Tatra Mt. Math. Publ. 24 (2002), 89–103 tm

Mathematical Publications

FOURIER TRANSFORMS OF VECTOR-VALUED MEASURES ON A CERTAIN COMPACT SEMIGROUP

Miloslav Duchoň — Anna Kolesárová

ABSTRACT. We present a characterization of Fourier transforms of vectorvalued measures of bounded semivariation on a certain compact semigroup interesting from the point of view of fuzzy sets and systems.

Introduction

The purpose of this paper is to characterize Fourier transforms of vectorvalued measures of bounded semivariation defined on the system of all Borel subsets of a certain compact semigroup G which was introduced in [8], cf. also [6]. The results concerning the semigroup G are of some interest in fuzzy systems theory [10]. The characterization for vector-valued measures on locally compact Abelian groups can be found, e.g., in [1] or [11], [12], [14].

The paper is divided into four sections. Sections 1 and 2 are introductory. Section 1 contains some basic facts about the considered semigroup G and its semicharacters. There is a necessary and sufficient condition recalled under which a complex-valued function defined on the semicharacter semigroup Γ of G is the Fourier transform of a complex-valued regular Borel measure on G [4]. In Section 2 a necessary and sufficient condition is given for a vector-valued function to be the Fourier transform of a vector-valued measure of finite variation [5]. Section 3 is devoted to the Fourier transforms of vector-valued measures of bounded semivariation. Finally, Section 4 deals with Fourier transforms of vector-valued measures of weakly compact semivariation.

2000 M a t h e m a t i c s S u b j e c t C l a s s i f i c a t i o n: 28E10, 81P10.

K e y w o r d s: semigroup, semicharacter, vector measure, semivariation, Fourier transform of measure.

Supported by Grant no. VEGA 1141.

1. Preliminaries

Recall that G is a non-empty set, completely ordered by a transitive, irreflexive relation denoted by < and made into a semigroup by the operation xy = max(x, y) for all x, y ∈ G. It is known that G is a topological semigroup in the interval topology. We will suppose that G is compact in the interval topology, hence, G has the least element denoted by α, and the greatest element denoted by ω . The intervals are defined as usual, so G can be written in the form G = [α, ω].

An important role in the solution of our problem is played by semicharacters of the semigroup G. A semicharacter of the semigroup G is a bounded complexvalued function γ defined on G, not identically zero, and satisfying the equation γ (xy) = γ (x)γ (y) for each x, y ∈ G . It is known that G has semicharacters only of two types ([8], Th. 1.8.). Namely, the functions

γ_{a]}(x) = { 1, x ≤ a , 0, x > a , a ∈ G and γ_{a)}(x) = { 1, x < a , 0, x ≥ a , a ∈ (α, ω] are all semicharacters of the semigroup G.

The set Γ of all semicharacters of G is a semigroup under pointwise multiplication ([8], Th. 1.12.).

As usual, we denote by C(G) the space of all continuous complex functions defined on G with the sup (max) norm ‖f‖, f ∈ C(G). As it is well-known, the space of all continuous linear forms on C(G) can be represented as the space M(G) of all complex-valued regular Borel measures on G with the total variation norm. Let K denote the set of all complex numbers. The mappings a : M(G) → K, a(μ) = μ ( [α, a] ) = ∫ G γ_{a]}(x) dμ(x) , a ∈ G , (1)

a^0 : M(G) → K , a^0(μ) = μ ( [α, a) ) = ∫ G γ_{a)}(x) dμ(x) , a ∈ (α, ω] (2) are all homomorphisms on M(G).

The semigroup Γ of all semicharacters of G can be identified with the set of all complex homomorphisms on M(G). If we denote the set of all homomorphisms of the type (1) by G and the set of all homomorphisms of the type (2) by G^0 , we can write Γ = G ∪ G^0 .

At the end of this section, let us recall the definition of the Fourier transform of a complex-valued measure λ ∈ M(G).

