Tatra Mt. Math. Publ. 26 (2003), 49–57 tm

Mathematical Publications

OPTIMUM CHEMICAL BALANCE WEIGHING DESIGNS

Bronisław Ceranka — Małgorzata Graczyk

ABSTRACT. The paper deals with the problem of estimating individual weights of objects using a chemical balance weighing design with diagonal variancecovariance matrix of errors under the restriction on the number times in which each object is weighted. A lower bound for the variance of each of the estimated weights from this chemical balance weighing design is obtained and a necessary and sufficient condition for this lower bound to be attained is given. The incidence matrices of ternary balanced block designs are used to construct the matrix of optimum chemical balance weighing designs.

I. Introduction

The results of n weighing operations to determine the individual weights of p objects with a balance that is corrected for bias will fit into the linear model

y = Xw + e , (1.1)

where y is an n × 1 random column vector of the observed weights, X = (x_{ij} ), i = 1, 2 . . . , n, j = 1, 2 . . . , p, is an n × p matrix of known elements with x_{ij} = −1, 1 or 0 if the jth object is kept on the right pan, left pan, or is not included in the particular weighing operation, respectively, w is the p × 1 column vector representing the unknown weights of objects and e is an n × 1 random column vector of errors such that E(e) = 0_n and E(ee^′) = σ^2G, where 0_n is the n × 1 column vector with zero elements everywhere, G is the n × n positive definite diagonal matrix of known elements, E(·) stands for the expectation and e^′ is used for transpose of e.

The normal equations estimating w are of the form

X^′G^{−1}Xŵ = X^′G^{−1}y , (1.2)

where ŵ is the vector of the weights estimated by the least squares method.

2000 M a t h e m a t i c s S u b j e c t C l a s s i f i c a t i o n: 62K15.

K e y w o r d s: chemical balanced weighing design, ternary balanced block design.

A chemical balance weighing design is said to be singular or nonsingular depending on whether the matrix X^′G^{−1}X is singular or nonsingular, respectively. It is obvious that the matrix X^′G^{−1}X is nonsingular if and only if the matrix X is of full column rank (= p).

Now, if X^′G^{−1}X is nonsingular, then the least squares estimator of w is given by ŵ = (X^′G^{−1}X)^{−1}X^′G^{−1}y (1.3) and the variance-covariance matrix of ŵ is Var(ŵ) = σ^2(X^′G^{−1}X)^{−1} . (1.4) Various aspects of chemical balance weighing designs were studied by R a g h a v a r a o (1971) and B a n e r j e e (1975). K a t u l s k a (1989) showed that the minimum attainable variance for each of the estimated weights for a chemical balance weighing design with positive definite diagonal variancecovariance matrix of errors is σ^2/ tr(G^{−1}) and proved the theorem that each of the variance of the estimated weights attains the minimum if and only if X^′G^{−1}X = tr(G^{−1})I_p. This design is said to be optimum chemical balance weighing design. In this case several methods of constructing optimum chemical balance weighing design are available in the literature.

In the present paper we investigate the necessary and sufficient condition under which the minimum variance is attained for estimated weights. We give some methods of constructing optimum chemical balance weighing design with positive definite diagonal variance-covariance matrix of errors under the restriction on the number of objects placed on the either pan based on the incidence matrices of ternary balanced block designs.

II. Variance limit of estimated weights

Let X be an n × p matrix of rank p and c denote any p × 1 column vector. Then, from Section 1e. 1 (ii) (b) given by R a o (1973), we have

Lemma 2.1. For a positive definite n × n diagonal matrix G, an n × p matrix

X of rank p and a p × 1 column vector c, the inequality

c^′(X^′G^{−1}X)^{−1}c ≥

(c^′c)^2 c^′(X^′G^{−1}X)c

(2.1)

holds, with equality attained if and only if c is an eigenvector of X^′G^{−1}X.

We assume that matrix G is given in the form G = 1 a1 I_{n1} 0_{n1}0^′_{n2} . . . 0_{n1}0^′_{nt} 0_{n2}0^′_{n1}^1_{a2} I_{n2} . . . 0_{n2}0^′_{nt} . . . . . . . . . . . . 0_{nt} 0^′_{n1} 0_{nt} 0^′_{n2} . . .^1_{at} I_{nt}

, (2.2) where^t ∑ h=1 n_h = n, a_h > 0, and I_h is the n_h ×n_h identity matrix, h = 1, 2, . . . , t.

