Tatra Mt. Math. Publ. 24 (2002), 79–88 tm

Mathematical Publications

ON SOME PROPERTIES OF I-APPROXIMATE DINI DERIVATIVES

Agnieszka Kubiś-Lipowska — Ewa Łazarow

ABSTRACT. E. Łazarow and W. Wilczyński defined in [E. Łazarow: On the Baire class of I -approximate derivatives, Radovi Matematicki 5 (1989), 15–27] I -approximate Dini derivatives of a real function of a real variable, having (locally) the Baire property. In the paper, I -approximate Dini derivatives of an arbitrary real function (without assuming its Baire property) are considered and some properties of the I -approximate Dini derivatives are presented.

Let R denote the real line and N—the set of all positive integers.

For a ∈ R and A ⊂ R, let a · A = {ax : x ∈ A} and A − a = {x − a : x ∈ A} . Let S be the σ-field of subsets of R having the Baire property, and I-the σ-ideal of subsets of R of the first category.

Definition 1. ([6]) We shall say that x ∈ R is an I-density point of a set

A ∈ S (I–d(A, x) = 1) if and only if, for each increasing sequence {n_m}_{m∈N} of positive integers, there exists a subsequence {n_{mp} }_{p∈N} such that { t : χ_{nmp ·(A−x)∩[−1,1]}(t) ↛ 1 } ∈ I . We shall say that x is an I-dispersion point of a set A ∈ S (I–d(A, x) = 0) if and only if x is an I-density point of the set R \ A.

If, in the above definition, the interval [−1, 1] is replaced either by [0, 1] or by [−1, 0], we obtain the definitions of right-hand I-density and I-dispersion points (I–d^+(A, x) = 1 and I–d^+(A, x) = 0) or left-hand I-density and I-dispersion points (I–d^−(A, x) = 1 and I–d^−(A, x) = 0), respectively.

For each set A ∈ S , let

Φ(A) = {x ∈ R : x is an I-density point of A} .

2000 M a t h e m a t i c s S u b j e c t C l a s s i f i c a t i o n: 26A24. K e y w o r d s: I-density point, I-approximate Dini derivatives.

Recall that, for any sets A, B ∈ S , the following properties hold: (1) Φ(A) △ A ∈ I , (2) if A △ B ∈ I , then Φ(A) = Φ(B), (3) Φ(∅) = ∅, Φ(R) = R, (4) Φ(A ∩ B) = Φ(A) ∩ Φ(B), where A △ B denotes the symmetric difference of the sets A and B (see [6]).

Further, the family T_I = { A ∈ S : A ⊂ Φ(A) } is a topology on the real line, called the I-density topology (see [6]).

The topology T_I is stronger than the natural topology on the real line. In the paper, Int_{TI} (A), cl_{TI} (A) denote the interior and the closure of a set A with respect to the I-density topology, respectively.

We shall need the following

Theorem 2. ([4]) A point 0 is an I-dispersion point of an open set G ⊂ R

if and only if, for each n ∈ N, there exist k ∈ N and δ > 0, δ ∈ R, such that for any h ∈ (0, δ) and i ∈ {1, . . . , n}, there exist j_r , j_l ∈ {1, . . . , k} such that G ∩ ( (i − 1)k + j_r − 1 nk h , (i − 1)k + j_r nk h ) = ∅ and G ∩ ( − (i − 1)k + j_l nk h , − (i − 1)k + j_l − 1 nk h ) = ∅ . A set B ⊂ R is said to be a Baire kernel of a set A if and only if the set B has the Baire property, B is contained in A and, for each set C ⊂ A \ B having the Baire property, the set C is of the first category.

A set B ⊂ R is said to be a Baire cover of a set A if and only if the set B has the Baire property, A is contained in B and, for each set C ⊂ B \ A having the Baire property, the set C is of the first category.

