Tatra Mt. Math. Publ. 24 (2002), 147–151 tm

Mathematical Publications

ON THE HASHIMOTO TOPOLOGY WITH RESPECT TO AN EXTENSION OF THE LEBESGUE MEASURE

Jacek Hejduk — Sebastian Lindner

ABSTRACT. We prove that the topology induced by any semi-lower density operator Φ� in the family of all measurable sets with respect to any complete extension ¯ of the Lebesgue measure is formed by semi-operator Φ� restricted to the family of Lebesgue measurable sets and the œ-ideal of ¯-null sets.

Let ℓ be the Lebesgue measure in R and L denote the family of all Lebesgue measurable sets. Let Φ_d denote the classical density operator in L introduced in the following way:

∀_{X∈L} Φ_d(X) = { x ∈ R: lim_{h→0+}^{ℓ(X ∩ [x − h, x + h])} 2h = 1 } . By the Lebesgue density theorem Φ_d(X) ∈ L.

Let T_d = { X ∈ R : X ⊂ Φ_d(X)^} . It is well known that T_d is a topology in R, usually called the density topology (cf. [3]).

Definition 1. We shall say that Φ : L → L is a semi-lower density operator if 1^∘ Φ(∅) = ∅, Φ(R) = R, 2^∘ ∀_{A,B∈L} Φ(A ∩ B) = Φ(A) ∩ Φ(B), 3^∘ ∀_{A,B∈L} ( ℓ(A△B) = 0 ⇒ Φ(A) = Φ(B) ) , 4^∘ ∀_{A∈L} Φ(A) ⊂ Φ_d(A).

Let Φ denote the family of semi-lower density operators in L.

Theorem 2. For every Φ ∈ Φ the family

T_Φ = { X ∈ L : X ⊂ Φ(X) } is a topology in R such that T_Φ ⊂ T_d .

P r o o f . It is a consequence of 1^∘ and 2^∘ and the fact that T_d is a topology.

2000 M a t h e m a t i c s S u b j e c t C l a s s i f i c a t i o n: Primary 28A05; Secondary 54A10. K e y w o r d s: density topology, density point.

JACEK HEJDUK — SEBASTIAN LINDNER

Example 3. Let for every X ∈ L

Φ_0(X) = { ∅ , ℓ(R − X) = 0 , R , ℓ(R − X) > 0 . Then Φ_0 ∈ Φ and T_{Φ0} = { ∅, R − A : ℓ(A) = 0^}.

Example 4. Let ψ : R_+ → R_+ be a continuous and nondecreasing function such that lim_{x→0+} ψ(x) = 0. Let C be the family of all such functions. Fix ψ ∈ C .

Namely, 0 is a ψ-density point of X ∈ L (cf. [5]) if and only if lim h→0+ ℓ ( (R − X) ∩ [−h, h]^) 2hψ(2h) = 0 .

Further, y is a ψ-density point of X if and only if 0 is a ψ-density point of X − y = {x − y : x ∈ X}. Putting Φ_ψ(X) = {x ∈ R: x is a ψ-density point of X }. By Theorem 1.2 in [4] Φ_ψ(X) ∈ L and moreover Φ_ψ ∈ Φ.

Let μ be an arbitrary complete extension of the Lebesgue measure. Let S_μ = dom μ and I_μ — σ-ideal μ-null sets. Let ∀_{X∈S}¯ Φ_μ(X) = { x ∈ R : lim_{h→0+}^{μ(X ∩ [x − h, x + h])} 2h = 1 }

and T_μ = {X ∈ S_μ : X ⊂ Φ_μ(X)} . Theorem 5. (cf. [2]) The family T_μ is a topology in R.

Definition 6. We shall say that Φ^∗ : S_μ → L is a semi-lower density operator

in S_μ if

1^∗ Φ^∗(∅) = ∅, Φ^∗(R) = R, 2^∗ ∀_{A,B∈S}¯ Φ^∗(A ∩ B) = Φ^∗(A) ∩ Φ^∗(B), 3^∗ ∀_{A,B∈S}¯ ( μ(A△B) = 0 ⇒ Φ^∗(A) = Φ^∗(B) ) , 4^∗ ∀_{A∈S}¯ Φ^∗(A) ⊂ Φ_μ(A).

By Φ^∗ we shall denote the family of all Φ^∗ —semi-lower operators in S_μ . It is clear that Φ_μ ∈ Φ^∗ .