Definition 1. Let λ ∈ M(G). The function^^λ: Γ → K defined by ^λ(a) = a(λ) = λ([α, a]) = ∫ G γ_{a]}(x) dλ(x) for a ∈ G and ^λ(a^0) = a^0(λ) = λ([α, a)) = ∫ G γ_{a)}(x) dλ(x) for a ∈ (α, ω] is called the Fourier transform of the measure λ.

We will write it simply ^λ(γ) = ∫ G γ(x) dλ(x) , γ ∈ Γ . From now on, the semigroup Γ will be endowed with the weakest topology that makes all functions ^λ continuous (the Gelfand topology on Γ). This topology is described in detail in [8].

For any a, b ∈ G let us define the interval [a, b] = {c ∈ G; a ≤ c ≤ b} and let the other intervals be defined analogously.

Definition 2. Let p be a complex-valued function defined on Γ and let

a, b ∈ G, a < b. Then the quantity

sup_D {_n ∑ i=1 | p(t_i) − p(t_{i−1}) | : D ⊂ G } , where the supremum is taken over all sets D = {t_0, t_1, . . . , t_n : a = t_0 < t_1 < · · · < t_n = b}, is called the variation of the function p on the interval [a, b] and is denoted by V (p; a, b). For a = b we put V (p; a, b) = 0. The function p is said to be of bounded variation on the interval [a, b] if V (p ; a, b) < ∞.

The complex-valued function p defined on Γ is the Fourier transform of a measure λ in M(G) if and only if p is continuous and of bounded variation on G = [α, ω].

2. Fourier transforms of vector-valued measures

Definition 3. Let X be a Banach space, B(G) be the system of all Borel

subsets in G and let m be a vector-valued measure, m : B(G) → X . A function ^m: Γ → X defined by ^m(γ) = ∫ G γ (x) dm(x) (3) is called the Fourier transform of the measure m.

Let us denote by X^′ the topological dual of X , i.e., the space of all continuous linear functionals on X . From Definition 3 and the properties of integrals of complex-valued functions it follows that ^m(γ) is that element for which the following is true ⟨ ^m(γ), x^′ ⟩ = ∫ G γ (x) dx^′ ∘ m(x) , x^′ ∈ X^′ . (4)

Since m is a vector-valued measure defined on B(G), x^′ ∘ m is a complexvalued Borel measure for all x^′ ∈ X^′ . By Definition 1, ∫ G γ(x) dx^′ ∘ m(x) = “x^′ ∘ m(γ) (5)

and so, from (4) and (5) we get ⟨ ^m(γ), x^′ ⟩ = “x′ ∘ m(γ) for all x′ ∈ X′ and γ ∈ Γ . (6)

If γ = γ_{a]} , a ∈ G, then ^m ( γ_{a]} ) = ^m(a) = m ( [α, a] ) and if γ = γ_{a)} , a ∈ (α, ω], then

^m(γ_a) = ^m(a^0) = m ( [α, a) ) . In the sequel, X will always denote a Banach space.

Definition 4. Let m : B(G) → X be a vector-valued measure. The function

‖m‖_v defined by

‖m‖_v(E) = sup ∑ i∈I ‖ m(E_i) ‖ , E ∈ B(G) , where the supremum is taken over all finite disjoint systems {E_i}_{i∈I} , E_i ∈ B(G), such that E = ⋃ i∈I E_i , is called the variation of the vector-valued measure m.

Definition 5. A vector-valued measure m is of bounded variation [2] if ‖m‖_v(E) < ∞ for each E ∈ B(G) . Let M_v(G) denote the set of all regular vector-valued measures m : B(G) → X of bounded variation. Note that a vector-valued measure m is regular if a complex-valued measure x^′ ∘ m is regular for each x^′ ∈ X^′ .