It is obvious that if sets A, B are Baire kernels of a set C , then A △ B ∈ I as a subset of the union (C \ A) ∪ (C \ B) and if sets A, B are Baire covers of a set C , then A △ B ∈ I as a subset of the union (A \ C) ∪ (B \ C).

It is easy to observe that, for each set A ⊂ R, the interior of A with respect to the I-density topology is a Baire kernel of A and the closure of A with respect to the I-density topology is a Baire cover of A.

Definition 3. We shall say that x ∈ R is an exterior right-hand I-density

point of a set A ⊂ R (I–d^+_e (A, x) = 1) if and only if there exists a Baire cover B of the set A, such that I–d^+(B, x) = 1 .

ON SOME PROPERTIES OF I-APPROXIMATE DINI DERIVATIVES

We shall say that x ∈ R is an exterior right-hand I-dispersion point of a set

A ⊂ R (I–d^+_e (A, x) = 0) if and only if there exists a Baire cover B of the set

A, such that I–d^+(B, x) = 0 .

We shall say that x ∈ R is an interior right-hand I-density point of a set

A ⊂ R (I–d^+_i (A, x) = 1) if and only if there exists a Baire kernel B of the set

A, such that I–d^+(B, x) = 1 .

We shall say that x ∈ R is an interior right-hand I-dispersion point of a set

A ⊂ R (I–d^+_i (A, x) = 0) if and only if there exists a Baire kernel B of the set

A, such that I–d^+(B, x) = 0 .

In a similar way we define exterior and interior left-hand I-density points (I–d^−_e (A, x) = 1, I–d^−_i (A, x) = 1) and exterior and interior left-hand I-disper-sion points (I–d^−_e (A, x) = 0, I–d^−_i (A, x) = 0) of any subsets of the real line.

At first, we give some properties for exterior and interior right-hand I-density and I-dispersion points. We can prove analogous properties for exterior and interior left-hand I-density and I-dispersion points.

It is easy to observe that I–d^+_e (A, x) = 1 (I–d^+_e (A, x) = 0) if and only if, for each Baire cover B of A,

I–d^+(B, x) = 1 (I–d^+(B, x) = 0) ,

and I–d^+_i (A, x) = 1 (I–d^+_i (A, x) = 0) if and only if, for each Baire kernel B of A, I–d^+(B, x) = 1 (I–d^+(B, x) = 0) .

From the above and the facts that the interior of a set A ⊂ R with respect to the I-density topology is a Baire kernel of A, and the closure of A with respect to the I-density topology is a Baire cover of A it immediately follows that I–d^+_e (A, x) = 1 (I–d^+_e (A, x) = 0) if and only if x is a right-hand I-density point (a right-hand I-dispersion point) of the closure of A with respect to the I-density topology, and, similarly, I–d^+_i (A, x) = 1 (I–d^+_i (A, x) = 0) if and only if x is a right-hand I-density point (a right-hand I-dispersion point) of the interior of A with respect to the I-density topology.

It is clear that each interior right-hand I-density point of the set A ⊂ R is an exterior right-hand I-density point of this set and each exterior right-hand I-dispersion point of the set A is an interior right-hand I-dispersion point of this set.

It is obvious that a point x ∈ R is an exterior right-hand I-density point (an exterior right-hand I-dispersion point) of a set A if and only if x is an interior right-hand I-dispersion point (an interior right-hand I-density point) of the set R \ A._{If A, B ⊂} R and A ⊂ B , then it is easily seen that each interior (exte-

rior) right-hand I-density point of the set A is an interior (exterior) right-hand I-density point of the set B and each interior (exterior) right-hand I-dispersion point of the set B is an interior (exterior) right-hand I-dispersion point of the set A.

The notion of an exterior one-hand I-dispersion point is used to define I-approximate Dini derivatives for an arbitrary real function.

Definition 4. Let f be a real function defined in some neighbourhood of a

point x_0 ∈ R.

