Tatra Mt. Math. Publ. 24 (2002), 57–63 tm

Mathematical Publications

ON SOME CLASSES OF MEASURABLE FUNCTIONS WITH BAIRE PROPERTY

Ewa Strońska

ABSTRACT. In this article we investigate the pointwise and the discrete convergence in the class A of functions f : R → R such that there is a set A(f) of measure zero and of the first category for which f|(R\A(f)) is continuous. Moreover, we examine the functions F : R2 → R continuous with respect to y and with respect to the sections F y ∈ A.

Let R be the set of all reals. Denote by N the σ-ideal of all subsets A ⊂ R

of measure (of Lebesgue) zero, by K the σ-ideal of all subsets A ⊂ R of the first category and by I the intersection N ∩ K .

I. Functions of one variable

Let A be the family of all functions f : R → R for which there are sets A(f) ⊂ R such that A(f) ∈ I and the restrictions f

/(R \A(f)^) are continuous.

Evidently every function f ∈ A is measurable (in the Lebesgue sense) and has the Baire property, but there are measurable functions with the Baire property which do not belong to A.

If f, g ∈ A then ( A(f)∪A(g) ) ∈ I and the restrictions f /(R \^(A(f)∪A(g)^{))} and g

/(R \^(A(f) ∪ A(g)^{))} are continuous. Consequently, the functions f + g ,

f −g , fg , max(f, g), min(f, g), cf for c ∈ R and the composition x → h ( f(x) ) for every continuous function h : R → R, belong to A.

Similarly we can observe that if a sequence of functions f_n ∈ A, n = 1, 2, . . . , uniformly converges to a function f , then f belongs also to A.

2000 M a t h e m a t i c s S u b j e c t C l a s s i f i c a t i o n: 26A15, 26B05.

K e y w o r d s: continuity, Baire 1 class; sections; measurability, Baire property, discrete convergence.

Supported by the Bydgoszcz Academy grant 2000.

EWA STROŃSKA

Remark 1. In the set M_B of all measurable functions f : R → R with Baire property we can introduce the metric of the uniform convergence: ρ_C(f, g) = min ( 1, sup_x |f(x) − g(x)| ) . Then the family A is a closed, nowhere dense subset of M_B .

P r o o f . Evidently A is closed. So, it suffices to prove that for all f ∈ A and for all ε > 0 there exists g ∈ M_B \A such that ρ_C(f, g) < ε.

Suppose that f ∈ A and ε > 0. Let {I_n}^∞_{n=1} be a sequence of all intervals with rational endpoints. There are Cantor sets A_n , B_n , n = 1, 2, . . . , of positive Lebesgue measure, such that, for all n = 1, 2, . . . , A_n ∪ B_n ⊂ I_n \ ⋃ k<n (A_k ∪ B_k) , A_n ∩ B_n = ∅ . Let h(x) = {_1 n for x ∈ A_n, n = 1, 2, . . . , 0 in the remaining case .

As h is Baire class one it follows that h ∈ M_B , but h ∉ A. So,

g = f + εh 2 ∈ M_B\A and ρ_C(f, g) = ε 2 < ε . This completes the proof.

We will investigate the pointwise and the discrete limits of sequences of functions from A.

We will say that a sequence of functions f_n : R → R, n = 1, 2, . . . , discretely converges to the limit f (f = d − lim_{n→∞} f_n ) if ∀_x ∃_{n(x)} ∀_{n>n(x)} f_n(x) = f(x) . For any family P denote by B_d(P) (B(P)) the family of all discrete limits (of pointwise limits) of sequences of functions from the family P .

Theorem 1. The function f ∈ B_d(A) if and only if there are a set A and a

function g : A → R such that R \A ∈ I , g = f/A and there is a sequence of continuous functions g_n : A → R, n = 1, 2, . . . , with g = d − lim_{n→∞} g_n .

P r o o f . Suppose that a sequence of functions f_n ∈ A, n = 1, 2, . . . , discretely converges to a function f . Then the set B = ∞⋃ n=1 A(f_n) ∈ I and the restricted functions f_n/(R \B), n = 1, 2, . . . , are continuous. So, the set

A = R \B and the function g = f/A = d − lim_{n→∞} f_n/A satisfy all requirements.