Definition 6. Let a, b ∈ G, a < b. The variation of a function q : Γ → X

on the interval [a, b] is a quantity denoted by V (q ; a, b) and defined by sup_{D⊂G} ∑ ‖ ‖q(t_i) − q(t_{i−1})‖ , where the supremum is taken over all sets D = {t_0, t_1, . . . , t_n ; a = t_0 < t_1 < · · · < t_n = b}. If a = b we put V (q ; a, b) = 0.

Following the definition for complex-valued functions [9], we say that a function q : Γ → X is of bounded variation on the interval [a, b] if V (q ; a, b) < ∞, [9].

In [5], the following theorem for vector-valued functions was proved.

Theorem 1. A function q : Γ → X is the Fourier transform of a vector-valued

measure m ∈ M_v(G) if and only if q is weakly continuous and of bounded variation on G.

Example 1. Let G = [0, 1], X = L_2(G, μ), where μ is the Lebesgue measure on G. Let q be defined on Γ = G ∪ G^′ by q(a) = χ_{[0,a]} , a ∈ [0, 1] , q(a^′) = χ_{[0,a)} , a ∈ (0, 1] , where χ stands for the characteristic function of a set. Then the variation V (q ; 0, 1) = ∞. Indeed, let

D_n = { t_0, t_1, . . . , t_n } = { 0, 1 n , 2 n , . . . , 1 } ⊂ G . Then_n ∑ i=1 ‖ q(t_i) − q(t_{i−1}) ‖ = n∑ i=1 ‖ χ_{[0,ti]} − χ_{[0,ti}�_{1]} ‖

= n∑ i=1 ‖ χ_{(ti}�_{1,ti]} ‖ = n∑ i=1 ∫ G |χ_{(ti}�_{1,ti]}|^2 dμ

= n∑ i=1 √ 1 n = √ n . It follows that V (q ; 0, 1) = sup_D ∑ ‖ ‖q(t_i) − q(t_{i−1})‖ ≥ sup_{Dn} ∑ ‖ ‖q(t_i) − q(t_{i−1})‖ = ∞ , which is our claim.

The function q given in Example 1 is not of bounded variation on G but it is of bounded semivariation on G [9].

Definition 7. The semivariation of a function q : Γ → X on the interval

[a, b], the notation s-V (q ; a, b), is the supremum of the numbers ‖ ‖ ∑ d_i [ q(t_i) − q(t_{i−1}) ]‖ ‖ , where the supremum is taken over all divisions D = { t_0, t_1, . . . , t_n : a = t_0 < t_1 · · · < t_n = b } of the interval [a, b] and over all finite systems { d_i } i∈I of complex numbers with the property |d_i| ≤ 1.

We say that a function q : Γ → X is of bounded semivariation on the interval [a, b] if there exists a constant K = K(a, b) < ∞ such that s-V (q ; a, b) ≤ K .

It is clear that if a function q is of bounded variation on the interval [a, b] then it is of bounded semivariation on [a, b].

Example 2. The function q given in Example 1 is of bounded semivariation on G.

Let D = { t_0, t_1, . . . , t_n : 0 = t_0 < t_i < · · · < t_n = 1 } be an arbitrary division of the interval [0, 1] and let {d_i} be any finite family of complex numbers with |d_i| ≤ 1 for every i. Then ‖ ‖^n ∑ i=1 d_i [ q(t_i) − q(t_{i−1}) ] ‖ ‖ = ‖ ‖^n ∑ i=1 d_iχ_{(ti}�_{1,ti]} ‖ ‖

= ∫ G | |^n ∑ i=1 d_iχ_{(ti}�_{1,ti]} | |^2dμ ≤ 1 ,

because | |^n ∑ i=1 d_iχ_{(ti}�_{1,ti]} | |^2 ≤ (_n∑ i=1 |d_i|χ_{(ti}�_{1,ti]} )_2

≤ (_n∑ i=1 χ_{(ti}�_{1,ti]} )_2

= χ_{(0,1]} .