Suppose further that matrix X is likewise partitioned as the matrix, G, i.e.,

X = X^∗_1 X^∗_2 . . X^∗_t

(2.3)

and let m^∗_{hj} be number of times in which jth object is weighted for a particular n_h × p matrix X^∗_h = (x^h_{qj} ), q = 1, 2, . . . , n_h , j = 1, 2, . . . , p, h = 1, 2, . . . , t.

Theorem 2.1. For any nonsingular chemical balance weighing design with

design matrix X given in the form (2.3) and with variance-covariance matrix σ^2G, where matrix G is given in the form (2.2), the variance of ŵ_j for a particular j , such that 1 ≤ j ≤ p, cannot be less than σ^2/m, where m = t∑ h=1 a_hm^∗_h and m^∗_h = max{m^∗_{h1}, m^∗_{h2}, . . . , m^∗_{hp}}.

P r o o f . Let c_j , j = 1, 2, . . . , p, be the vector equal to the jth column of I_p . Then it follows that ŵ_j = c^′_jŵ and Var(ŵ_j ) = σ^2c^′_j (X^′G^{−1}X)^{−1}c_j .

Since the matrix X is of full column rank, then from Lemma 2.1 we have

Var(ŵ_j ) ≥ σ^2

(c^′_j c_j )^2 c^′_j (X^′G^{−1}X)c_j = σ^2 t∑ h=1 a_h^{nh} ∑ q=1 (x^h_{qj} )^2 = σ^2 t∑ h=1 a_hm^∗_{hj} ≥ σ^2 t∑ h=1 a_hm^∗_h = σ^2 m , (2.4)

because elements x^h_{qj} = −1, 1 or 0 only, and number of elements equal to −1 or 1 in each column of X^∗_h is equal to m^∗_{hj} , where q = 1, 2, . . . , n_h , j = 1, 2, . . . , p, h = 1, 2, . . . , t. Hence the Theorem is proved.

Since tr(G^{−1}) =^t ∑ h=1 a_hn_h , then if m^∗_h = n_h for each h, then Var(ŵ_j ) ≥ σ2 tr(G^{�1})^{. This Theorem was originally proved by K a t u l s k a (1989) for the}

case m^∗_h = n_h , h = 1, 2, . . . , t.

Definition 2.1. Any nonsingular chemical balance weighing design with the

variance-covariance matrix of errors σ^2G, where matrix G is given in the form (2.2), is said be optimal for the estimated weights of objects if the variances of estimators attain the lower bound given by Theorem 2.1, i.e., if

Var(ŵ_j ) = σ^2 m , j = 1, 2, . . . , p , where m =^t ∑ h=1 a_hm^∗_h .

Now, we investigate the necessary and sufficient condition under which the minimum variance for the estimated weights is attained.

Theorem 2.2. For any positive definite diagonal matrix G given in the form

(2.2) and any n × p matrix X given in the form (2.3) of a nonsingular chemical balance weighing design, each of the variances of the estimated weights attains the minimum if and only if X^′G^{−1}X = mI_p . (2.5) P r o o f . To prove the necessity part we observe that the equality in (2.4) holds for any j = 1, 2, . . . , p if and only if X^′G^{−1}Xc_j = μ_j c_j , μ_j > 0 , and c^′_j X^′G^{−1}Xc_j = t∑ h=1 a_hm^∗_h , j = 1, 2, . . . , p . These conditions imply that X^′G^{−1}X = diag{μ_1, μ_2, . . . , μ_p} and μ_1 = μ_2 = · · · = μ_p =^t ∑ h=1 a_hm^∗_h = m. Then we have condition (2.5). The proof for the sufficiency part is obvious.

Theorem 2.3. If the n_s × p design matrices X_s are the matrices of optimum

chemical balance weighing designs with the variance-covariance matrices of errors σ^2G_s , where G_s are n_s ×n_s known positive definite diagonal matrices, s = 1, 2, . . . , u, respectively, then X = [ X^′_1 . . X^′_2 . . · · · . . X^′_u ]_′ is the (_u ∑ s=1 n_s ) × p design matrix of the optimum chemical balance weighing design with the variancecovariance matrix of errors σ^2G, where matrix G = diag{G_1, G_2, . . . , G_u}.

P r o o f . It is obvious that

X^′G^{−1}X = (_u ∑ s=1 m_s ) I_p = mI_p .