Inversely, if a sequence of continuous functions g_n : A → R, n = 1, 2, . . . , discretely converges to a function g = f/A and R \A ∈ I , then the functions

f_n(x) = { g_n(x) for x ∈ A , f(x) otherwise on R , for n = 1, 2, . . . , belong to A and f = d − lim_{n→∞} f_n .

Example 1. There are pairwise disjoint nowhere dense perfect sets C_{i,k} , i = 1, 2, 3 and k = 1, 2, . . . , of positive measure such that for every open interval I there are positive integers k_1 , k_2 , k_3 such that C_{1,k1} ∪ C_{2,k2} ∪ C_{3,k3} ⊂ I . Then the function f(x) = 1 k for x ∈ C_{1,k} , k = 1, 2, . . . , −^1_k for x ∈ C_{2,k} , k = 1, 2, . . . , 0 otherwise on R ,

is of the first Baire class, but it is not the discrete limit of any sequence of functions from A.

Indeed, for every set B ∈ I and for each open interval I , I \B ≠ ∅ and the restricted function f/(R \B) is discontinuous on a dense subset of I \B . So, by Theorem 13 from [1] the restricted function f/(R \B) is not the discrete limit of any sequence of continuous functions.

Theorem 2. A function f ∈ B(A) if and only if there are a set A with

R \A ∈ I and a function g : A → R of the first Baire class such that g = f/A.

P r o o f . The proof is analogous as that of Theorem 1 for the discrete convergence.

The limit of a sequence of functions from B(A) is measurable and has the Baire property.

Theorem 3. If f : R → R is measurable and has the Baire property then there

is a sequence of functions f_n ∈ B(A), n = 1, 2, . . . , such that f = lim_{n→∞} f_n .

P r o o f . Since f is measurable, there is an G_δ-set B of measure zero and a function g : R → R of the second Baire class such that f/(R \B) = g/(R \B).

EWA STROŃSKA

Then g = lim_{n→∞} g_n , where g_n : R → R (n = 1, 2, . . .) is of the first Baire class. The function f has the Baire property, so by Kuratowski theorem ([5], Th. 8.1) there are an F_σ-set D of the first category and a continuous function h : (R \D) → R such that f/(R \D) = h. Since h is continuous relative to an G_δ-set R \D , there is a function φ : R → R of Baire 1 such that φ/(R \D) = h.

Let D =^∞ ⋃ n=1 D_n , where D_n are closed and D_n ⊂ D_{n+1} for all n = 1, 2, . . . , and let f_n : R → R (n = 1, 2, . . .) be the function defined by the formula:

f_n(x) = φ(x) for x ∈ R \D_n , g_n(x) for x ∈ D_n\B , f(x) for x ∈ D_n ∩ B . Observe that for n = 1, 2, . . . , the set A_n = D_n ∩ B ∈ I . Moreover, the restricted function f/(R \A_n) is in the first Baire class since the restricted functions f_n/(D_n\B) and f_n/(R \D_n) are of Baire 1.

So, by Theorem 2, the functions f_n ∈ B(A) for n = 1, 2, . . . and the proof is completed.

II. Functions of two variables

Now we will investigate functions f : R^2 → R such that the sections f_x(t) = f(x, t), x, t ∈ R, are continuous.

We will say that a function f : R^2 → R has the property (E) (f ∈ E ) if there is a set A ∈ I such that the restricted function f /( (R \A) × R^) is continuous.

Theorem 4. If f : R^2 → R is a function such that the sections f_x , x ∈ R,

are continuous and the sections f^y (t) = f(t, y), t, y ∈ R, belong to A then f ∈ B(E). P r o o f . For n = 1, 2, . . . , x ∈ R and y ∈ [_{k−1} n ,^k_n ] , where k = 0, −1, 1, −2, 2, . . . , let f_n(x, y) = f ( x, k − 1 n ) + f ( x,^k_n ) − f ( x,^{k−1}_n ) 1 n · ( y − k − 1 n ) . Fix a positive integer n. Since the sections f^y , y ∈ R, belong to A, for each integer k there is a set A_k ∈ I such that the function R \A_k ∋ x −→ f^(x,^k_n^)

is continuous. The set A = ∞⋃ k=−∞ A_k ∈ I and the restricted function f_n /( (R \A) × R^)

is evidently continuous. So f_n ∈ E . From the continuity of the sections f_x ,

x ∈ R, we obtain the equality

f = lim_{n→∞} f_n , which completes the proof.