Since the inequality ‖ ‖ ‖ n∑ i=1 d_i [ q(t_i) − q(t_{i−1}) ] ‖ ‖ ≤ 1 holds for every division D and any family of complex numbers {d_i} introduced above, we have

s-V (q ; a, b) = sup_{D,{d} i} ‖ ‖^n ∑ i=1 d_i [ q(t_{i−1}) − q(t_{i−1}) ] ‖ ‖ ≤ 1 .

Vector-valued functions of bounded semivariation on G are closely connected with Fourier transforms of vector-valued measures on Borel sets B(G) into X that are of bounded semivariation [7].

Definition 8. The semivariation of a vector measure m : B(G) → X , [7], is

a set function ‖m‖_s defined by

‖m‖_s(A) = sup ‖ ‖ ∑ d_im(A_i) ‖ ‖ , A ∈ B(G) , where the supremum is taken over all finite decompositions {A_i}, A_i ∈ B(G), of the set A, and all finite families of complex numbers {d_i} with |d_i| ≤ 1.

In contrast with the variation of a vector-valued measure m : B(G) → X , the semivariation is always a finite nonnegative set function. We will use the following properties of ‖m‖_s [2], [13]. ‖m‖_s(A) ≥ ‖ m(A) ‖ ≥ 0 , A ∈ B(G) , ‖m‖_s(A) ≤ 4 sup_{B⊂A} ‖ m(B) ‖ < ∞ , A ∈ B(G) , ‖m‖_s(A) ≤ ‖m‖_s(B) , A, B ∈ B(G), A ⊂ B .

3. Fourier transforms of vector-valued measures of bounded semivariation

Theorem 2. If a function q : Γ → X is the Fourier transform of a measure

m : B(G) → X then q is weakly continuous and of bounded semivariation on G.

P r o o f . Let q = ^m. The weak continuity can be proved as in [5]. Further, let D be any division of the set G and {d_i} be any system of complex numbers as in Definition 8. Then ‖ ‖ ∑ d_i[q(t_i) − q(t_{i−1})]‖ = ‖ ∑ d_i[ ^m(t_i) − ^m(t_{i−1})]‖ , ‖ ‖ ∑ d_i m ( (t_{i−1}, t_i] )‖ ‖ ≤ ‖m‖_s(G) < ∞ . Since the preceding inequality is true for any considered set D and system of complex numbers {d_i},we have s-V (q ; α, ω) ≤ ‖m‖_s(G) < ∞ , which proves our theorem.

Recall [3], [7] that if m : B(G) → X is a vector-valued measure then there exists a finite positive measure ν such that lim_{ν(E)→0} m(E) = 0. This means that

for every ε > 0 there exists δ > 0 such that ν(E) < δ implies ‖ m(E) ‖ < ε.

Proposition 1. If a function q : Γ → X is the Fourier transform of a measure

m : B(G) → X , then q is continuous on Γ.

P r o o f . Let q = ^m. According to the preceding remark, for any ε > 0 there exists a finite positive measure ν and a number δ > 0 such that ν(E) < δ implies ‖ m(E) ‖ < ε. It is known that the Fourier transform ^ν of ν is a continuous function. Let x_0 ∈ [α, ω) and suppose that x_0 has no immediate successor. From the continuity of ^ν at x_0 it follows that there exists σ(x_0) = [x_0, c) ∪ (x^′_0, c^′ ] such that for any γ ∈ σ(x_0) there holds | ^ν(γ) − ^ν(x_0) | < δ . Let γ = a ∈ σ(x_0). Then using ν ( (x_0, a] ) = | ^ν(a) − ^ν(x_0) | < δ we get ‖ q(a) − q(x_0) ‖ = ‖ ^m(a) − ^m(x_0) ‖ = ‖ m ( (x_0, a] )‖ < ε . Similarly for γ = a^′ ∈ σ(x_0). We omit the details of the proof for other points in Γ.

We will look for the conditions under which a function q : Γ → X of bounded semivariation on G is the Fourier transform of a measure m : B(G) → X .

Definition 9. Let q : Γ → X be a function of bounded semivariation on G.

