Tatra Mt. Math. Publ. 24 (2002), 141–146 tm

Mathematical Publications

BAIRE CATEGORY AND STANDARD OPERATIONS ON PAIRS OF CONTINUOUS FUNCTIONS

Artur Wachowicz

ABSTRACT. Let C denote the space of all real-valued continuous functions on [0, 1] with the supremum norm. Let Φ be any of the following operations on

C � C : addition, multiplication, and composition. We show that the set of all

pairs (f, g) 2 C � C such that Φ(f, g) has not a finite derivative at any point of [0, 1] is residual. In the proofs we follow some methods used in the classical theorem of Banach and Mazurkiewicz.

In what follows we denote by C the space of all continuous real functions on [0, 1] equipped with the supremum norm, by C^∗ the subspace of C consisting of functions valued in [0, 1], by N the set of positive integers. All formulations “almost every” are meant in the sense of category, i.e., the respective properties hold on a residual subset of some space. Through the paper a function f ∈ C will be called ugly if it is nowhere differentiable on [0, 1]. We consider three standard operations on C , that is, if f, g ∈ C and x ∈ [0, 1] then (f + g)(x) = f(x) + g(x), (fg)(x) = f(x) · g(x), and if (f, g) ∈ C × C^∗ then (f ∘ g)(x) = f ( g(x) ) . To prove our main results we need the following definition and lemmas.

Definition 1. A function l ∈ C is called a polygonal function or briefly a

polygonal if there exist a positive integer n_l and a partition 0 = x_0 < x_1 < · · · < x_{nl} = 1 of [0, 1] such that for each i ∈ {1, . . . , n_l} there exist real numbers a_i , b_i such that for each x ∈ [x_{i−1}, x_i] we have l(x) = a_ix + b_i . The points x_0, x_1, . . . , x_{nl} are called the partition points of the polygonal l . For any polygonal l ∈ C let M_l = max_{i∈{1,...,nl}} |a_i|. Lemma 1. (Well-known) The set of all polygonals is a dense subset of C . Lemma 2. (Banach, Mazurkiewicz) The set { f ∈ C : ∃_{n∈N} ∃_{x∈[0,1−1/n]} ∀_{0<h<1−x} | | | | f(x + h) − f(x) h | | | | ≤ n }

2000 M a t h e m a t i c s S u b j e c t C l a s s i f i c a t i o n: Primary 26A27; Secondary 54E52. K e y w o r d s: Baire category, nowhere differentiable continuous function, algebraic operations on a set of functions.

ARTUR WACHOWICZ

is of the first category in C . (See [1] or [2] or [3])

In our paper we shall use the following stronger version of Lemma 2

Lemma 3. The set { f ∈ C : ∃_{n∈N} ∃_{x∈[0,1−1/n]} ∀ 0<h<min(1/n,1−x) | | | | f(x + h) − f(x) h | | | | ≤ n }

is of the first category in C .

Remark 1. Lemma 2 immediately implies that almost every function f in C is ugly. Observe also that, since the intersection of any two residual sets is residual, Lemma 3 implies in fact that almost every function f in C possesses unbounded right-hand and left-hand difference quotients at every neighbourhood of any point of [0, 1] (of course at 0 we consider only right-hand difference quotients, at 1-only left-hand difference quotients).

It is easy to prove the following lemma.

Lemma 4. If p ∈ C is nowhere constant on any interval [a, b] ⊂ [0, 1] (a < b)

and l ∈ C is a polygonal, then for each r > 0 there exists a polygonal l_0 in an open ball B(l, r) such that the condition ∀_{x∈[0,1]} ( p(x) = 0 ⇒ l_0(x) ≠ 0 ) holds.

Proposition 1. For almost every pair (f, g) in C × C the function f + g is

ugly.

P r o o f . It suffices to show that the set F = { (f, g) ∈ C×C : ∃_{n∈N} ∃_{x∈[0,1−1/n]} ∀_{0<h<1−x} | | | | (f + g)(x + h) − (f + g)(x) h | | | | ≤ n }

is of the first category in C × C .

