Tatra Mt. Math. Publ. 24 (2002), 37–40 tm

Mathematical Publications

SCORZA DRAGONI TYPE THEOREMS

Anna Fatz-Grupka

ABSTRACT. In 1994 Z. Grande proved that Scorza Dragoni theorem does not hold for the density topology and proved some special forms of this theorem [Z. Grande: On Scorza Dragoni’s property for the density topology, Real Anal. Exchange 20 (1994–1995), 286–290]. We show that his method can be applied in more general cases.

1. Main result

We assume that X is a nonempty set and A is a nonempty family of subsets of X . Moreover let I be a nonempty set, T and I be families of subsets of I , and let (Y, ϱ) be a metric space.

Definition 1. We say that a function f : X → Y has property (A) at a

point x ∈ X , if

(A) for each ε > 0, there is a set A ∈ A containing x such that f(A) ⊂ K ( f(x), ε ) . Theorem 1. Suppose that

(1) for every family {U_s}_s2_S ⊂ A with X = ⋃ s2S^{Us , there is a sequence}

(s_n) ⊂ S such that U ∩ ⋃ n2N^{Usn ≠ ∅ for every U ∈} A^.

Assume that f : I × X → Y is a function such that all sections f_t , t ∈ I , have the equal property (A) at every point x ∈ X , i.e.,

(2) for all x ∈ X and ε > 0, there is a set A ∈ A containing x such that f_t(A) ⊂ K ( f_t(x), ε ) for all t ∈ I ,

2000 M a t h e m a t i c s S u b j e c t C l a s s i f i c a t i o n: 54C30. K e y w o r d s: Scorza Dragoni theorem, quasi-continuity.

Supported by the Bydgoszcz Academy.

ANNA FATZ-GRUPKA

and that

(B) for every (u_m) ⊂ X , there exists a set B ∈ I with the property that for all m ∈ N, t ∈ I \ B , and ε > 0, there is a set J ∈ T containing t such that f^{um} (J \ B) ⊂ K ( f^{um} (t), ε ) . Then there exists a set B ∈ I with the property that for every point (t, u) ∈ (I \ B) × X and every ε > 0, there are sets J ∈ T and A ∈ A such that (t, u) ∈ J × A and f ( (J \ B) × A ) ⊂ K ( f(t, u), ε ) . P r o o f . Fix n ∈ N. For every u ∈ X , by (2), there exists a set U_{n,u} ∈ A containing u such that ϱ ( f(t, u), f(t, x) ) < 1 4n for all t ∈ I and x ∈ U_{n,u} .

Clearly X = ⋃ u2X^{Un,u . By (1), there is a sequence (un,k) ⊂ X such that U ∩} 1_⋃ k=1 U_{n,un,k} ≠ ∅ for every U ∈ A . Put U_{n,k} = U_{n,un,k} (k ∈ N). Observe that

(3) ϱ ( f(t, u_{n,k}), f(t, x) ) <^1_{4n} for all t ∈ I and x ∈ U_{n,k} .

By (B ), we can find a set B ∈ I with the property that

(4) for all n, k ∈ N, t ∈ I \ B , and each ε > 0, there is a set J ∈ T containing t such that ϱ ( f(t, u_{n,k}), f(v, u_{n,k}) ) < ε for each v ∈ J \ B .

Fix a point (t, u) ∈ (I \ B) × X and ε > 0. Choose an n ∈ N with n > 2/ε. We consider two cases.

Case 1. First assume that u ∈ U_{n,k} for some k ∈ N. By (4), there is a set

J ∈ T such that

(5) J ∋ t and ϱ ( f(t, u_{n,k}), f(v, u_{n,k}) ) <^ε_2 for each v ∈ J \ B .

Then by (3), for each (v, x) ∈ (J \ B) × U_{n,k} we have ϱ ( f(t, u), f(v, x) ) ≤ ϱ ( f(t, u), f(t, u_{n,k} ) ) + ϱ ( f(t, u_{n,k}), f(v, u_{n,k}) ) + ϱ ( f(v, u_{n,k}), f(v, x) ) < 1 4n + ε 2 + 1 4n < ε 8 + ε 2 + ε 8 = 3ε 4 < ε .

