Tatra Mt. Math. Publ. 26 (2003), 281–289 tm

Mathematical Publications

BIAS CORRECTION FOR THE SHAPE PARAMETER OF THE SKEW NORMAL DISTRIBUTION

Olga Dunajeva — Tõnu Kollo — Imbi Traat

ABSTRACT. In the paper the shape parameter α of the multivariate skew normal distribution is estimated by the method of moments and the main term of the bias of the estimator is derived using matrix derivative technique. A stochastic representation of a skew normal distribution which defines a new simpler simulation algorithm is found.

1. Skew normal distribution

The multivariate skew normal distribution has been introduced by A z z a l i - n i & D a l l a V a l l e (1996), the distribution with applications is studied in A z z a l i n i & C a p i t a n i o (1999). Following G u p t a & K o l l o (2000) we shall use slightly different parameterization of the distribution.

Definition 1. A continuous random p-vector Z has a multivariate skew

normal distribution with parameters α and Σ, Z ∼ SN_p(α, Σ), if its density function is given by

f_Z (x) = 2f_X (x, Σ)Φ(α^′ x) , x ∈ R^p , (1) where α ∈ R^p, Σ > 0, f_X (x, Σ) is the density function of the normal distribution N_p(0, Σ) and Φ(·) is the distribution function of N(0, 1).

In Definition 1 the parameter Σ is the dispersion matrix of N_p(0, Σ), while A z z a l i n i et al. use the correlation matrix Ω instead of Σ. From A z z a l i n i & D a l l a V a l l e (1996) we get straightforwardly the moment generating function of the skew normal distribution:

M_Z (t) = 2e^{12 t0 Σt} Φ ( α^′Σt (1 + α^′Σα)^{1/2} ) . (2)

2000 M a t h e m a t i c s S u b j e c t C l a s s i f i c a t i o n: 62H12, 62F10, 65C60. K e y w o r d s: bias correction, matrix derivative, moment generating function, skew normal distribution, Taylor expansion.

Differentiating (2) twice we get the first two moments of Z :

EZ = √ 2 π Σα (1 + α^′Σα)^{1/2} , m_2(Z) = Σ , DZ = Σ − EZEZ^′. When differentiating M_Z (t), the matrix derivative and its properties are used (see M a g n u s & N e u d e c k e r (1999), for example).

The method of moments gives us the following parameter estimators (G u p - t a & K o l l o (2000)) through the sample mean Z̄ and the sample dispersion matrix S :

Σ̂ = S + Z̄Z̄^′; (3)

α̂ =

(S + Z̄Z̄^′)^{−1}Z̄ √_2 π − Z̄^′(S + Z̄Z̄^′)^{−1}Z̄

. (4)

2. Stochastic representation

The following statement gives us a stochastic representation of Z ∼ SN_p(α, Σ) which forms a basis for simulation. Correspondingly, simulation of the skew normal distribution is based on the simulation of X ∼ N_p(0, Σ) and independent W ∼ N(0, 1) variables.

Proposition 1. Let X ∼ N_p(0, Σ) and W ∼ N(0, 1). Defining Z = { X if α^′X > W , −X otherwise , (5) then Z ∼ SN_p(α, Σ), where α ∈ R^p.

Remark. The rule (5) is different from the one presented in A z z a l i n i & D a l l a V a l l e (1996). The equality (5) is easier to use for simulation, and it gives better understanding of the impact of α on the support of Z : random vector Z tends to be on one side of the plane α^′X = 0.

P r o o f . For the distribution function of Z we have F_Z (z) = P (Z ≤ z) = P (X ≤ z | α^′X − W > 0) = 2P (X ≤ z , W < α^′X) , since P (α^′X − W > 0) =^1_2 . Using total probability formula with t ≤ z , t ∈ R^p , we get

F_Z (z) = 2 z∫ −∞ P (X ≤ z, W < α^′X | X = t)f_X (t, Σ) dt ,

= 2 z∫ −∞ Φ(α^′t)f_X (t, Σ) dt .

Thus, the density function of Z is (1), what completes the proof.

3. Bias correction for ff̂

It is well-known (e.g., A z z a l i n i & C a p i t a n i o (1999)) that estimator α̂ in (4) is a biased estimator for α. In the following we are going to find the main term of the bias. This will be derived from the Taylor expansion of α̂ at the point α. Let us rewrite (4) in a shorter form:

α̂ =

M̂^{−1}_2 Z̄ √_2 π − Z̄^′M̂^{−1}_2 Z̄

, (6)

where M̂_2 denotes the classical estimator of the matrix of the second order moments of Z . Denote Y = (¯ Z vec M̂_2 ) , Y_0 = ( EZ vec M_2 ) . In the next statement we shall present two first derivatives of α̂.