Then for every complex-valued function f on G and every set D ⊂ G,

D = {t_0, t_1, . . . , t_n : α = t_0 < t_1 < · · · < t_n = ω}

define S_q(f, D) = ∑ f(t_i) [ q(t_i) − q(t_{i−1}) ] . Theorem 3. Let q : Γ → X be a function of bounded semivariation on G.

Then for each complex function f ∈ C(G) there exists a unique element T (f) ∈ X such that for every ε > 0 there exists a set D_0 ⊂ G (of the form as in Definition 9) that ‖ ‖S_q(f, D) − T (f)‖ < ε for every D ⊃ D_0 . This property will be denoted by T (f) = lim_D S_q(f, D).

P r o o f . Let f ∈ C(G). If s-V (q ; α, ω) = 0 then S_q(f, D) = 0 for every D . If s-V (q ; α, ω) = K , 0 < K < ∞, then from continuity of f it follows that for every ε > 0 there exists a set D_ε ⊂ G,

D_ε = {t_0, t_1, . . . , t_n : α = t_0 < t_1 < · · · < t_n = ω} ,

such that the oscillation of f on each interval (t_{i−1}, t_i] is less than^ε_K . Let D ⊃ D_ε D = {τ_0, τ_1, . . . , τ_m : α = τ_0 < τ_1 < · · · < τ_m = ω} .

and α = t_0 = τ_0 < τ_1 < · · · < τ_s = t_1 < τ_{s+1} < · · · < τ_r = t_2 < · · · < τ_m = t_n = ω .

Similar arguments as in [5] give ‖ S_q(f, D) − S_q(f, D_ε) ‖ = ‖ ‖ ‖ s∑ i=1 [ f(τ_i) − f(t_i) ][ q(τ_i) − q(τ_{i−1}) ]

+ r∑ i=s+1 [ f(τ_i) − f(t_2) ][ q(τ_i) − q(τ_{i−1}) ] + . . . ‖ ‖ ‖ which can also be written as ‖ S_q(f, D) − S_q(f, D_ε) ‖ = ε K ‖ ‖ ‖ s∑ i=1 K ε [ f(τ_i) − f(t_1) ] · [ q(τ_i) − q(τ_{i−1}) ]

+ r∑ i=s+1 K ε [ f(τ_i) − f(t_2) ][ q(τ_i) − q(τ_{i−1}) ] + . . . ‖ ‖ ‖ = ε K ‖ ‖ ‖ m∑ i=1 e_i [ q(τ_i) − q(τ_{i−1}) ] ‖ ‖ ‖ where

e_i = K ε [ f(τ_i) − f(t_1) ] for i = 1, 2, . . . , s , e_i = K ε [ f(τ_i) − f(t_2) ] for i = s + 1, . . . , r , and so on.

Since for i = 1, 2, . . . , s the points τ_i belong to the interval (t_0, t_1], for i = s + 1, . . . , r , τ_i ∈ (t_1, t_2], and so on, we get |e_i| ≤ 1 for every i. Therefore ‖ S_q(f, D) − S_q(f, D_ε) ‖ < ε for any D ⊃ D_ε . From this property it follows that for any positive integer n there exists a set D_n such that for every D ⊃ D_n there holds ‖ S_q(f, D) − S_q(f, D_n) ‖ < 1 n . Let us define the sequence { S_q(f, D^′_n) }_∞ n=1 , where D^′_n =^n ⋃ i=1 D_i . It can be shown

that this sequence is Cauchy. Since X is a Banach space, there exists lim_{n→∞} S_q(f, D^′_n) . Let us denote it by T (f). Similarly to [5] it can be proved that T (f) is the required element and that it is unique.

Theorem 4. The mapping T defined by T (f) = lim_D S_q(f, D) , f ∈ C(G) , is a continuous linear operator on G(G) into X .

P r o o f . The assertion can be proved in the same way as Proposition 3 in [5]. To prove the continuity of T it suffices to use the boundedness of the semivariation of q on G. We omit the details of the proof.