The upper right-hand I-approximate Dini derivative of a function f at a point x_0 (I–D^+f(x_0)) is defined as the greatest lower bound of the set { α : I–d^+_e ({ t > x_0 :

f(t) − f(x_0) t − x_0 > α } , x_0 ) = 0 } . The lower right-hand I-approximate Dini derivative of f at x_0 (I–D_+f(x_0)) is defined as the least upper bound of { α : I–d^+_e ({ t > x_0 :

f(t) − f(x_0) t − x_0 < α } , x_0 ) = 0 } . The left-hand I-approximate Dini derivatives are defined similarly and denoted by I–D^−f(x_0) and I–D_−f(x_0).

Further, we shall consider only the upper right-hand I-approximate Dini derivative, because we can obtain analogous properties for other I-approximate Dini derivatives if we replace the function f by

1^0 g (x) = −f(x) then I–D_+f(x) = − ( I − D^+g (x) ) , 2^0 g (x) = f(−x) then I–D_−f(x) = − ( I–D^+g (−x) ) , 3^0 g (x) = −f(−x) then I–D^−f(x) = I–D^+g (−x), respectively. By taking into consideration the characteristic function of the Bernstein set, it is easy to see that the I-approximate Dini derivatives of the function which does not have the Baire property may not have this property, either. We shall prove that the Baire property of the function f implies the Baire measurability of its I-approximate Dini derivatives.

Lemma 5. Let h : R → R. If D ⊂ R is a residual set such that the function

h|_D is continuous, then, for each open interval (a, b) ⊂ [0, ∞), the sets A = { x ∈ R:^(x + (a, b)^) ∩^{t > x : h(t) > h(x)^} ∉ I^} ∩ D , B = { x ∈ R:^(x − (a, b)^) ∩^{t < x : h(t) < h(x)^} ∉ I^} ∩ D .

ON SOME PROPERTIES OF I-APPROXIMATE DINI DERIVATIVES

are open relative to D .

P r o o f . We only show that the set A is open relative to D . It is sufficient

to prove that, for each point x_0 ∈ A, there exists a number α > 0 such that

x_0 ∈ D ∩ (x_0 − α, x_0 + α) ⊂ A .

Let x_0 ∈ A. Then ( x_0 + (a, b) ) ∩ { t > x_0 : h(t) > h(x_0) } ∉ I and x_0 ∈ D . Since

D is a residual set, therefore ( x_0 + (a, b) ) ∩ { t > x_0 : h(t) > h(x_0) } ∩ D ≠ ∅ . Hence there exists a point t_0 ∈ D such that x_0 + a < t_0 < x_0 + b and h(t_0) >

h(x_0).

Let c ∈ ( h(x_0), h(t_0) ) . By the continuity of the function h|_D and by t_0, x_0 ∈

D , there exists α > 0 such that

1^0 x_0 + α < t_0 − α,

2^0 x_0 + a + α < t_0 < x_0 + b − α,

3^0 D ∩ (x_0 − α, x_0 + α) ⊂ { x ∈ D : h(x) < c } , 4^0 D ∩ (t_0 − α, t_0 + α) ⊂ { x ∈ D : h(x) > c } . We shall prove that

D ∩ (x_0 − α, x_0 + α) ⊂ A .

Let x ∈ D ∩ (x_0 − α, x_0 + α). We need to show that ( x + (a, b) ) ∩ { t > x : h(t) > h(x) } ∉ I . We observe that D ∩ ( x + (a, b) ) ∩ (t_0 − α, t_0 + α) ⊂ ( x + (a, b) ) ∩ { t > x : h(t) > h(x) } . Indeed, if y ∈ D ∩ (t_0 − α, t_0 + α), then, from 4^0 and 3^0 we have h(y) > c and

h(x) < c, so h(y) > h(x), and from 1^0 it follows that y > x. By 2^0 ,

t_0 ∈ ( x + (a, b) ) ∩ (t_0 − α, t_0 + α)

and, in consequence, the set ( x + (a, b) ) ∩ { t > x : h(t) > h(x) } is of the second category.