Proposition 2. Let statistic α̂ be given by (6). Then in the notations given

above, the first order derivative of α̂ is the following partitioned matrix dα̂ dY | | | |_{Y =Y0} = (√ 2 π (1 + α^′Σα)^{12} (Σ^{−1} + αα^′) | | | | − α^′ ⊗ Σ^{−1} − 1 2 αα^′ ⊗ α^′ ) (7) and the second order derivative is

d^2α̂ dY^2 | | | |_{Y =Y0} = ( A_{11} A_{12} A_{21} A_{22} ) , (8) where A_{11} = π 2 (1 + α^′Σα) ( vec Σ^{−1} · α^′ + α ⊗ Σ^{−1} + 3αα^′ ⊗ α + Σ^{−1} ⊗ α ) , (9)

A_{12} = − √ π 2 (1 + α^′Σα) ( 1 2 vec Σ^{−1}(α^′ ⊗ α^′) + Σ^{−1} ⊗ Σ^{−1} + αα^′ ⊗ Σ^{−1} (10)

+ Σ^{−1} ⊗ αα^′ + 3 2 αα^′ ⊗ αα^′ ) , A_{21} = − √ π 2 (1 + α^′Σα) ( αα^′ ⊗ vec Σ^{−1} + Σ^{−1} ⊗ vec Σ^{−1} (11) + 1 2 ( α ⊗ α ⊗ I_p )( Σ^{−1} + 3αα^′ ) + 1 2 ( I_p2 ⊗ α )( K_{p,p} + I_p2 ) (α ⊗ Σ^{−1}) ) , A_{22} = 1 2 αα^′ ⊗ vec Σ^{−1} · α^′ + Σ^{−1} ⊗ vec Σ^{−1} · α^′ + ( α ⊗ I_p2 ) (Σ^{−1} ⊗ Σ^{−1}) (12) + 1 2 ( α ⊗ α ⊗ I_p ) ( α^′ ⊗ Σ^{−1} + 3 2 αα^′ ⊗ α^′ )

+ 1 2 ( I_p2 ⊗ α )( K_{p,p} + I_p2 ) (Σ^{−1} ⊗ αα^′) , where K_{p,p} is the commutation matrix.

Proof of the Proposition 2 is given in Appendix. Now we shall state the main result of the paper.

Theorem 1. Let Z ∼ SN_p(α, Σ) with the shape parameter α ∈ R^p and

Σ > 0 : p × p. In the notations given above, the main term of the bias b of α̂ is of the form: b = 1 2n (vec^′ B ⊗ I_p) vec d^2α̂ dY^2 | | |_{Y =Y0} , where the second order derivative is given with equalities (8)–(12), and blocks of B = ( B_{11} B_{12} B_{21} B_{22} ) are presented through parameters α and Σ:

B_{11} = Σ − 2 π Σαα^′Σ 1 + α^′Σα

, (13)

B_{21} = B^′_{12} = √ 2 π (1 + α^′Σα)^{− 12} ( Σ ⊗ Σα + Σα ⊗ Σ − Σαα^′Σ ⊗ Σα 1 + α^′Σα ) , (14) B_{22} = ( I_p2 + K_{p,p} ) (Σ ⊗ Σ) . (15)

P r o o f . By K o l l o (1991) the Taylor expansion of α̂ is of the form

α̂ = α + dα̂ dY | | |_{Y =Y0}(Y − Y_0) + 1 2 ( (Y − Y_0)^′ ⊗ I_p

) d^2α̂ dY^2 | | |_{Y =Y0} (Y − Y_0) + · · ·

The main term of the expected bias from here is E(α̂ − α) = 1 2 E {( (Y − Y_0)^′ ⊗ I_p

) d^2α̂ dY^2 | |_{Y =Y0} (Y − Y_0) } . (16)

Let us find the expression on right hand side of (16). E {( (Y − Y_0)^′ ⊗ I_p

) d^2α̂ dY^2 | | Y =Y0 (Y − Y_0) }

= ([ vec E { (Y − Y_0)(Y − Y_0)^′ }]_′ ⊗ I_p ) vec d^2α̂ dY^2 | | Y =Y0 .

