let h(x) = ( 1 + ∞∑ j=1 j∏ k=1 f(x + k) )_{−1} . Then h(x) ∞∑ j=x P^∗_j = ( 1 + ∞∑ j=1 j∏ k=1 f(x + k) )_{−1 ∞}∑ j=x P^∗_0 j∏ k=1 f(k)

= P^∗_0

1 + f(x + 1) + f(x + 1)f(x + 2) + . . . 1 + f(x + 1) + f(x + 1)f(x + 2) + . . . x∏ j=1 f(j) = P^∗_x .

In the following_mF_n(a_1, . . . , a_m; b_1, . . . , b_n; z) is a hypergeometric function, see, e.g., [2]. Let us suppose that

f(x + 1) =

P^∗_{x+1} P^∗_x = C m∏ i=1 (x + a_i) n∏ j=1 (x + b_j ) .

We obtain 1 h(x) = 1 + m∏ i=1 (x + a_i) n∏ j=1 (x + b_j ) C + m∏ i=1 [ (x + a_i)(x + a_i + 1) ] n∏ j=1 [ (x + b_j )(x + b_j + 1)

] C^2 + · · · =⇒

h(x) = ( m+1F_n(x + a_1, . . . , x + a_m, 1; x + b_1, . . . , x + b_n; C) )_{−1} . In addition, if m = 1, n = 1, C = 1 and b_1 − a_1 > 1 (i.e., f(x + 1) =^{x+a1}_{x+b1} , b_1 − a_1 > 1) then h(x) = ( 2F_1(x + a_1, 1; x + b_1; 1) )_{−1}

= Γ(x + b_1 − 1)Γ(b_1 − a_1) Γ(x + b_1)Γ(b_1 − a_1 − 1) = b_1 − a_1 − 1 x + b_1 − 1 . Special cases of the functions g(x) or h(x) are in [6] (for the Katz family of distributions), [10], [11] and [12] (for the Salvia–Bolinger, geometric and Yule distribution, respectively). All the distributions and distribution families from the following table can be found in [8]. Examples.

For the Kemp-Dacey-hypergeometric family (a_i, b_j , θ : i = 1, . . . , k ; j = 1, . . . , r ) it holds

f(x + 1) = θ^k ∏ i=1 (x + a_i)

(x + 1)^r ∏ j=1 (x + b_j ) ,

g(x) = 1 − θ^k ∏ i=1 (x + a_i)

(x + 1)^r ∏ j=1 (x + b_j ) ,

and h(x) = ( k+1F_{r+1}(x + a_1, . . . , x + a_k , 1; x + b_1, . . . , x + b_r , x + 1 , : θ) )_{−1} .

ON TWO TYPES OF PARTIAL SUMMATIONS

distribution (parameters) f(x + 1) g(x) h(x)

geometric (p) 1 − p p p

Poisson (λ)^λ_{x+1}^{x−λ+1}_{x+1}^1_{1F1(1;x+1;λ)}

negative binomial (k, p)^{(x+k)(1−p)}_{x+1}^{1−k+p(k+x)}_{x+1}^1_{2F1(x+k,1;x+1;1−p)}

1-shifted logarithmic (θ )^{θ(x+1)}_{x+2}^{x(1−θ)−θ+2}_{x+2}^1_{2F1(x+1,1;x+2;θ)}

2-shifted Flory^{x+2}_{2(x+1)}^x_{2(x+1)}^1_{2F1(x+2,1;x+1; 12 )}

Salvia-Bolinger (α)^{x−α+1}_{x+2}^{α+1}_{x+2}^α_{x+1}

Yule (b)^{x+1}_{x+b+2}^{b+1}_{x+b+2}^b_{x+b+1}

family (parameters) f(x + 1) g(x) h(x)

power series ( a_x, θ, f(·) )_{θax+1} ax ax−θax+1 ax ax1P_{j=0 ax+jθj} Katz (α, β ), β ≠ 0^{α+βx}_{x+1}^{1−α+(1−β)x}_{x+1}^1_{2F1(x+} α_{β ,1;x+1;β)}

Irwin ( a_x, θ, Ψ(·) )_{ax+1} (x+θ+1)ax − (x+θ+1)ax−ax+1 (x+θ+1)ax ax 1P_{j=0} ax+j_{(x+θ+1)(j)}

III. Generalized partial summations

In the previous section the parent and descendant distributions were identical and the problem of finding proper functions g(x) and h(x) was solved. Now these functions and the parent distribution will be given and we shall study properties of the descendant distribution (in general different from its parent).

Let f(x) be such a function that

P^∗_{x+1} = f(x + 1)P^∗_x , x = 0, 1, 2, . . . (6)

for a discrete distribution { P^∗_j }_∞ j=0 . Let us consider the discrete distribution { P_x }_∞ x=0 given by the summation

P_x = c_1 ∞∑ j=x g(j)P^∗_j , x = 0, 1, 2, . . . ,

where c_1 is a proper constant, g(x) = 1 − f(x + 1) and { P^∗_j }_∞ j=0 is a distribution satisfying the conditions: (a) its mean μ^∗ is finite and (b) the sequence {_∞ ∑ j=x g(j)P^∗_j }_∞ x=0 does not change a sign.

Lemma III.1.

c_1 = 1 1 + μ^∗ −^∞ ∑ x=0 (x + 1)f(x + 1)P^∗_x .

P r o o f . 1 = ∞∑ x=0 P_x = c_1 ∞∑ x=0 ∞∑ j=x g(j)P^∗_j = c_1 ∞∑ x=0 ∞∑ j=x ( 1 − f(j + 1) ) P^∗_j =⇒

c_1 = 1 1 + μ^∗ −^∞ ∑ x=0 (x + 1)f(x + 1)P^∗_x .