According to [7], and [13], to every continuous linear operator T : C(G) → X there corresponds a unique set function m defined on B(G) with values in the second dual X^{′′} of X such that

(a) x^′ ∘ m is a complex regular measure on B(G) for any x^′ ∈ X^′, (b) x^′ ∘ T (f) = ∫ G f dx^′ ∘ m, f ∈ C(G), x^′ ∈ X^′, (c) ‖T ‖ = ‖m‖_s(G). This means that for any operator T : C(G) → X there exists a unique vector measure m, whose values, however, belong in general to the second dual X^{′′} . Under some additional conditions we obtain a regular vector-valued measure with values in X , e.g., if X is a reflexive space. We will deal with this problem in the next section.

4. Vector-valued measures of weakly compact semivariation

Definition 10. A function q : Γ → X is said to be of weakly compact semi-

variation on the interval [a, b], if the set W of all elements of the form ∑ d_i [ q(t_i) − q(t_{i−1}) ] for all possible finite subsets D ⊂ G, D{t_0, t_1, . . . , t_n : a = t_0 < t_1 < · · · < t_n = b} and for all finite families of complex numbers {d_i}, |d_i | ≤ 1, is relatively weakly compact.

Lemma 1. If q : Γ → X is a function of weakly compact semivariation on

[a, b] then it is of bounded semivariation on [a, b].

P r o o f . By assumption, the set W defined in Definition 10 is relatively weakly compact, and therefore it is (weakly) bounded. For any element of the set W there holds ‖ ‖ ∑ d_i[q(t_i) − q(t_{i−1})]‖ ≤ K < ∞ and hence s-V (q ; a, b) ≤ K .

Lemma 2. If q : Γ → X is a function of bounded semivariation on the interval

[a, b] and X is a reflexive space, then q is of weakly compact semivariation on [a, b].

P r o o f . If s-V (q ; a, b) ≤ K < ∞ then the set W is bounded. Since X is a reflexive space, W is a weakly compact set, and, in consequence, q is of weakly compact semivariation.

Example 3. The function q from Example 2 is of weakly compact semivariation on the set [0, 1].

If we take into account that X = L_2(G, μ) is a reflexive space, the assertion follows immediately from Lemma 2.

Recall that the linear operator T : C(G) → X is said to be weakly compact if it maps the unit ball of C(G) into a weakly compact subset of X .

Theorem 5. Let q : Γ → X be a function of weakly compact semivariation on

G. Then the operator T : C(G) → X , T (f) = lim_D S_q(f, D) is weakly compact.

P r o o f . Let D = {t_0, t_1, . . . , t_n} ⊂ G, α = t_0 < t_1 < · · · < t_n = ω . Let f ∈ G(G), 0 ≤ f(t) ≤ 1 for every t ∈ G. Form an integral sum S_q(f, D) = n∑ i=1 f(t_i) [ q(t_i) − q(t_{i−1}) ]

and order the indexes 1, 2, 3 . . . , n into such a sequence i_1, i_2, . . . , i_n that

0 ≤ f(t_{i1} ) ≤ f(t_{i2} ) ≤ f(t_{i3} ) ≤ · · · ≤ f(t_{in} ) ≤ 1 .

Then we get S_q(f, D) = n∑ i=1 f(t_i) [ q(t_i) − q(t_{i−1}) ] = n∑ k=1 f(t_{ik} ) [ q(t_{ik} ) − q(t_{ik −1}) ] , which may be written in the form S_q(f, D) = f ( t_{i1} )^n∑ k=1 [ q(t_{ik} ) − q(t_{ik−1}) ]

+ n∑ s=2 {[ f(t_{is} ) − f(t_{is}�_1 ) ]^n∑ k=s [ q(t_{ik} ) − q(t_{ik −1}) ]} . Since f(t_i) ≥ 0 and f(t_{is} ) − f(t_{is}�_1 ) ≥ 0, it holds | f(t_{i1} ) | + | f(t_{i2} ) − f(t_{i1} ) | + · · · + | f(t_{in} ) − f(t_{in}�_1 ) | = f(t_{in} ) ≤ 1 .