The second order derivative d^2α̂ dY^2 | | |_{Y =Y0} is given by (8)–(12) in Proposition 2.

Denoting B = nE { (Y − Y_0)(Y − Y_0)^′ } on the right hand side of the last equality we get by F a n g , K o l l o & P a r r i n g (2000): B = ( DZ M^′_3(Z) − EZ vec^′ Σ M_3(Z) − vec Σ · EZ^′ M_4(Z) − vec Σ · vec^′ Σ ) , (17)

where M_3(Z) = E(Z ⊗ Z^′ ⊗ Z) ; (18) M_4(Z) = E(ZZ^′ ⊗ ZZ^′) . (19)

Expression for the third moment (18) can be obtained from G u p t a & K o l l o (2000), which gives us

M_3(Z) − vec Σ · EZ^′ = √ 2 π (1 + α^′Σα)^{− 12} ( Σ ⊗ Σα + Σα ⊗ Σ − Σαα^′Σ ⊗ Σα 1 + α^′Σα ) . The fourth moment (19) equals to the fourth moment of the normal vector N(0, Σ) which in turn equals to the fourth central moment of N(0, Σ). Therefore the expression of M_4(Z) we get from T r a a t (1984)

M_4(Z) = ( I_p2 + K_{p,p} ) (Σ ⊗ Σ) + vec Σ · vec^′ Σ .

As a result, the matrix of moments (17) equals: E { (Y − Y_0)(Y − Y_0)^′ } = 1 n ( B_{11} B_{12} B_{21} B_{22} ) , where the blocks B_{ij} are defined by (13)–(15).

The proof is completed.

Appendix: Proof of the Proposition 2

P r o o f . We are going to differentiate twice α̂ as a function of Z̄ and M̂_2 . For necessary properties of the matrix derivative one can consult M a g n u s & N e u d e c k e r (1999) or K o l l o (1991), for instance.

The first derivative consists of two blocks: dα̂ dY = ( dα̂ dZ̄ dα̂ d vec M̂_2 ) . Let us find the blocks separately. dα̂ dZ̄ = d dZ̄ [ (M̂^{−1}_2 Z̄) ( 2 π − Z̄^′M̂^{−1}_2 Z̄

)_− 1_2 ]

= M̂^{−1}_2 ( 2 π − Z̄^′M̂^{−1}_2 Z̄

)_− 1_2

+ M̂^{−1}_2 Z̄ ( 2 π − Z̄^′M̂^{−1}_2 Z̄

)_− 3_2 Z̄^′M̂^{−1}_2 .

At the point Y_0 we get: dα̂ dZ̄ | | Y =Y0 = √ 2 π (1 + α^′Σα)^{12} (Σ^{−1} + αα^′) .

The second block is: dα̂ dvec M̂2

= (Z̄0 ⊗ I_p) ( −M̂�1_{2 ⊗ M̂}�1_2^{)( 2}_{π − Z̄}0_{M̂}�1_{2 Z̄}^)�^{12} − 1 2 M̂�1_{2 Z̄}^{( 2}_{π − Z̄}0_{M̂}�1_{2 Z̄}^)�^{32}_{(Z̄ ⊗ Z̄)}0^(_{M̂}�1_{2 ⊗ M̂}�1_2^) = − ( 2 π − Z̄0^_M�1_2¯_Z^)�^{12 (}¯_Z0^_M�1_{2 ⊗}^_M�1_{2 +}^1_2^_M�1_2¯_Z^{( 2}_{π −}¯_Z0^_M�1_2¯_Z^)�^{1(}¯_Z0^_M�1_{2 ⊗}¯_Z0^_M�1_2^{))}_.

At the point Y_0 we get: dα̂ dvec M̂_2 | |_{Y =Y0} = −α^′ ⊗ Σ^{−1} − 1 2 αα^′ ⊗ α^′. Denote A =^{dα̂}_{dZ̄} , B =^{dα̂}_{dvec M̂2} .

Let us write out the second order derivative in patterned form:

d^2α̂ dY^2 = ( d(^{dα̂}_{dY} ) dZ̄ d(^{dα̂}_{dY} ) dvec M̂_2 ) = ( d(A . .B) dZ̄ d(A . .B) dvec M̂_2 )

= dA dZ̄ dA dvec M̂2 dB dZ̄ dB dvec M̂2 .