It is easy to see that if f(x + 1) =^P

�_{x+1P} �_x (i.e., the parent and descendant

distributions are identical) then c_1 = 1.

Let G^∗(t) =^∞ ∑ x=0 P^∗_x t^x, G(t) =^∞ ∑ x=0 P_xt^x be the probability generating func-

tions of the distributions { P^∗_j }_∞ j=0 and { P_j }_∞ j=0 , respectively.

Theorem III.2. G(t) = c_1 1 − t ( 1 − tG^∗(t) − ∞∑ x=0 P^∗_x f(x + 1) ( 1 − t^{x+1} )) .

P r o o f . G(t) = ∞∑ x=0 P_xt^x = c_1 ∞∑ x=0 t^x ∞∑ j=x g(j)P^∗_j = c_1 ∞∑ x=0 t^x ∞∑ j=x ( 1 − f(j + 1) ) P^∗_x

= c_1 ∞∑ x=0 P^∗_x ( 1 − f(x + 1) )^x∑ j=0 t^j

= c_1 1 − t ∞∑ x=0 P^∗_x ( 1 − f(x + 1) )( 1 − t^{x+1} )

= c_1 1 − t ( 1 − tG^∗(t) − ∞∑ x=0 P^∗_x f(x + 1) ( 1 − t^{x+1} ) ) .

Special cases of the Theorem III.2 can be found in [5], [6], [7] and [9].

ON TWO TYPES OF PARTIAL SUMMATIONS

Let us consider the discrete distribution {Q_x}^∞_{x=0} given by the summation

Q_x = c_2 h(x) ∞∑ j=x P^∗_j , x = 0, 1, 2, . . . ,

where c_2 is a proper constant, h(x) = ( 1 +^∞ ∑ j=1 j∏ k=1 f(x + k) )_{−1} (f(x) being the

function from (6)) and { P^∗_j }_∞ j=0 is a distribution with a finite mean. Obviously

c_2 = 1 ∞∑ x=0 h(x)^∞ ∑ j=x P^∗_j and H(t) = c_2 ∞∑ x=0 (_∞ ∑ j=x P^∗_j ) h(x)t^x , H(t) =^∞ ∑ x=0 Q_xt^x being the probability generating function of the distribution {Q_j }^∞_{j=0} . One can find special cases of the relationship between the probability generating functions of the parent and descendant distributions in [4] and [10].

If h(x) =^a_{b+x} then

H(t) = c_2 ∞∑ x=0 (_∞ ∑ j=x P^∗_j ) h(x)t^x = c_2 ∞∑ x=0 P^∗_x x∑ j=0 a b + j t^j

= ac_2 t^b ∞∑ x=0 x∑ j=0 P^∗_j t^{b+j} b + j = ac_2 t^b ∞∑ x=0 x∑ j=0 t∫ 0 P^∗_j z^{b+j−1}dz

= ac_2 t^b t∫ 0 z^{b−1} ∞∑ x=0 P^∗_x x∑ j=0 z^j dz = ac_2 t^b t∫ 0 z^{b−1} 1 − z ∞∑ x=0 P^∗_x ( 1 − z^{x+1} ) dz

= ac_2 t^b t∫ 0 z^{b−1} 1 − z ( 1 − zG^∗(z) ) dz , see [4] and [10].

REFERENCES

[1] BISSINGER, B. H. : A type-resisting distribution generated from consideration of an inventory decision model, in: Classical and Contagious Discrete Distributions (Patil, G. P., ed.), Statistical Publishing House, Calcutta, and Pergamon Press, Oxford, 1965, pp. 15–17.

[2] GASPER, G.—RAHMAN, M. : Basic Hypergeometric Series, Cambridge University Press, Cambridge, 1990.

[3] JOHNSON, N. L.—KOTZ, S.—KEMP, A. W. : Univariate Discrete Distributions, Wiley, New York, 1992.

[4] MAČUTEK, J. : Generalization of the partial summation process, J. Electr. Eng. 51 (2000), No. 12/s, 17–20.

[5] MAČUTEK, J. : A special class of partial-sums discrete probability distributions, J. Electr.

Eng. 52 (2001), No. 10/s, 22–23.

[6] MAČUTEK, J. : Katz partial summations family, Tatra Mt. Math. Publ. 22 (2001), 143–148.

[7] MAČUTEK, J. : Discrete probability distributions generated by the generalized STER summation, Brazilian J. Prob. Statist. 16 (2002), 1–6.

[8] WIMMER, G.—ALTMANN, G. : Thesaurus of Univariate Discrete Probability Distributions, Stamm, Essen, 1999.

[9] WIMMER, G.—ALTMANN, G. : On the generalization of the STER distributions applied to the generalized hypergeometric parents, Acta Univ. Palack. Olomuc. Fac. Rerum Natur. Math. 39 (2000), 215–247.

[10] WIMMER, G.—ALTMANN, G. : A new type of partial-sums distributions, Statist. and Probab. Lett. 52 (2001), 359–364.

[11] WIMMER, G.—KALAS, J. : A characterization of the geometric distribution, Tatra Mt.

Math. Publ. 17 (1999), 325–329.

[12] XEKALAKI, E. : A property of the Yule distribution and its applications, Comm. Statist.

Theory Methods 12 (1983), 1181–1189.

Received February 21, 2002 Department of Probability and Statistics Faculty of Mathematics, Physics and Informatics Comenius University Mlynská dolina SK–842 48 Bratislava SLOVAKIA E-mail: macutek@fmph.uniba.sk