Tatra Mt. Math. Publ. 22 (2001), 91–103 tm

Mathematical Publications

A THEOREM OF CANTOR-BERNSTEIN TYPE FOR ORTHOGONALLY σ -COMPLETE PSEUDO MV -ALGEBRAS

Ján Jakubík

Dedicated to Lubomír Kubáček on the occasion of his 70th birthday

ABSTRACT. We prove a theorem mentioned in the title of the paper; this generalizes a result of De Simone, Mundici and Navara.

1. Introduction

The notion of pseudo MV -algebra has been introduced independently by G e o r g e s c u and I o r g u l e s c u [4], [5], and by R a c h ů n e k [13] (in [13], the term ‘generalized MV -algebra’ has been applied). For the definition and the terminology, cf. Section 2 and 3 below.

In [12], a theorem of Cantor-Bernstein type for orthogonally σ-complete lattice ordered groups was presented.

A Cantor-Bernstein theorem for σ-complete MV -algebras was proved by D e S i m o n e , M u n d i c i and N a v a r a [2].

In this paper we generalize the result from [2]. The generalization is performed in two directions. Firstly, we show that instead of σ-completeness it suffices to apply the weaker assumption of orthogonal σ-completeness. (We remark that a σ-complete MV -algebra must be archimedean, while the orthogonal σ-completeness does not imply the archimedean property.) Secondly, instead of an MV -algebra, the more general notion of pseudo MV -algebra can be taken into account.

We apply the method of [12] dealing with direct factors of the structures under consideration.

2000 M a t h e m a t i c s S u b j e c t C l a s s i f i c a t i o n: 06D35.

K e y w o r d s: pseudo MV -algebra, orthogonal system, orthogonal σ-completeness, direct product.

Supported by VEGA grant 2/6087/99.

For related results concerning Boolean algebras, lattice ordered groups and MV -algebras cf. also [14], [15], [16], [6]–[11].

2. Preliminaries

For the terms of the theory of MV -algebras cf. the monograph C i g n o l i , D ’O t t a v i a n o and M u n d i c i [1].

An element of an MV -algebra A is called boolean (cf. [2]) if a ⊕ a = a. We denote by B(A) the set of all boolean elements of A. Let a ∈ B(A). The interval algebra [0, a] of A is described in Section 3, where we consider also the analogous notion concerning pseudo MV -algebras.

An MV -algebra A is said to be σ-complete if each sequence of elements of A has the supremum and the infimum in A.

The following theorem is the main result of [2].

Theorem (A). ([2], Theorem 4.1.) Let A B be σ-complete MV -algebras.

Let a ∈ B(A), b ∈ B(B). Assume that α is an isomorphism of A onto the interval algebra [0, b] of B , and that β is an isomorphism of B onto the interval algebra [0, a] of A. Then A and B are isomorphic.

For the sake of completeness, we recall the definition and some basic facts concerning the notion of pseudo MV -algebra. (Cf. [4], [5].)

Let A = (A; ⊕,^− ,^∼ , 0, 1) be an algebraic structure of type (2, 1, 1, 0, 0) where A is a nonempty set. Let x, y ∈ A. We put

y ⊙ x = (x^− ⊕ y^−)^∼ .

The structure A is called a pseudo MV -algebra if the following identities (A1)– (A8) are satisfied for x, y, z ∈ A:

(A1) x ⊕ (y ⊕ z) = (x ⊕ y) ⊕ z ; (A2) x ⊕ 0 = 0 ⊕ x = x; (A3) x ⊕ 1 = 1 ⊕ x = 1; (A4) 1^∼ = 0; 1^− = 0;

(A5) (x^− ⊕ y^−)^∼ = (x^∼ ⊕ y^∼)^− ;

(A6) x ⊕ (x^∼ ⊙ y) = y ⊕ (y^∼ ⊙ x) = (x ⊙ y^−) ⊕ y = (y ⊙ x^−) ⊕ x; (A7) x ⊙ (x^− ⊕ y) = (x ⊕ y^∼) ⊙ y ; (A8) (x^−)^∼ = x.