We have to find the derivatives in 4 blocks. The first block is: dA dZ̄ = d dZ̄ (( 2 π − Z̄0_{M̂}�1_{2 Z̄}^)�^{12}_{⊗ M̂}�1_{2 + M̂}�1_{2 Z̄}^{( 2}_{π − Z̄}0_{M̂}�1_{2 Z̄}^)�^{32}_{Z̄}0_{M̂}�1_2^) = ( 2 π − Z̄0_{M̂}�1_{2 Z̄}^)�^{32 [}_{vec M̂}�1_{2 · Z̄}0_{M̂}�1_{2 + M̂}�1_{2 Z̄ ⊗ M̂}�1_2

+ (I_p ⊗ M̂�12 Z̄) ( 3M̂�1_{2 Z̄Z̄}0_{M̂}�1_2^{( 2}_{π − Z̄}0_{M̂}�1_{2 Z̄}^)�^1_{+ M̂}�1_2^{)]}_.

At the point Y_0 we get: dA dZ̄ | |_Y =Y0 = π 2 (1 + α0Σα)(vec Σ�1 · α0 + α ⊗ Σ�1 + 3αα0 ⊗ α + Σ�1 ⊗ α) = A11 .

The second block is: dA dvec M̂2 = d dM̂2 (( 2 π − Z̄0_{M̂}�1_{2 Z̄}^)�^{12}_{⊗ M̂}�1_{2 + M̂}�1_{2 Z̄}^{( 2}_{π − Z̄}0_{M̂}�1_{2 Z̄}^)�^{32}_{Z̄}0_{M̂}�1_2^) = − ( 2 π − Z̄0_{M̂}�1_{2 Z̄}^)�^{32 [ 1}_{2 vec M̂}�1_2^(_{Z̄}0_{M̂}�1_{2 ⊗ Z̄}0_{M̂}�1_2^)_+^{( 2}_{π − Z̄}0_{M̂}�1_{2 Z̄}^{)(}_{M̂}�1_{2 ⊗ M̂}�1_2^) + M̂�1_{2 Z̄Z̄}0_{M̂}�1_{2 ⊗ M̂}�1_{2 + M̂}�1_{2 ⊗ M̂}�1_{2 Z̄Z̄}0_{M̂}�1_2 + 3 2 ( 2 π − Z̄0_{M̂}�1_{2 Z̄}^)�^{1(}_{M̂}�1_{2 Z̄Z̄}0_{M̂}�1_{2 ⊗ M̂}�1_{2 Z̄Z̄}0_{M̂}�1_2^{)]}_.

At the point Y_0 we have: dA dvec M̂2 | |_Y =Y0 = − √ π 2 (1 + α0Σα) ( 1 2 vec Σ�1(α0 ⊗ α0) + Σ�1 ⊗ Σ�1 + αα0 ⊗ Σ�1

+ Σ�1_{⊗ αα}0_+^3_{2 αα}0_{⊗ αα}0^)_{= A12 .}

The third block is: dB dZ̄ = d dZ̄ ( − ( 2 π − Z̄0_{M̂}�1_{2 Z̄}^)�^{12 (}_{Z̄}0_{M̂}�1_{2 ⊗ M̂}�1_2^) − 1 2 M̂�1_{2 Z̄}^{( 2}_{π − Z̄}0_{M̂}�1_{2 Z̄}^)�^{32 (}_{Z̄}0_{M̂}�1_{2 ⊗ Z̄}0_{M̂}�1_2^{))} = − ( 2 π − Z̄0_{M̂}�1_{2 Z̄}^)�^{32 (}_{M̂}�1_{2 Z̄Z̄}0_{M̂}�1_{2 ⊗ vec M̂}�1_{2 +}^{( 2}_{π − Z̄}0_{M̂}�1_{2 Z̄}^{)(}_{M̂}�1_{2 ⊗ vec M̂}�1_2^) + 1 2 (^ M�1_{2 Z̄ ⊗ M̂}�1_{2 Z̄ ⊗ Ip}^{)(}_{M̂}�1_{2 + 3}^{( 2}_{π − Z̄}0_{M̂}�1_{2 Z̄}^)�^1_{M̂}�1_{2 Z̄Z̄}0_{M̂}�1_2^) + 1 2 ( I_p2 ⊗ M̂�12 Z̄ )( K_{p,p} + I_p2 )(^ M�1_{2 Z̄ ⊗ M̂}�1_2^{))}_.