Theorem 6. If a function f : R → R has the Baire property, then its

I-approximate Dini derivatives have the Baire property, too. Moreover, if f

is continuous, then they are of the Baire class 3.

P r o o f . We prove the theorem for a function I–D^+f only. Let a be a real

number. Let, for m ∈ N and x ∈ R,

A_m(x) = { t ≥ x : f(t) − f(x) ≤ ( a +^1_m ) (t − x) } .

It is easy to see that I–D^+f(x) ≤ a if and only if, for each m ∈ N, x is a right-hand I-density point of the set A_m(x).

First, we assume that the function f is continuous. Then, by Theorem 2, { x ∈ R : I–D^+f(x) ≤ a^} =^⋂_{m∈N} {x ∈ R: I–d^{+(}A_m(x), x^) = 1^} = ⋂ m∈N ⋂ n∈N ⋃ k∈N ⋃ p∈N ⋂ h∈(0, 1p ) ⋂ i∈{1,...,n} ⋃ j∈{1,...,k} Q^{nkphij} m ,

where Q^{nkphij} m = { x ∈ R :^[x +^{(i − 1)k + j − 1}_{nk} h, x +^{(i − 1)k + j}_{nk} h^] ⊂ A_m(x)^} .

The continuity of f implies that every set A_m(x) is closed, therefore all the sets Q^{nkphij} m are closed. Hence the set { x ∈ R: I–D^+f(x) ≤ a^} is of type F_{σδ} and { x ∈ R: I–D^+f(x) > a^} is of type G_{δσ} and, consequently, { x ∈ R: I–D^+f(x) ≥ a^} =^⋂_{m∈N}^{x ∈ R: I–D^+f(x) > a +^1_m^}

is of type G_{δσδ} and the function I − D^+f is of the Baire class 3.

Now, we assume that f has the Baire property. Then there exists a residual set B such that the function f_{/B} is continuous. It is sufficient to show that, for each a ∈ R, the sets { x ∈ B : I–D^+f(x) ≤ a } , { x ∈ B : I–D^+f(x) ≥ a } have the Baire property.

Let a ∈ R. We may assume that the set { x ∈ B : I–D^+f(x) ≤ a } is of the second category. By Theorem 2, B ∩ { x ∈ R : I–D^+f(x) ≤ a^} =^⋂_{m∈N}^(B ∩^{x ∈ R: I–d^{+(}A_m(x), x^) = 1^{})} = ⋂ m∈N ⋂ n∈N ⋃ k∈N ⋃ p∈N ⋂ h∈(0, 1p ) ⋂ i∈{1,...,n} ⋃ j∈{1,...,k} ( B ∩ P^{nkphij} m ) ,

ON SOME PROPERTIES OF I-APPROXIMATE DINI DERIVATIVES

where P^{nkphij} m = { x ∈ R:^(x +^{(i−1)k + j−1}_{nk} h , x +^{(i−1)k+j}_{nk} h^{)\}A_m(x) ∈ I^} . From Lemma 5 it follows that the sets B \ P^{nkhij}_m are open relative to B , therefore the sets B ∩ P^{nkhij}_m are closed relative to B . Thus the sets { x ∈ B : I–D^+f(x) ≤ a } , { x ∈ B : I–D^+f(x) ≥ a } have the Baire property.

The results presented in papers [3] and [4] show how much we can learn about the function f by studying the existence and the behaviour of its I-approximate derivative. We shall demonstrate that a certain knowledge of the function can be obtained by studying of the behaviour of its I-approximate Dini derivatives.