Assume that A is a pseudo MV -algebra. For x, y ∈ A we define x 5 y if x^− ⊕ y = 1. Then 5 is a partial order on A. We put L(A) = (A; 5). The structure L(A) is a distributive lattice with the least element 0 and with the greatest element 1; we have x ∨ y = x ⊕ (x^∼ ⊙ y) , x ∧ y = x ⊙ (x^− ⊕ y) . Now let G be a lattice ordered group with a strong unit u. The group operation in G is denoted additively; we do not assume the commutativity of this operation. The interval [0, u] of G will be denoted by A. For x, y ∈ A we put x ⊕ y = (x + y) ∧ u , x^− = u − x , x^∼ = −x + u . 2.1. Theorem. (Cf. [4], [5], [13].) Let G be as above. The algebraic structure

A = (A; ⊕,^− ,^∼ , 0, u) is a pseudo MV -algebra.

If A and G are as in 2.1, then we put Γ(G, u) = A.

2.2. Theorem. (Cf. Dvurečenskij [3].) For each pseudo MV -algebra A there

exists a lattice ordered group G with a strong unit u such that A = Γ(G, u).

For a pseudo MV -algebra A we shall always assume that G is as in 2.2. A sequence (x_n)_{n∈N} of elements of A is called orthogonal if, whenever n(1) and n(2) are distinct elements of N, then x_{n(1)} ∧ x_{n(2)} = 0 .

A pseudo MV -algebra A is said to be orthogonally σ-complete if each orthogonal sequence of elements of A possesses the supremum in the lattice L(A). Example. Let Q be the additive group of all rationals with the natural linear order. Put u = 1 and A = Γ(G, u). Then A is a pseudo MV -algebra (in fact, it is an MV -algebra) which is orthogonally σ-complete, but it fails to be σ-complete.

2.3. Lemma. (Cf. [5].) Let A be a pseudo MV -algebra, x ∈ A, ∅ ≠ {y_i}_{i∈I} ⊆

A. If ⋁ i∈I y_i exists in L(A), then x ∧ ⋁ i∈I y_i = ⋁ i∈I (x ∧ y_i) .

3. On elements having a complement

Again, let A be a pseudo MV -algebra.

3.1. Lemma. Let a ∈ A such that a ⊕ a = a. Then a^∼ is the complement of

a in the lattice L(A) and a^− = a^∼ .

P r o o f . We have a ⊕ a = (a + a) ∧ u, whence (a + a) ∧ u = a . This yields (−a) + ( (a + a) ∧ u ) = 0 , a ∧ (−a + u) = 0 , thus a ∧ a^∼ = 0. Therefore a + a^∼ = a ∨ a^∼ .

Since a + a^∼ = a + (−a + u) = u, we obtain that a^∼ is a complement of a in L(A). Similarly we verify that a^− is a complement of a in L(A). Since the lattice L(A) is distributive, we infer that a^− = a^∼ .

3.2. Lemma. Let a ∈ A. Assume that a has a complement b in L(A). Then a ⊕ a = a. P r o o f . We have a ∧ b = 0, a ∨ b = u. Then

a ⊕ a = (a + a) ∧ u = (a + a) ∧ (a ∨ b) = (a + a) ∧ (a + b) = a + (a ∧ b) = a + 0 = a .

3.3. Corollary. If a and b are as in 3.2, then b = a^∼ = a^− . 3.4. Proposition. Let (x_n) be an orthogonal sequence in A, x ∈ A, x = ⋁ n∈N x_n . Assume that each element x_n has a complement in L(A). Then x has a complement in L(A).

P r o o f . According to 3.2, we have x_n ⊕ x_n = x_n for each n ∈ N. Hence we obtain x ⊕ x = (( ⋁ n∈N x_n ) + ( ⋁ m∈N x_m )) ∧ u

= ( ⋁ n∈N,m∈N (x_n + x_m) ) ∧ u = ⋁ n∈N,m∈N ( (x_n + x_m) ∧ u ) . If m = n, then (x_n + x_m) ∧ u = (x_n + x_n) ∧ u = x_n ⊕ x_n = x_n .

If m ≠ n, then (x_n + x_m) ∧ u = (x_n ∨ x_m) ∧ u = x_n ∨ x_m .

Therefore ⋁ n,m∈N (x_n + x_m) ∧ u = ⋁ n∈N x_n = x . Thus we have x ⊕ x = x. Now it suffices to apply 3.1.

3.5. Proposition. Let (x_n)_{n∈N} and x be as in 3.4. Further, for n ∈ N let

x^′_n be the complement of x_n in L(A). Then ⋀ n∈N x^′_n = u − x .