Theorem 2.4. If X_s are the n_s × p matrices of the optimum chemical bal-

ance weighing designs with the variance-covariance matrices of errors σ^2G_s , where G_s are n_s × n_s known positive definite diagonal matrices, s = 1, 2, and X^′_1G^{−1}_1 1_{n1} = 0_p , then X = [ X_1 1_{n1} X_2 0_{n2} ] (2.6)

is the (n_1 + n_2) × (p + 1) design matrix of the optimum chemical balance weighing design with the variance-covariance matrix of errors σ^2G, where matrix G = diag{G_1, G_2} if and only if m = m_1 + m_2 = tr(G^{−1}_1 ), where 1_{n1} denotes n_1 × 1 column vector of ones.

P r o o f . For the design matrix X given by (2.6) we have

X^′G^{−1}X = [ X^′_1G^{−1}_1 X_1 + X^′_2G^{−1}_2 X_2 X^′_1G^{−1}_1 1_{n1} 1^′_{n1}G^{−1}_1 X_1 1^′_{n1}G^{−1}_1 1_{n1} ]

= [ (m_1 + m_2)I_p 0_p

0^′_p tr(G^{−1}_1 ) ] = mI_{p+1} .

(2.7)

Hence the thesis is proved.

Theorem 2.5. If X_s are the n_s × p matrices of the optimum chemical bal-

ance weighing designs with the variance-covariance matrices of errors σ^2G_s , where G_s are n_s × n_s known positive definite diagonal matrices, s = 1, 2, and X^′_1G^{−1}_1 X_1 = X^′_2G^{−1}_2 X_2 , X^′_1G^{−1}_1 1_{n1} = 0_p , then X = [ X_1 X_1 1_{n1} X_2 −X_2 0_{n2} ] (2.8)

is the (n_1 + n_2) × (2p + 1) design matrix of the optimum chemical balance weighing design with the variance-covariance matrix of errors σ^2G, where matrix G = diag{G_1, G_2} if and only if m_1 = m_2 and m = tr(G^{−1}_1 ), where m = m_1 + m_2 .

P r o o f . For the design matrix X given by (2.8) we have

X0G�1X = = 2 64^X

0_1G�1_1 X_1 + X0_2G�1_2 X_2 X0_1G�1_1 X_1 � X0_2G�1_2 X_2 X0_1G�1_1 1_{n1} X0_1G�1_1 X_1 � X0_2G�1_2 X_2 X0_1G�1_1 X_1 + X0_2G�1_2 X_2 X0_1G�1_1 1_{n1}

10_{n1} G�1_1 X_1 10_{n1}G�1_1 X_1 10_{n1}G�1_1 1_{n1} 3 75 = mI_{2p+1} :

Hence the thesis is proved.

It is obvious that we have many interesting possibilities for matrix G. The constructions of optimum chemical balance weighing design with the variancecovariance matrix of errors σ^2G for each form of matrix G must be investigated separately. Now, we will consider the simplest form of G ≠ I_n , i.e., G = [_1

a I_{n1} 0_{n1}0^′_{n2} 0_{n2}0^′_{n1} I_{n2} ] , a > 0 . (2.9)

Suppose further that the matrix X is likewise partitioned as the matrix G, i.e., X = [ X^∗_1 X^∗_2 ] . (2.10)

Then from Theorem 2.2 the matrix X given by (2.10) is the matrix of the optimum chemical balance weighing design with the variance-covariance matrix of errors σ^2G, where matrix G is given by (2.9) if and only if

X^′G^{−1}X = (am^∗_1 + m^∗_2)I_p . (2.11)

In the next section we will present a construction of the matrix X given in the form (2.10) of the optimum chemical balance weighing design with the variance-covariance matrix of errors σ^2G, where matrix G is given in the form (2.9), based on the incidence matrices of ternary balanced block designs.

III. Construction of the design matrix using ternary balanced block designs

For the construction of the design matrix X we will use the incidence matrices of the ternary balanced block designs. The definition of that design was given by T o c h e r (1952) and it was used, later, by B i l l i n g t o n and R o b i n s o n (1983).

A ternary balanced block design with the parameters v, b, r, k, λ, ρ_1, ρ_2 is a design consisting of b blocks, each of size k , chosen from a set of size v in such a way that each of the v elements occurs r times altogether and 0, 1 or 2 times in each block, 2 occurs at least once and each of the distinct pairs of elements occurs λ times. Any ternary balanced block design is regular, that is, each element occurs singly in ρ_1 blocks and is repeated in ρ_2 blocks. Let N be the incidence matrix of ternary balanced block design. Elements of this matrix are equal to 0, 1 or 2. It follows from the paper of T o c h e r (1952) that

NN^′ = (r + 2ρ_2 − λ)I_v + λ1_v1^′_v .