Example 7. It is easy to observe that if in the definition of Φ_ψ-operator we replace Lebesgue measure by its extension μ then we get an operator called Φ^∗_ψ such that (following the proof of Thorem 1.2 in [4]) Φ^∗_ψ(X) ∈ L for every X ∈ S_μ . Finally, we conclude that Φ^∗_ψ ∈ Φ^∗ .

By the same arguments as in Theorem 1 we get

ON THE HASHIMOTO TOPOLOGY

Theorem 8. For every Φ^∗ ∈ Φ^∗ the family T_Φ� =^{X ∈ S_μ : X ⊂ Φ^∗(X)^} is

a topology in R such that and T_Φ� ⊂ T_μ .

Let Φ^∗ ∈ Φ^∗ . It is clear that Φ = Φ^∗|L ∈ Φ. In the sequel we show that

Theorem 9. If Φ^∗ ∈ Φ^∗ then

T_Φ� = T_Φ ⊖ I_μ = {X ⊂ R : X = A − B, A ∈ T_Φ, B ∈ I_μ} (T_Φ� is called Hashimoto topology generated by topology T_Φ and σ-ideal I_μ (cf. [1])).

First we present the following

Lemma 10. If X ∈ T_μ then X = A − B , where A ∈ G_{δσ} , B ∈ I_μ .

P r o o f . Let X ∈ T_μ . Then X ⊂ Φ_μ(X). Suppose that X is bounded and K is an open interval containing X . Let 0 < ε < ℓ(K). At the begining we show that there exists a set X ∈ G_δ such that X ⊂ C and μ(C − X) < ε. Putting K = { Δ ⊂ K : μ(Δ ∩ X) > ( 1 − ε ℓ(K) ) ℓ(Δ) } , where Δ denotes an interval, we obtain a covering of set X in Vitali’s sense. Hence we have a sequence {Δ_n}_{n∈N} ⊂ K of pairwise disjoint intervals such that ℓ ( X −^∞ ⋃ n=1 Δ_n ) = 0.

We show that μ(^∞ ⋃ n=1 Δ_n − X) < ε. We have

μ (_∞ ⋃ n=1 Δ_n − X ) = μ (_∞ ⋃ n=1 (Δ_n − X) ) ≤ ∞∑ n=1 μ(Δ_n − X)

= ∞∑ n=1 ( μ(Δ_n)−μ(Δ_n ∩ X) ) < ∞∑ n=1 [ μ(Δ_n) − ( 1− ε ℓ(K) ) μ(Δ_n) ]

= ε ℓ(K) ∞∑ n=1 μ(Δ_n) ≤ ε .

Let C^∗ ∈ G_δ be a such set that X −^∞ ⋃ n=1 Δ_n ⊂ C^∗ and ℓ(C^∗) = 0. Then

C = C^∗ ∪^∞ ⋃ n=1 Δ_n ∈ G_δ , X ⊂ C and C − X ⊂ C^∗ ∪ (_∞ ⋃ n=1 Δ_n − X ) . Hence μ(C − X) < ε. Since ε was an arbitrary small number, it implies that there exists a set C ∈ G_δ such that X ⊂ C and μ(C − X) = 0. If X is a σ-bounded set then by the standard arguments we obtain a set C ∈ G_{δσ} containing X and μ(C − X) = 0. This equality ends the proof.

JACEK HEJDUK — SEBASTIAN LINDNER

Lemma 11. For every Φ^∗ ∈ Φ^∗ the following condition is satisfied: ∀_{X∈TΦ�} μ ( Φ^∗(X)△X ) = 0 .

P r o o f . Let X ∈ T_Φ� . Then μ ( Φ^∗(X)△X ) = μ ( Φ^∗(X) − X ) ≤ μ ( Φ_μ(X) − X ) . By Lemma 10 X = A − B , where A ∈ L and B ∈ I_μ . Hence we have μ ( Φ_μ(X)−X ) = μ ( Φ_μ(A−B)−(A−B) ) = μ ( Φ_μ(A−B)−A ) ≤ μ ( Φ_μ(A)−A ) = ℓ ( Φ_d(A) − A ) = 0.

P r o o f o f T h e o r e m 9. Let X ∈ T_Φ ⊖ I_μ . Then X = A − B , where

A ∈ T_Φ , μ(B) = 0. Hence Φ^∗(X) = Φ^∗(A − B) = Φ^∗(A) = Φ(A) ⊃ A ⊃ X .