P r o o f . Let us remark that in view of 3.3 we have u − x = −x + u. Let

n ∈ N. Then x = x_n , whence

u − x 5 u − x_n = x^′_n − 0 = x^′_n.

Assume that t ∈ A, t 5 x^′_n for each n ∈ N. Then x_n ∧ t = 0, whence x_n + t = x_n ∨ t 5 u for each n ∈ N. We obtain

x + t 5 ( ⋁ n∈N x_n ) + t = ⋁ n∈N (x_n + t) 5 u ,

thus t 5 −x+u = u−x. Therefore u−x is the greatest lower bound of (x^′_n)_{n∈N} in L(A).

Assume that e is an element of A having a complement in the lattice L(A). Consider the interval X_1 = [0, e] of L(A). In view of Lemma 3.6 in [10], the set X_1 is closed with respect to the operation ⊕. For x ∈ X_1 we denote P^1_x = {p ∈ X_1 : p ⊕ x = e} , Q^1_x = {q ∈ X_1 : x ⊕ q = e} , In Section 3 of [10] it has been proved that both sets P^1_x and Q^1_x have a minimum in X_1 . Denote x^{−(e)} = min P^1_x , x^{∼(e)} = min Q^1_x and let us consider the structure X = (X_1 ; ⊕,^{−(e)},^{∼(e)}, 0, e) of type (2, 1, 1, 0, 0) (in fact, ⊕ is here reduced to the set X_1 ).

3.6. Lemma. (Cf. [10], Corollary 4.2.) X is a pseudo MV -algebra.

Under the assumptions as above, we will denote X_1 = X [0, e] .

3.7. Lemma. Let e be as above and X = X [0, e], x ∈ [0, e]. Then x^{−(e)} = e − x , x^{∼(e)} = −x + e . P r o o f . We have (e − x) ⊕ x = ( (e − x) + x ) ∧ u = e ∧ u = e , thus e − x ∈ P^1_x . Let p ∈ P^1_x . Then p ⊕ x = e; in other words, (p + x) ∧ u = e. Hence e = (p + x) ∧ u ∧ e = (p + x) ∧ e , and so p + x = e, p = e − x. Therefore x^{−(e)} = e − x. Similarly we can verify the relation x^{∼(e)} = −x + e.

3.8. Lemma. Under the assumptions as in 3.7 we have x^{−(e)} = e ∧ x^−, x^{∼(e)} = e ∧ x^∼. P r o o f . In view of 3.7 we have x^{−(e)} = e − x 5 u − x = x^−, and clearly x^{−(e)} 5 e; thus x^{−(e)} 5 e ∧ x^− .

Let t ∈ A, t 5 e and t 5 x^− . We denote by e^′ the complement of the element e in L(A). Then u − x = (e^′ ∨ e) − x = (e^′ + e) − x = e^′ + (e − x) .

Since 0 5 e − x 5 e, we get e^′ ∧ (e − x) = 0, whence e^′ + (e − x) = e^′ ∨ (e − x) .

Thus we obtain t = t ∧ (u − x) = t ∧ ( e^′ ∨ (e − x) ) = (t ∧ e^′) ∨ ( t ∧ (e − x) ) = t ∧ (e − x) , which yields t 5 e − x. Therefore x^{−(e)} = e − x. Analogously we have x^{∼(e)} = −x + e. The pseudo MV -algebra A turns out to be an MV -algebra if the operation ⊕ is commutative. In such case x^− = x^∼ for each x ∈ A.

Let us now suppose that A is an MV -algebra and let b ∈ B(A). In [1] and [2], the notation ¬x instead of x^− is applied for x ∈ A. For each x ∈ [0, b] put ¬_bx = x ∧ b and consider the structure ( [0, b]; ⊕, ¬_b, 0, b ) of type (2, 1, 0, 0). (Of course, ⊕ is reduced to the set [0, b]; we have already remarked above that the set [0, b] is closed with respect to the operation ⊕.)

In [2], the structure under consideration is called the interval algebra [0, b]. (Cf. Definition 2.2 and Proposition 2.3 in [2].)

Hence according to 3.8 we conclude that if A is an MV -algebra and e ∈ A, e ⊕ e = e, then the structure X [0, e] coincides with the interval algebra [0, e] if we write ¬_e instead of^{−(e)} .