Not all parameters of ternary balanced block design are independent. It is straightforward to verify that vr = bk , r = ρ_1 + 2ρ_2 , λ(v − 1) = ρ_1(k − 1) + 2ρ_2(k − 2) = r(k − 1) − 2ρ_2 .

Let N_i , i = 1, 2, denote the incidence matrices of ternary balanced block designs with parameters v, b_i, r_i, k_i, λ_i, ρ_{1i}, ρ_{2i} . Matrix X of a chemical balance weighing design we define in the following form X = [ N^′_1 − 1_{b1}1^′_v N^′_2 − 1_{b2}1^′_v ] . (3.1)

In this design we have n = b_1 + b_2 and p = v . Thus, each column of X will contain ρ_{21} + ρ_{22} elements equal to 1, b_1 + b_2 − ρ_{11} − ρ_{12} − ρ_{21} − ρ_{22} elements equal to −1, and ρ_{11} + ρ_{12} elements equal to 0. Clearly, such a design implies that each object is weighted m = b_1 + b_2 − ρ_{11} − ρ_{12} times in the n = b_1 + b_2 weighing operations.

Lemma 3.1. A design given by X of the form (3.1) is nonsingular if and only

if k_1 ≠ k_2 or k_1 = k_2 ≠ v .

P r o o f . If the matrix G is positive defined diagonal matrix, then X^′G^{−1}X is nonsingular if and only if X^′X is nonsingular. Thus for the design matrix X given by (3.1) we have

X^′X = [ r_1 + 2ρ_{21} − λ_1 + r_2 + 2ρ_{22} − λ_2 ] I_v + [ b_1 − 2r_1 + λ_1 + b_2 − 2r_2 + λ_2 ] 1_v1^′_v .

(3.2)

It is easy to see, that

det(X^′X) = [ r_1 + 2ρ_{21} − λ_1 + r_2 + 2ρ_{22} − λ_2 ]_{v−1} [ r_1(v − k_1)^2 k_1 + r_2(v − k_2)^2 k_2 ] . Evidently r_1 + 2ρ_{21} − λ_1 + r_2 + 2ρ_{22} − λ_2 is positive, then det(X^′X) ≠ 0 if and only if k_1 ≠ k_2 or k_1 = k_2 ≠ v . So, the Lemma is proved.

Theorem 3.1. A chemical balance weighing design with the matrix X given

by (3.1) and with the variance-covariance matrix of errors σ^2G, where matrix G is given by (2.9), is optimal if and only if

a(b_1 − 2r_1 + λ_1) + (b_2 − 2r_2 + λ_2) = 0 . (3.3)

P r o o f . From the conditions (2.11) and (3.2) it follows, that a chemical balance weighing design is optimal if and only if the condition (3.3) holds. Hence the theorem is proved.

If the chemical balance weighing design given by matrix X of the form (3.1) and with the variance-covariance matrix of errors σ^2G, where matrix G is given by (2.9), is optimal, then

Var(ŵ_j ) = σ^2 a(b_1 − ρ_{11}) + (b_2 − ρ_{12}) , j = 1, 2, . . . , p .

Corollary 3.1. If b_i − 2r_i + λ_i = 0, i = 1, 2, then a chemical balance

weighing design given by matrix X of the form (3.1) and with the variancecovariance matrix of errors σ^2G, where matrix G is given by (2.9), is optimal for any a, a > 0.

Series of chemical balance weighing designs satisfying the conditions of Corollary 3.1 are given by C e r a n k a and G r a c z y k (2001).

We can notice that if parameters of ternary balanced block designs satisfy the condition (3.3) for a given a, then the chemical balance weighing design with the matrix X given in the form (3.1) and with the variance-covariance matrix of errors σ^2G, where matrix G is given by (2.9), is optimal.

In the Table 1, s = 1, 2, . . . , q = 0, 1, 2, l = 1, 2.