The class B(E) is contained in the class H of all functions f : R^2 → R such that the sections f_x , x ∈ R, are continuous and the sections f^y, y ∈ R, are measurable and have the Baire property. In the class H we can introduce the metric of the uniform convergence ρ_C (see page 1).

Remark 2. The class E is a nowhere dense subset of the metric space (H, ρ_C ).

P r o o f . Evidently, E is a closed subset of (H, ρ_C ). Fix a function g ∈ E and a positive real r . Let f : R → [0, 1] be a measurable function with the Baire property from Example 1. Then f does not belong to A and the function h = g + rf 2 ∈ H \E and ρ_C(g, h) = r 2 < r . So the set E is nowhere dense in (H, ρ_C ).

Example 2. As it is well known [2, 3] there are functions f : R^2 → R such that the sections f_x and f^y , x, y ∈ R, are continuous and the set O(f) = { (x, y) : osc f(x, y) ≥ 1 } is of positive measure. Then for each set A ∈ I the restricted function f ( (R \A)× R^) is discontinuous at all points (x, y) ∈ ( (R \A) × R^) ∩ O(f)

and consequently f ∈ B(E) \E .

Theorem 5. Let f : R^2 → R be a function such that the sections f^y ∈ A

for each y ∈ R. Suppose that there is a set B ∈ I such that the sections f_x ,

x ∈ R \B , are equicontinuous at each point y ∈ R, i.e., for each y and for each

EWA STROŃSKA

real r > 0 there is a positive real s = s(y, r) such that | |f_x(t) − f_x(y) | | < r for each t ∈ (y − s, y + s) and each x ∈ R \B . Then f ∈ E .

P r o o f . Denote by Q the set of all rationals. Since the sections f^y , y ∈ R, belong to A, for each y ∈ Q there is a set A(y) ∈ I such that the restricted function R \A(y) ∋ x → f^y (x) is continuous. Observe that the set A = B ∪ ⋃ y∈Q A(y) ∈ I . We will prove that the restricted function f /( (R \A) × R^) is continuous. For

this fix points x ∈ R \A, y ∈ R, and a positive real r . Since the sections f_w ,

w ∈ R \B , are equicontinuous at y, there is a positive real s such that | |f(w, t) − f(w, y) | | < r 6 for t ∈ (y − s, y + s) and w ∈ R \B . Let u be a rational belonging to (y − s, y + s). Since the restricted function f^u /(R \A(u)^) is continuous at the point x, there is a positive real z such that | |f(v, u) − f(x, u) | | < r 2 for v ∈ (x − z, x + z) . Let U = (x − z, x + z) × (y − s, y + s) . Then U is a neighbourhood of the point (x, y) and for (t, v) ∈ U ∩ (R \A) × R we have | |f(t, v) − f(x, y) | | ≤ | |f(t, v) − f(t, y) | | + | |f(t, y) − f(t, u) | | + | |f(t, u) − f(x, u) | | + | |f(x, u) − f(x, y) | | < r 6 + r 6 + r 2 + r 6 = r . This completes the proof.

REFERENCES

[1] CSÁSZÁR, A.—LACZKOVICH, M. : Discrete and equal convergence, Studia Sci. Math.

Hungar. 10 (1975), 463–472.

[2] GRANDE, Z. : Une caractérisation des ensembles des points de discontinuité des fonctions linéairement-continues, Proc. Amer. Math. Soc. 52 (1975), 257–262.

[3] KERSHNER, R. : The continuity of functions of many variables, Trans. Amer. Math. Soc.

53 (1943), 83–100, MR 4, 153.

[4] KURATOWSKI, C. : Topologie I, PWN, Warsaw, 1957. [5] OXTOBY, J. : Measure and Category, Springer-Verlag, New York, 1996.

[6] TOLSTOV, W. : On partial derivatives, Izv. Akad. Nauk SSSR Ser. Mat. 13 (1949), 425–446; English transl., Amer. Math. Soc. Transl. 10 (1962), 55–83, MR 11,167.

Received September 26, 2000 Institute of Mathematics Bydgoszcz Academy Plac Weyssenhoffa 11 PL–85-072 Bydgoszcz POLAND