4. Direct product decompositions

The direct product of pseudo MV -algebras is defined in the usual way. We apply the notation A_1 × A_2 × · · · × A_n or ∏ i∈I A_i . Consider an isomorphism φ : A → ∏ i∈I A_i , (1)

where A and A_i (i ∈ I) are pseudo MV -algebras. We say that (1) is a direct product decomposition of A. For x ∈ A we denote

φ(a) = (a_i)_{i∈I} ;

a_i is the component of a in A_i .

An analogous notation will be applied for direct products of lattices. In this section we assume that A is an orthogonally σ-complete pseudo MV -algebra. Further, G is as in 2.2. For a_1, a_2 ∈ A, the meaning of a_1 − a_2 is as in G.

Suppose that (a_n)_{n∈N} is an orthogonal sequence of elements of A such that ⋁ n∈N a_n = u .

Then for each n ∈ N there exists a^1_n ∈ A with a^1_n = ⋁ m∈N , m≠n a_m . We clearly have a_n ∨ a^1_n = u. Further, according to 2.3, a_n ∧ a^1_n = ⋁ m∈N , m≠n (a_n ∧ a_m) = 0 .

Hence a^1_n is the complement of a_n in the lattice L(A). Thus we can consider the pseudo MV -algebra A_n = X [0, a_n] defined as in Section 3. Denote L_n = L(A_n).

For each x ∈ A we put φ(x) = (x ∧ a_n)_{n∈N} .

Then φ is a mapping of the lattice L(A) into the lattice L^1 = ∏ n∈N L_n . For each n ∈ N, the mapping x → x ∧ a_n is a homomorphism of L(A) into L_n ; let us denote this mapping by φ_n . If x ∈ L_n , then φ_n(x) = x; hence φ_n is surjective. Further, φ is a homomorphism of L(A) into L^1 . We put x∧a_n = x_n .

Let (y^n)_{n∈N} ∈ L^1 . Then y^{n(1)} ∧ y^{n(2)} = 0 whenever n(1) and n(2) are distinct elements of N. Thus there exists y ∈ L(A) with y = ⋁ n∈N y^n . Let m ∈ N. We have y_m = a_m ∧ y = ⋁ n∈N (a_m ∧ y^n) = y^m .

Hence φ(y) = (y^n)_{n∈N} ; thus φ is injective and y = ⋁ n∈N y_n . Let z ∈ L(A) and assume that φ(y) = φ(z). Then y_n = z_n for each n ∈ N, whence z = ⋁ n∈N z_n = ⋁ n∈N y_n = y . Therefore φ is injective. Summarizing, we obtain

4.1. Lemma. Under the assumptions as above, the mapping φ : L(A) → ∏ n∈N L_n is a direct product decomposition of the lattice L(A).

Then according to Theorem 6.4 in [10] we get

4.2. Proposition. Under the assumptions as above we have a direct product

decomposition of the pseudo MV -algebra A in the form φ : A → ∏ n∈N A_n .

We denote by c(A) the set of all elements of A which have a complement in L(A). 4.3. Lemma. Let A be an orthogonally σ-complete pseudo MV -algebra. As-

sume that (a^0_n)_{n∈N} is an orthogonal sequence of elements of c(A). Put d = u − ⋁ n∈N a^0_n .

Then d ∈ c(A) and we have a direct product decomposition φ : A → ( ∏ n∈N X [ 0, a^0_n ] ) × X [0, d ] , where φ(x) = ( (x ∧ a^0_n)_{n∈N} , x ∧ d ) for each x ∈ X .

P r o o f . In view of 3.3 and 3.4 we infer that the element d belongs to c(A). Then the pseudo MV -algebras X [ 0, a^0_n ] (n ∈ N) and X [0, d] exist. Further, d ∧ a^0_n = 0 for each n ∈ N .

Put L_n = [ 0, a^0_n ] , L_d = [0, d]. In view of 4.1, we have a direct product decomposition φ : L(A) → ( ∏ n∈N L_n ) × L_d . Now it suffices to apply Proposition 4.2.

5. A Cantor-Bernstein type theorem

In the present section we prove the following result.

5.1. Theorem. Let A and B be orthogonally σ-complete pseudo MV -alge-

bras. Further, let a ∈ c(A), b ∈ c(B). Suppose that

(i) A is isomorphic to the pseudo MV -algebra X [0, b]; (ii) B is isomorphic to the pseudo MV -algebra X [0, a].