At the point Y_0 we have: dB dZ̄ | |_Y =Y0 = − √ π 2 (1 + α0Σα) ( αα0_{⊗ vec Σ}�1_{+ Σ}�1_{⊗ vec Σ}�1 + 1 2 (α ⊗ α ⊗ I_p)(Σ�1 + 3αα0) + 1 2 (I_p2 ⊗ α)(K_{p,p} + I_p2 )(α ⊗ Σ�1) ) = A21 .

The 4th block is: dB dvec M̂2 = d dvec M̂2 ( − ( 2 π − Z̄0^_M�1_2¯_Z^)�^{12 (}¯_Z0^_M�1_{2 ⊗}^_M�1_2^) − 1 2 M̂�1_{2 Z̄}^{( 2}_{π − Z̄}0_{M̂}�1_{2 Z̄}^)�^{32 (}_{Z̄}0_{M̂}�1_{2 ⊗ Z̄}0_{M̂}�1_2^{))} = ( 2 π − Z̄0^_M�1_2¯_Z^)�^{32 [1}_2^(^_M�1_2¯_Z¯_Z0^_M�1_{2 ⊗ vec}^_M�1_{2 ·}¯_Z0^_M�1_2^) + ( 2 π − Z̄0_{M̂}�1_{2 Z̄}^{)(}_{M̂}�1_{2 ⊗ vec M̂}�1_{2 · Z̄}0_{M̂}�1_{2 +}^(_{M̂}�1_{2 Z̄ ⊗ Ip2}^{)(}_{M̂}�1_{2 ⊗ M̂}�1_2^{))} + 1 2 (^ M�1_{2 Z̄ ⊗ M̂}�1_{2 Z̄ ⊗ Ip}^{)(}_{Z̄}0_{M̂}�1_{2 ⊗ M̂}�1_{2 +}^3_2^{(2}_{π − Z̄}0_{M̂}�1_{2 Z̄}^)�^{1(}_{M̂}�1_{2 Z̄Z̄}0_{M̂}�1_{2 ⊗ Z̄}0_{M̂}�1_2^{))} + 1 2 ( I_p2 ⊗ M̂�12 Z̄ )( K_{p,p} + I_p2 )(^ M�1_{2 ⊗ M̂}�1_{2 Z̄Z̄}0_{M̂}�1_2^{)]}_.

At the point Y_0 we have: dB dvec M̂2 | |_Y =Y0 = 1 2 αα0_{⊗ vec Σ}�1_{· α}0_{+ Σ}�1_{⊗ vec Σ}�1_{· α}0_{+ (α ⊗ Ip2 )(Σ}�1_{⊗ Σ}�1_) + 1 2 (α ⊗ α ⊗ I_p) ( α0_{⊗ Σ}�1_+^3_{2 αα}0_{⊗ α}0^) + 1 2 (I_p2 ⊗ α) ( K_{p,p} + I_p2 )( Σ�1_{⊗ αα}0^)

= A22 .

The obtained equalities complete the proof.

Acknowledgements. The authors are thankful to the Estonian Science Foundation for financial support through grants 4366 and 3939 and the target financed project 1776.

REFERENCES

[1] AZZALINI, A.—CAPITANIO, A. : Statistical applications of the multivariate skew normal distribution, J. Roy Statist. Soc. Ser. B 61 (1999), 579–602.

[2] AZZALINI, A.—DALLA VALLE, A. : The multivariate skew normal distribution, Biometrika 83 (1996), 715–726.

[3] FANG, K. T.—KOLLO, T.—PARRING, A. M. : Approximation of the non-null distribution of generalized T 2-statistics, Linear Algebra Appl. 321 (2000), 27–46.

[4] GUPTA, A. K.—KOLLO, T. : Multivariate skew normal distribution: Some properties and density expansions, Tech. Rep. No 00-05, Department of Mathematics and Statistics, Bowling Green State University.

[5] KOLLO, T. : Matrix Derivative for Multivariate Statistics, Tartu University Press, Tartu, 1991. (In Russian)

[6] MAGNUS, J.—NEUDECKER, H. : Matrix Differential Calculus with Applications in Statistics and Econometrics, Second Edition, Wiley, Chichester, 1999.

[7] TRAAT, I. : Moments of the sample covariance matrix, Proceedings of the Computer Centre of the Tartu State University, Vol. 51, 1984, pp. 108–125. (In Russian)

Received March 27, 2002 Institute of Mathematical Statistics University of Tartu J. Liivi Street 2 50 409 Tartu ESTONIA E-mail: dunajeva@hot.ee kollo@ut.ee imbi@ut.ee