This means that S_q(f, D) and hence also T (f) = lim_D S_q(f, D) belong to the closed absolutely convex hull K of the set W . Since W is weakly relatively compact, according to the Krein–Smulian Lemma [7], [15], K is weakly compact.

Let f ∈ C(G), ‖f‖ ≤ 1. The values of f can be expressed in the form

f(t) = f_0(t) − f_2(t) + i [ f_1(t) − f_3(t) ] , (7)

where 0 ≤ f_i(t) ≤ 1 for i = 0, 1, 2, 3 and every t ∈ G.

By the preceding part, T (f_i) ∈ K , and due to (7), the operator T maps the set { f ∈ C(G) : ‖f‖ ≤ 1 } into a weakly compact set {_3∑ r=0 i^r x_r : x_r ∈ K }

which proves our theorem.

Since T is a weakly compact operator on C(G) into X, there exists (see, e.g., [7], [13]) a unique regular measure m : B(G) → X such that

T (f) = ∫ G f dm , f ∈ C(G) . In order to prove the main result we need the following two lemmas.

Lemma 3. If q is a scalar function defined on Γ then

s-V (q ; a, b) = V (q ; a, b) .

P r o o f . It is clear that s-V (q ; a, b) ≤ V (q ; a, b). Further, for any division D ⊂ [a, b], D = {t_0, t_1, . . . , t_n : a = t_0 < t_1 < · · · < t_n = b} it holds n∑ i=1 | q(t_i) − q(t_{i−1}) | = | | | n∑ i=1 | q(t_i) − q(t_{i−1}) | | | | = | | | n∑ i=1 k_i [ q(t_i) − q(t_{i−1}) ] | | | , where k_i are complex numbers with the property |k_i| = 1.

Hence

V (q ; a, b) = sup_D ∑ | |q(t_i) − q(t_{i−1})| = sup D | | ∑ k_i [ q(t_i) − q(t_{i−1}) ]| | ≤ sup_{D,{di}} | | ∑ d_i [ q(t_i) − q(t_{i−1}) ]| | = s-V (q ; a, b) ,

where the last supremum is taken over all divisions D of the interval [a, b] and over all finite families {d_i} of complex numbers {d_i}, |d_i| ≤ 1.

Lemma 4. If a function q : Γ → X is of bounded semivariation on G, then a

scalar function x^′ ∘ q is of bounded variation on G for every x^′ ∈ X^′ .

P r o o f . By assumption, sup ‖ ‖ ∑ d_i [ q(t_i) − q(t_{i−1}) ]‖ ‖ ≤ K < ∞ , where the supremum is taken over all sets D ⊂ G and systems of complex numbers {d_i} with properties as above. Consequently, the set W of all elements of the form ∑ d_i [ q(t_i) − q(t_{i−1}) ] is (weakly) bounded. Hence for every x^′ ∈ X^′ there exists a constant A_x0 < ∞, such that | x^′(W ) | ≤ A_x0 . This gives sup D,{di} ‖ ‖x^′ (∑ d_i [ q(t_i) − q(t_{i−1}) ])‖ ‖ ≤ A_x0 . Since V (x^′ ∘ q ; α, ω) = s-V (x^′ ∘ q ; α, ω) = sup_{D,{di}} | | ∑ d_i [ x^′ ∘ q(t_i) − x^′ ∘ q(t_{i−1}) ]| | = sup_{D,{di}} | |x^′ (∑ d_i [ q(t_i) − q(t_{i−1}) ])| | we have for every x^′ ∈ X^′ ,

V (x^′ ∘ q ; α, ω) ≤ A_x0 < ∞ for each x^′ ∈ X^′ .