For n ∈ N, let

F_n = { (f, g) ∈ C × C : ∃_{x∈[0,1−1/n]} ∀_{0<h<1−x} | | |(f + g)(x + h) − (f + g)(x) h | | | ≤ n } . Of course F = ⋃ n∈N F_n . So, we need to show that, for each n ∈ N, F_n is a

nowhere dense subset of C × C . It is easy to see that F_n is a closed subset of C × C , thus we shall only prove that F_n has the empty interior. Suppose that it is not the case, i.e., there exist an n_0 ∈ N and balls B(t, ε), B(s, η) in C , such that B(t, ε) × B(s, η) ⊂ F_{n0} . (1) By Lemma 1 there exists a polygonal l ∈ B(s, η). From Lemma 3 it follows that there is a function p ∈ B(t, ε) such that for any x ∈ [0, 1) we can find an

BAIRE CATEGORY AND STANDARD OPERATIONS

h_x ∈ (0, 1−x) such that | | |^{p(x+hx)−p(x)} h_x | | | > n_0+M_l . Observe that | | |^{l(x+hx)−l(x)} h_x | | | ≤ M_l . Hence for all x ∈ [0, 1) we have: | | | | (p + l)(x + h_x) − (p + l)(x) h_x | | | | ≥ | | | | p(x + h_x) − p(x) h_x | | | | − | | | | l(x + h_x) − l(x) h_x | | | | > n_0 + M_l − M_l = n_0 .

Therefore (p, l) /∈ F_{n0} , which contradicts (1). So, F is of the first category

in C × C .

Proposition 2. For almost every pair (f, g) in C × C the function fg is

ugly.

P r o o f . It suffices to show that the set F = { (f, g) ∈ C × C : ∃_{n∈N} ∃_{x∈[0,1−1/n]} ∀_{0<h<1−x} | | |(fg)(x + h) − (fg)(x) h | | | ≤ n }

is of the first category in C × C .

For n ∈ N, let

F_n = { (f, g) ∈ C × C : ∃_{x∈[0,1−1/n]} ∀_{0<h<1−x} | | | (fg)(x + h) − (fg)(x) h | | | ≤ n } . Of course F = ⋃ n∈N F_n . One can easily show that, for each n ∈ N, F_n is a closed

subset of C × C , therefore we shall only show that F_n has the empty interior.

Suppose to the contrary that there exist an n_0 ∈ N and balls B(t, ε), B(s, η)

in C , such that B(t, ε) × B(s, η) ⊂ F_{n0} . (2) We will follow a bit subtler than in the proof of Proposition 1. By Lemma 1

there exists a polygonal l ∈ B(s, η). Without loss of generality we may assume

that for each i ∈ {1, . . . , n_l} we have a_i ≠ 0. Let A = { x ∈ [0, 1) : l(x) = 0 } . There are two possible cases:

1) A = ∅. Since l ∈ C then there exists δ > 0 such that | |l(x) | | > δ for all

x ∈ [0, 1]. Let x_0 ∈ [0, 1). There exists an h_{x0} ∈ (0, 1 − x_0) such that for all

x ∈ [x_0, x_0 + h_{x0}] we have

l(x) = a_{i0} x + b_{i0} , for some i_0 ∈ {1, . . . , n_l} . (3)

By Lemma 3 there exist a function p ∈ B(t, ε) and a real number

h_0 ∈ (0, h_{x0}) such that the condition | | | | p(x_0 + h_0) − p(x_0)

h_0 | | | | > n_0 + KM_l δ

ARTUR WACHOWICZ

holds, where K = sup_{x∈[0,1]} | |p(x) | | . Then we have: | | | | (pl)(x_0 + h_0) − (pl)(x_0)

h_0 | | | | (3) = | | | |(ai0 x0 + bi0 ) p(x_0 + h_0) − p(x_0)

h_0

+ a_{i0} p(x_0 + h_0) | | | | ≥ | |(a_{i0} x_0 + b_{i0} ) | | | | | | p(x_0 + h_0) − p(x_0)

h_0 | | | | − | |a_{i0} p(x_0 + h_0) | | > > |(a_{i0} x_0 + b_{i0} )| δ (n_0 + KM_l) − KM_l ≥ n_0 + KM_l − KM_l = n_0 .

Hence we infer that (p, l_0) /∈ F_{n0} which contradicts (2), and we get the assertion.

2) A ≠ ∅. Observe that A = {x_1, . . . , x_k}, where k ∈ N (k ≤ n_l) and

x_i ∈ [0, 1] for i ∈ {1, . . . , k}. By Lemma 3 there exists a function p ∈ B(t, ε)

with an unbounded right-hand difference quotient at any point of [0, 1). Let x_i

be a fixed element of A\{1}. The function p fulfils the assumptions of Lemma 3,

thus we may assume that p(x_i) ≠ 0. Then there exist reals h_{xi} > 0 and δ_i > 0

such that for all x ∈ [x_i, x_i + h_{xi} ] and some j_i ∈ {1, . . . , n_l} the conditions | |p(x) | | > δ_i , l(x) = a_{ji} x + b_{ji} hold. Put c_i =^n0^{+d}i_{δi} where d_i is a positive

real number chosen so that c_i > | |a_{ji} | |. Let z_0 < · · · < z_{nl} denote the partition

points of the polygonal l and let w_i = min{z_k : z_k > x_i , k = 1, . . . , n_l}. Put