Therefore X ∈ T_Φ� . Let X ∈ T_Φ� then X ⊂ Φ^∗(X). Hence X = Φ^∗(X) − ( Φ^∗(X) − X ) . By Lemma 11 Φ^∗(X) − X ∈ I_μ . By condition 3^∗ Φ^∗(X) =

Φ^∗ ( Φ^∗(X) ) . Then Φ^∗(X) = Φ ( Φ^∗(X) ) and we conclude that Φ^∗(X) ∈ T_Φ . It

implies that X ∈ T_Φ ⊖ I_μ .

Corollary 12. T_μ = T_d ⊖ I_ℓ = {X : X = A − B, A ∈ T_d, ℓ(B) = 0}.

Remark 8. Giving up condition 3^∘ and 3^∗ in Definitions 1 and 6, respectively,

the families T_Φ and T_Φ� are still topologies but the equality T_Φ� = T_Φ ⊖ I_μ

established in Theorem 9 does not hold. But we have

Property 13. T_Φ� ⊂ T_Φ ⊖ I_μ , where Φ = Φ^∗|L.

P r o o f . Let X ∈ T_Φ� . Then X ⊂ Φ^∗(X). Hence X = Φ^∗(X) − ( Φ^∗(X) − X ) . By Lemma 10, Φ^∗(X) − X ∈ I_μ and by the monotonicity of operator Φ^∗ ,

Φ^∗(X) = Φ^∗(Φ^∗(X) − ( Φ^∗(X) − X) ) ⊂ Φ^∗ ( Φ^∗(X) ) = Φ ( Φ^∗(X) ) . Therefore

Φ^∗(X) ∈ T_Φ and X ∈ T_Φ ⊖ I_μ .

To show that T_Φ� ≠ T_Φ ⊖ I_μ it is sufficient to take Φ^∗ : S_μ → L of the

following form

Φ^∗(X) = { R , X = R, ∅ , X ≠ R. Conditions 1^∗ , 2^∗ and 4^∗ are fulfilled. Let Φ = Φ^∗|L. Then T_Φ� = {∅, R},

T_Φ = {∅, R}. Hence property T_Φ ⊖ I_μ ⊂ T_Φ� does not hold for any complete

extension μ of Lebesgue measure.

Let T be the natural topology in R and Φ^′ = {Φ ∈ Φ : T ⊂ T_Φ}. We have, for

example, that Φ_d ∈ Φ^′ and for every ψ ∈ C , Φ_ψ ∈ Φ^′ . The following property

provides that the topology which is an intersection of T_Φ , where Φ runs Φ^′

is the Hashimoto topology generated by the natural topology and the σ-ideal

Lebesgue null sets.

ON THE HASHIMOTO TOPOLOGY

Property 14._⋂ Φ∈Φ0 T_Φ = T ⊖ I_ℓ .

P r o o f . Fix Φ ∈ Φ^′ and let X = V − Z , where V ∈ T and ℓ(Z) = 0. Since V ∈ T_Φ and R − Z ∈ T_Φ , we have that X ∈ T_Φ . Thus X ∈ ⋂ Φ∈Φ0 T_Φ .

To prove that ⋂ Φ∈Φ T_Φ ⊂ T ⊖ I_ℓ it is sufficient to use the result from [4] that ⋂ ψ∈C T_Φ ⊂ T ⊖ I_ℓ .

REFERENCES

[1] HASHIMOTO, H. : On the � topology and its applications, Fund. Math. 91 (1976), 5–10. [2] HEJDUK, J. : Some properties of the density topology with respect to an extension of the Lebesgue measure, Math. Pannon. 9 (1998), 173–180.

[3] OXTOBY, J. : Measure and Category, Springer-Verlag, Berlin, 1980. [4] TEREPETA, M.—WAGNER-BOJAKOWSKA, E. : Ψ-density topology, Rend. Circ. Mat.

Palermo, (2), XLVIII (1999), 451–476.

[5] TAYLOR, S. J. : On strengthening the Lebesgue density theorem, Fund. Math. 46 (1959), 305–315.

Received September 29, 2000 Faculty of Mathematics University of Łódź Banacha 22 PL–90-238 Łódź POLAND E-mail: jachej@math.uni.lodz.pl