Case 2. Now let u /∈ ⋃ k2N^{Un,k . By (2), there is a set A ∈} A^{containing u such}

that ϱ ( f(t, u), f(t, x) ) < ε 12 for all t ∈ I and x ∈ A .

SCORZA DRAGONI TYPE THEOREMS

Let k ∈ N be such that A ∩ U_{n,k} ≠ ∅, and choose a y ∈ A ∩ U_{n,k} . Choose a set J ∈ T so that condition (5) holds. Proceeding as in the previous case we can show that ϱ ( f(t, y), f(v, y) ) < 3ε 4 for each v ∈ J \ B .

Consequently, for each (v, x) ∈ (J \ B) × A we have ϱ ( f(t, u), f(v, x) ) ≤ ϱ ( f(t, u), f(t, y) ) + ϱ ( f(t, y), f(v, y) ) + ϱ ( f(v, y), f(v, u) ) + ϱ ( f(v, u), f(v, x) ) < ε 12 + 3ε 4 + ε 12 + ε 12 = ε .

2. Corollaries

The following theorems are corollaries of Theorem 1. The first two were proved by Z. G r a n d e [2], while Theorems 4 and 5 are new.

Theorem 2. Let (X, T_X ) be a topological space such that for every T_X -open

cover of X , {U_s}_s2_S , there is a sequence (s_n) ⊂ S such that ⋃ n2N^{Usn is dense}

in X .

Assume I ⊂ R is an interval, (Y, ϱ) is a metric space and f : I × X → Y is a function such that all sections f^x, x ∈ X , are Lebesgue measurable and all sections f_t , t ∈ I , are T_X -equicontinuous at every point x ∈ X . Then for every ε > 0 there is a closed set K ⊂ I such that μ(I \ K) < ε and the restriction f ¯ (K × X) is (T_e ¯ K) × T_X -continuous.

Theorem 3. Let (X, T_X ) and I be as in Theorem 2, and let (Y, ϱ) be a

separable metric space. Assume that f : I × X → Y is a function such that all sections f^x, x ∈ X , have the Baire property and all sections f_t , t ∈ I , are T_X -equicontinuous at every point x ∈ X . Then there exists a residual set K ⊂ I such that the restriction f ¯ (K × X) is (T_e ¯ K) × T_X -continuous.

Theorem 4. Let (X, T_X ) be a topological space such that for every T_X -semi-

open cover of X , {U_s}_s2_S , there is a sequence (s_n) ⊂ S such that ⋃ n2N^{Usn is} dense in X , and let I and (Y, ϱ) be as in Theorem 2. Assume that f : I ×X → Y is a function such that all sections f^x, x ∈ X , are Lebesgue measurable and all sections f_t , t ∈ I , are T_X -equi-quasi-continuous at every point x ∈ X . Then for every ε > 0 there exists a closed set K ⊂ I such that μ(I \ K) < ε and the restriction f ¯ (K × X) is (T_e ¯ K) × T_X -quasi-continuous.

ANNA FATZ-GRUPKA

Theorem 5. Let (X, T_X ) and I be as in Theorem 4, and let (Y, ϱ) be a

separable metric space. Assume that f : I × X → Y is a function such that all sections f^x , x ∈ X , have the Baire property and all sections f_t , t ∈ I , are T_X -equi-quasi-continuous at every point x ∈ X . Then there is a residual set K ⊂ I such that the restriction f ¯ (K × X) is (T_e ¯ K) × T_X -quasi-continuous.

REFERENCES

[1] BRUCKNER, A. M. : Differentiation of real functions, Lecture Notes in Math., Vol. 659, Springer-Verlag, 1978.

[2] GRANDE, Z. : On Scorza Dragoni’s property for the density topology, Real Anal. Exchange 20 (1994–1995), 286–290.

[3] GRANDE, Z. : Measurability, quasicontinuity and cliquishness of functions of two variables, Real Anal. Exchange 20 (1994–1995), 744–752.

[4] KUCIA, A. : Scorza Dragoni type theorems, Fund. Math. 138 (1991), 197–203. [5] NEUBRUNN, T. : Quasi-continuity, Real Anal. Exchange 14 (1988–1989), 259–306.

Received October 2, 2000 Department of Mathematics Bydgoszcz Academy Pl. Weyssenhoffa 11 PL–85–072 Bydgoszcz POLAND E-mail: annafa@ab-byd.edu.pl