Lemma 7. Let f : R → R and A ⊂^{x ∈ R : I–D^+f(x) < +∞^}. Then, for

every real number a, there exists a set S_a having the Baire property, such that { t ∈ R : f(t) < a^} ∩ A = S_a ∩ A . P r o o f . Let a ∈ R and E_a = { t ∈ R: f(t) < a^}. First, we prove that, for

each open interval (α, β) ⊂ R, there exist an open interval (c, d) ⊂ (α, β) and a set W ⊂ (c, d) having the Baire property, such that E_a ∩ A ∩ (c, d) = W ∩ A . Let (α, β) ⊂ R be an arbitrary open interval. If (α, β) ∩ E_a ∩ A = ∅, then it is sufficient to take W = ∅ and (c, d) = (α, β).

Now, we assume that (α, β) ∩ E_a ∩ A ≠ ∅. Let x_0 ∈ (α, β) ∩ E_a ∩ A. Since x_0 ∈ E_a , there exists n ∈ N such that f(x_0) < a −^1_n . We show that x_0 is not an exterior right-hand I-density point of the set B = { t > x_0 : f(t) ≥ a } . Suppose to the contrary that I–d^+_e (B, x_0) = 1. We observe that, for each t ∈ B , f(t) − f(x_0) t − x_0 > a − a +^1_n t − x_0 = 1 n(t − x_0)

. (1)

We prove that I–D^+f(x_0) = +∞, i.e., that { α : I–d^+_e ({ t > x_0 :

f(t) − f(x_0) t − x_0 > α } , x_0 ) = 0 } = ∅ . Suppose to the contrary that there exists a number α_0 such that I–d^+_e ({ t > x_0 :

f(t) − f(x_0) t − x_0 > α_0 } , x_0 ) = 0 .

Let δ > 0 be a number such that, for each t ∈ (x_0, x_0 + δ), 1 n(t − x_0)

> α_0 . (2)

Since I–d^+_e (B, x_0) = 1, therefore I–d^+_e ( B ∩ (x_0, x_0 + δ), x_0 ) = 1. Then, from (1) and (2) it follows that

B ∩ (x_0, x_0 + δ) ⊂ { t > x_0 :

f(t) − f(x_0) t − x_0 > 1 n(t − x_0) } ∩ (x_0, x_0 + δ) ⊂ { t > x_0 :

f(t) − f(x_0) t − x_0 > α_0 } , and, in consequence, I–d^+_e ({ t > x_0 :

f(t) − f(x_0) t − x_0 > α_0 } , x_0 ) = 1 ,

which is impossible.

Thus I–D^+f(x_0) = +∞, a contradiction to x_0 ∈ A. So, x_0 is not an exterior right-hand I-density point of B .

Let C be a Baire kernel of a set { t > x_0 : f(t) < a } . Since x_0 is not an exterior right-hand I-density point of B , therefore x_0 is not a right-hand I-dispersion point of C . Hence the set C is not of the first category in any right-hand neighbourhood of the point x_0 . Moreover, C has the Baire property, thus there exists an interval (c, d) ⊂ (x_0, β) such that C is residual on (c, d). Let W = E_a ∩ (c, d). Obviously, E_a ∩ A ∩ (c, d) = W ∩ A . Since C ⊂ E_a and C is residual on (c, d), therefore the set (c, d) \ E_a is of the first category. So, the set W = E_a ∩ (c, d) has the Baire property.

From what has already been proved it follows that if P = { (c, d) : there exists a set W ∈ S such that W ⊂ (c, d) and E_a ∩ A ∩ (c, d) = W ∩ A } , and G = ⋃ P ∈P P , then the set G is open and dense in R. Therefore R \ G is a

closed and boundary set in R and, in consequence, is of the first category. By the Lindelöf Theorem, there exists a sequence of intervals { (c_n, d_n) } n∈N ⊂ P such that G = ⋃ n∈N (c_n, d_n) . For each n ∈ N, let W_n ⊂ (c_n, d_n) be a set having the Baire property, such that E_a ∩ A ∩ (c_n, d_n) = W_n ∩ A .