Summarize the previous results. For any function q : Γ → X of weakly compact semivariation on G it is possible to construct a weakly compact operator T : C(G) → X which can be uniquely represented as an integral with respect to a regular measure m : B(G) → X . The following theorem establishes the relation between a function q and a vector measure m.

Theorem 6. Let q : Γ → X be a weakly continuous function of weakly com-

pact semivariation on the set G. Then q is the Fourier transform of a regular measure m : B(G) → X .

P r o o f . Since q is of weakly compact semivariation on G, the operator T obtained by means of q in the same way as in Theorem 9 is weakly compact. According to the previous results, there exists a unique regular measure m : B(G) → X representing T , namely

T (f) = ∫ G f dm , f ∈ C(G) .

By Lemma 1 and Lemma 4, a function x^′ ∘ f is of bounded variation on G for every x^′ ∈ X^′ . The weak continuity of q implies the continuity of x^′ ∘q for every x^′ ∈ X^′ . By (5), the function x^′ ∘ q is the Fourier transform of a complex-valued regular measure λ_x0 defined on B(G). and it holds ^λ_x0 = x^′q − x^′q(α) on the set Γ. Moreover, λ_x0 = x^′ ∘ m (see [5]). Combining the last two properties we get ^m = q − q(α) . From this we conclude that q is the Fourier transform of the measure m + q(α)ε_α , where ε_α is the Dirac measure concentrated in α.

REFERENCES

[1] BUKOVSKÁ, Z. : Characterization of Fourier transforms of vector-valued functions and measures, Mat. Čas. 20 (1970), 109–115.

[2] DINCULEANU, N. : Vector measures, VEB, Berlin, 1966.

[3] DINCULEANU, N.—KLUVÁNEK, I. : On vector measures, Proc. London Math. Soc., 17 (1967), 505–512.

[4] DUCHOŇ, M.—KOLESÁROVÁ, A. : Fourier transforms of complex measures on some compact semigroup, Tatra Mt. Math. Publ. 12 (1997), 253–260.

[5] DUCHOŇ, M.—KOLESÁROVÁ, A. : Fourier transforms of majorized vector measures on a certain compact semigroup, Tatra Mt. Math. Publ. 14 (1998), 283–292.

[6] DUCHOŇ, M. : Structure theory for a class of convolution algebras of vector-valued measures, Math. Nachr. 60 (1974), 97–108.

[7] DUNFORD, N.—SCHWARTZ, J. T. : Linenar Operators I, Interscience, New York, 1958. [8] HEWITT, E.—ZUCKERMANN, H. S. : Structure theory for a class of convolution algebras, Pacific J. Math., 7 (1957), 915–941.

[9] HILL, E. : Methods in Classical and Functional Analysis, Addison-Wesley, Reading, 1972. [10] KIM, J. B. : A class of convolution algebras on compact fuzzy semigroups, Fuzzy Sets and Systems 26 (1988), 365–372.

[11] KLUVÁNEK, I. : Characterization of Fourier-Stieltjes transforms of vector-valued and operator-valued measures, Czechoslovak Math. J. 17(91) (1967), 261–277.

[12] KLUVÁNEK, I. : Fourier transforms of vector-valued functions and measures, Studia Math. 27 (1970), 1–12.

[13] LEWIS, D. R. : Integration with respect to vector-valued measures, Pacific J. Math. 22 (1970), 157–165.

[14] McKEE, S. K. : Orthogonal expansion of vector-valued function and measures, Mat. Čas.

22 (1972), 71–80.

[15] ROBERTSON, A. P.—ROBERTSON, W. : Topological Vector Spaces, Cambridge University Press, Cambridge, 1967.

Received January 4, 2002 Miloslav Duchoň Mathematical Institute Slovak Academy of Sciences Štefánikova 49 SK–814 73 Bratislava SLOVAKIA E-mail: duchon@mat.savba.sk

Anna Kolesárová Department of Mathematics Faculty of Chemical Technology Slovak Technical University Radlinského 9 SK–812 37 Bratislava SLOVAKIA E-mail: kolesarova@cvt.stuba.sk