λ = min { inf x∈[0,1] | |s(x) + η − l(x) | | , inf_{x∈[k0,1]} | |s(x) − η − l(x) | | } . It is clear that

λ > 0. Put also h_i = min {_{hxi} 2 ,^λ_{2(ci−aji )} } . Define an auxiliary polygonal l_0 by

the formula:

l_0(x) = c_i(x − x_i) for x ∈ [x_i, x_i + h_i], if i = 1, . . . , k and a_{ji} > 0 , c_ih_i−a_{ji} w_i−b_{ji} x_i+h_i−w_i (x − wi) + aji wi + bji for x ∈ (xi + hi, wi] , if i = 1, . . . , k and a_{ji} > 0 ,

−c_i(x − x_i) for x ∈ [x_i, x_i + h_i] , if i = 1, . . . , k and a_{ji} < 0 , −^{cihi−aji wi−bji} x_i+h_i−w_i (x − wi) − aji wi − bji for x ∈ (xi + hi, wi] , if i = 1, . . . , k and a_{ji} < 0 ,

l(x) for x ∈ [0, 1] \ ⋃ i∈{1,...,k} [x_i, w_i] . One can easily check that l_0 ∈ B(s, η). Let x_0 ∈ [0, 1). If x_0 ∈ A, there

exists i ∈ {1, . . . k} such that x_0 = x_i . Then we have: | | | (pl_0)(x_i + h_i) − (pl_0)(x_i) h_i | | | = | |c_ip(x_i + h_i) | | > n^0 + d^i δ_i · δ_i > n_0 .

Hence (p, l_0) /∈ F_{n0} , a contradiction. If x_0 /∈ A then by the considerations

analogous to those in 1) we also get a contradiction.

BAIRE CATEGORY AND STANDARD OPERATIONS

Proposition 3. For almost every pair (f, g) ∈ C × C^∗ the function f ∘ g is

ugly.

P r o o f . It suffices to show that the set F = { (f, g) ∈ C × C^∗ : ∃_{n∈N} ∃_{x∈[0,1−1/n]} ∀_{0<h<1−x} | | |(f ∘ g)(x+h) − (f ∘ g)(x) h | | | ≤ n }

is of the first category in C × C^∗ . For n ∈ N, let

F_n = { (f, g) ∈ C × C^∗ : ∃_{x∈[0,1−1/n]} ∀_{0<h<1−x} | | | (f ∘ g)(x+h) − (f ∘ g)(x) h | | | ≤ n } . As in the proofs of Propositions 1 and 2, we show only that, for each n ∈ N, F_n has the empty interior. Suppose that it is not the case, i.e., there exist an n_0 ∈ N and balls B(t, ε) ⊂ C , B(s, η) ⊂ C^∗ such that B(t, ε) × B(s, η) ⊂ F_{n0} . From Lemma 1 it follows that there exists a polygonal l ∈ B(s, η). We may assume that for i ∈ {1, . . . , n_l} we have a_i ≠ 0. By Remark 1 there is a function p ∈ B(t, ε) with unbounded right-hand and left-hand differential quotients at every point of [0, 1]. Let x_0 ∈ [0, 1). There exist an h_{x0} ∈ (0, 1 − x_0) and reals a_{i0} , b_{i0} such that l(x) = a_{i0} x + b_{i0} for all x ∈ [x_0, x_0 + h_{x0}] and some i_0 ∈ {1, . . . n_l}. By Remark 1 there exists an h_0 ∈ (0, h_{x0} ) such that | | | p ( (a_{i0} x_0 + b_{i0} ) + a_{i0} h_0 ) − p(a_{i0} x_0 + b_{i0} ) a_{i0} h_0 | | | > n_0 |a_{i0} | , so, we have a contradiction.

Now we can formulate the main result of the paper.

Theorem 1. Let Φ be any of the three operations in C × C : addition, mul-

tiplication, and composition. Then for almost every pair (f, g) in C × C the function Φ(f, g) is nowhere differentiable on [0, 1].

Acknowledgements. The author would like to thank Marek B a l c e r z a k for his helpful remarks and ideas.

REFERENCES

[1] OXTOBY, J. C. : Measure and Category, Springer-Verlag, Berlin, 1971. [2] BANACH, S. : Über die Baire’sche Kategorie gewisser Funktionenmengen, Studia Math.

3 (1931), 174–179.

ARTUR WACHOWICZ

[3] MAZURKIEWICZ, S. : Sur les fonctions non derivables, Studia Math. 3 (1931), 92.

Received September 29, 2000 Institute of Mathematics Technical University Łódź Al. Politechniki 11, 1–2 PL–90-924 Łódź POLAND E-mail: artwach@ck-sg.p.lodz.pl.