ON SOME PROPERTIES OF I-APPROXIMATE DINI DERIVATIVES

Then the set V = ⋃ n∈N W_n has the Baire property and E_a ∩ A ∩ G = V ∩ A . Hence E_a ∩ A = (E_a ∩ A ∩ G) ∪ ( E_a ∩ A ∩ (R \ G) ) = (V ∩ A) ∪ ( E_a ∩ A ∩ (R \ G) ) = A ∩ ( V ∪ ( E_a ∩ (R \ G) ) } = A ∩ S_a , where S_a = V ∪ ( E_a ∩ (R \ G) ) . The set E_a ∩ (R \ G) is of the first category as a subset of R \ G, therefore E_a∩(R\G) has the Baire property and, consequently, S_a has the Baire property, too.

Thus, for each a ∈ R, there exists a set S_a having the Baire property, such that E_a ∩ A = S_a ∩ A, which finishes the proof.

Theorem 8. Let f : R → R and let A ⊂^{x ∈ R : I–D^+f(x) < +∞^} be a

set of the second category. Then there exists a set W ⊂ A such that the set A \ W is of the first category and the function f|_W is continuous.

P r o o f . From Lemma 7 it follows that, for each a ∈ R, there exists a set S_a having the Baire property, such that { x ∈ R : f(x) < a^} ∩ A = S_a ∩ A . Hence, for every open set E , there exists a set S having the Baire property, such that f^{−1}(E) ∩ A = S ∩ A . Let a family {U_n, n ∈ N} be a countable basis with respect to the natural topology on the real line.

For each n ∈ N, let G_n be an open set and P_n-a set of the first category, such that (f|_A)^{−1}(U_n) = (G_n △ P_n) ∩ A . Put P = ∞⋃ n=1 P_n and W = A \ P .

Obviously, the set P is of the first category. Moreover, for each n ∈ N,

(f|_W )^{−1}(U_n) = (f_{/A})^{−1}(U_n) ∩ W = ( (G_n △ P_n) ∩ A ) ∩ W = (G_n △ P_n) ∩ W = (G_n \ P_n) ∩ W = G_n ∩ W .

Therefore the function f|_W is continuous, which concludes the proof.

From the above theorem we immediately get

Theorem 9. If f : R → R and R \^{x ∈ R : I–D^+f(x) < +∞^} ∈ I , then the

function f has the Baire property.

REFERENCES

[1] BRUCKNER, A. M. : Differentiation of Real Function, Springer-Verlag, Berlin, 1978. [2] JEFFERY, R. : The theory of functions of a real variable, Mathematical Expositions No. 6, University of Toronto Press, Toronto, 1962.

[3] KUBIŚ, A.—ŁAZAROW, E. : On the Baire class of functions having an I-approximate derivative everywhere (to appear).

[4] ŁAZAROW, E. : On the Baire class of I-approximate derivatives, Proc. Amer. Math. Soc.

100 (1987), 669–674.

[5] ŁAZAROW, E.—WILCZYŃSKI, W. : I-Approximate derivatives, Rad. Matemat. 5 (1989), 15–27.

[6] POREDA, W.—WAGNER-BOJAKOWSKA, E.—WILCZYŃSKI, W. : A category analogue of the density topology, Fund. Math. 125 (1985), 167–173.

Received November 27, 2000 Agnieszka Kubiś-Lipowska Technical University of Łódź Institute of Mathematics al. Politechniki 11 PL–90–924 Łódź POLAND E-mail: akubis@ck-sg.p.lodz.pl

Ewa Łazarow Pedagogical University of Słupsk Department of Mathematics ul. Arciszewskiego 22 A PL–76–200 Słupsk POLAND

Academy of Humanities and Economics ul. Rewolucji 1905 r., nr 64 PL–90–222 Łódź POLAND E-mail: elazarov@wshe.lodz.pl