Table 1

a v 1st design 2nd design

b1 r1 k1 λ1 ρ11 ρ21 b2 r2 k2 λ2 ρ12 ρ22 2 7 7 28 12 3 3 6 3 s + 13 s + 13 7 s + 11 s + 1 6 1 3 9 27 15 5 6 3 6 s + 8 s + 8 9 s + 7 s 4 1 3 11 22 12 6 5 3 6 s + 10 s + 10 s s + 8 s 5 1 3 12 14 7 6 3 5 1 18 15 10 11 1 7 1 3 15 25 15 9 8 7 4 s + 14 s + 14 s s + 13 s 7 2 5 7 21 9 3 2 3 3 s + 13 s + 13 7 s + 11 s + 1 6 2 5 8 26 13 4 5 9 2 15 15 8 13 1 7 1 2 5 s + 9 s + 9 5 s + 7 s + 1 4 5(s + 2) 3(s + 2) 3 s + 3 s + 6 s 1 2 5 5(s + 4) 3(s + 4) 3 s + 6 s + 12 s 5(s + 1) 4(s + 1) 4 3s + 2 4s 2 1 2 9 s + 17 s + 17 9 s + 15 s + 1 8 3(s + 4) 2(s + 4) 6 s + 5 8 s 1 2 11 s + 21 s + 21 11 s + 19 s + 1 10 11 7 7 4 5 1 1 2 12 s + 22 s + 22 12 s + 20 s 11 3(2q + 5) 2(2q + 5) 8 2(q + 3) 6 � 2q 3q + 2 1 2 15 s + 29 s + 29 15 s + 27 s + 1 14 3(l + 4) 2(l + 4) 10 l + 5 6 � 2l 2l + 1 2 3 5 15 15 5 12 3 6 25 15 3 7 13 1

On the base of parameters of ternary balanced block designs given by B i l l i n g t o n (1984) in the Table 1, series of parameters of that two designs are given. For a given a and for a given number of objects v we can choose the parameters of two ternary balanced block designs, and on the basis of that parameters we can construct two incidence matrices of that designs. As the next step from that incidence matrices we construct the design matrix X of the form (3.1) and with variance-covariance matrix of errors σ^2G, where matrix G is given by (2.9). This matrix is the matrix of optimum chemical balance weighing design.

We can notice that if parameters v, b_1, r_1, k_1, λ_1, ρ_{11}, ρ_{21} and v, b_2, r_2, k_2, λ_2, ρ_{12}, ρ_{22} of ternary balanced block designs satisfy the condition (3.3) for a given a, then parameters v^∗ = v , b^∗_1 = b_2 , r^∗_1 = r_2 , k^∗_1 = k_2 , λ^∗_1 = λ_2 , ρ^∗_{11} = ρ_{12} , ρ^∗_{21} = ρ_{22} and v^∗ = v , b^∗_2 = b_1 , r^∗_2 = r_1 , k^∗_2 = k_1 , λ^∗_2 = λ_1 , ρ^∗_{12} = ρ_{11} , ρ^∗_{22} = ρ_{12} of two ternary balanced block designs satisfy the condition a^∗ ( b^∗_1 − 2r^∗_1 + λ^∗_1 ) + ( b^∗_2 − 2r^∗_2 + λ^∗_2 ) = 0 for a^∗ =^1_a , and the chemical balance weighing design with matrix X given by (3.1) and with variance-covariance matrix of errors σ^2G, where G is given by (2.9), is optimal for estimating individual unknown weights of objects.

REFERENCES

[1] BANERJEE, K. S. : Weighing Designs for Chemistry, Medicine, Economics, Operations Research, Statistics, Textbook and Monographs, Vol. 12, Marcel Dekker Inc., New York, 1975.

[2] BILLINGTON, E. J. : Balanced n-array designs: a combinatorial survey and some new results, Ars Combinatoria 17A (1984), 37–72.

[3] BILLINGTON, E. J.—ROBINSON, P. J. : A list of balanced ternary designs with r ˇ 15 and some necessary existence conditions, Ars Combinatoria 16 (1983), 235–258.

[4] CERANKA, B.—GRACZYK, M. : Chemical balance weighing designs under a restriction on the number of weighings, Colloquium Biometryczne 31 (2001), 39–45.

[5] KATULSKA, K. : Optimum chemical balance weighing designs with non-homogeneity of the variance of errors, J. Japan Statist. Soc. 19 (1989), 95–101.

[6] RAGHAVARAO, D. : Constructions and Combinatorial Problems in Design of Experiments, John Wiley Inc., New York, 1971.

[7] RAO, C. R. : Linear Statistical Inference and its Applications. Second Edition, John Wiley Inc., New York, 1973.

[8] TOCHER, K. D. : The designs and analysis of block experiments, J. Roy. Statist. Soc., Ser.

B14 (1952), 45–100.

Received February 15, 2002 Department of Mathematical and Statistical Methods Agricultural University Wojska Polskiego 28 PL–60-637 Poznaǹ POLAND E-mail: bronicer@owl.au.poznan.pl magra@owl.au.poznan.pl