Then A and B are isomorphic.

P r o o f . Let us apply the following notation. Whenever A^1 is a pseudo MV -algebra, a ∈ c(A^1) and A^2 = X [0, a], then we denote A^1 ⊖ A^2 = X [0, a^1] , where a^1 is the complement of a in the lattice L(A^1).

Thus, if u^1 is the greatest element of A^1 , then u^1 = a ∨ a^1 , a ∧ a^1 = 0 , (∗_1) whence u^1 = a + a^1 . (∗_2) We also remark that if b ∈ c(A^2), then clearly b ∈ c(A^1). In view of the assumption, there exists an isomorphism α : A → X [0, b] ; next, there exists an isomorphism β : B → X [0, a] . For each x ∈ A we put φ(x) = β ( α(x) ) . Further, we denote c^1 = a , c^{n+1} = φ(c^n) for each n ∈ N .

Then we have c^n ∈ c(A) for each n ∈ N. Hence we can construct the pseudo MV -algebra C^n = X [0, c^n] .

Now we can apply the same method as in [12], Section 2. We put C^0 = A; in view of the isomorphisms α and β we obtain (where ≃ stands for isomorphisms of pseudo MV -algebras) C^0 ≃ C^2, C^1 ≃ C^3, . . . , C^{n−2} ≃ C^n, . . .

and, moreover, C^0 ⊖ C^1 ≃ C^2 ⊖ C^3 , C^1 ⊖ C^2 ≃ C^3 ⊖ C^4, . . .

We denote C^{n−1} ⊖ C^n = A^n for each n ∈ N .

Hence we have A^n ≃ A^{n+2} for each n ∈ N . (1) The definition of the pseudo MV -algebras A^n yields that A^{n(1)} ∩ A^{n(2)} = {0} (2) whenever n(1) and n(2) are distinct positive integers.

For each n ∈ N let a_n be the greatest element of L(A^n) = L^n . According to (2), the sequence (a_n)_{n∈N} is orthogonal. Hence there exist the elements x = ⋁ n∈N a_n , y = ⋁ n=2 a_n in A.

According to 4.3, the element x has a complement in L(A) (we denote this complement by d) and there exists an isomorphism φ : A → ( ∏ n∈N A^n ) × D , (3) where D = X [0, d].

Let us consider the MV -algebras A = C^0, C^1, C^0 ⊖ C^1 = A^1 and the elements u , c^1 = a , a_1 .

In view of (∗_1 ) and (∗_2 ) we obtain u = c^1 + a_1 = c^1 ∨ a_1 , c^1 ∧ a_1 = 0 . (∗) Let n ∈ N, n = 2. Then a_1 ∧ a_n = 0, whence

a_n = a_n ∧ u = a_n ∧ (c^1 ∨ a_1) = (a_n ∧ c^1) ∨ (a_n ∧ a_1) = a_n ∨ c^1 , yielding that a_n 5 c^1 . Then a_n has a complement in the interval [0, c^1] (cf. the remark at the beginning of the present proof). Moreover, y 5 c^1 and in view of 3.4, y has a complement in [0, c^1] as well. According to 3.3, this complement is equal to c^1 − y .

We have a_1 ∧ y = a_1 ∧ ⋁ n=2 a_n = ⋁ n=2 (a_1 ∧ a_n) = 0 ,

thus a_1 + y = a_1 ∨ y = a_1 ∨ ⋁ n=2 a_n = x . Since x + d = u we obtain (cf. (∗))

a_1 + y + d = a_1 + c^1 ,

whence y + d = c^1 . Therefore the complement of y in the interval [0, c^1] is the element d. Thus by applying 4.3 again we infer that there exists and isomorphism

φ_1 : C^1 → ( ∏ n=2 A^n ) × D . (4)

From (1) (applied for all odd n ∈ N), (3) and (4) we conclude that A is isomorphic to C^1 . In view of the isomorphism β , C^1 is isomorphic to B . Hence A and B are isomorphic.

In view of 3.1 and 3.2 we infer that 5.1 is a generalization of Theorem (A).

REFERENCES

[1] CIGNOLI, R.—D’OTTAVIANO, M. I.—MUNDICI, D. : Algebraic Foundations of many- -valued Reasoning, Trends in Logic, Studia Logica Library Vol. 7, Kluwer Academic Publishers, Dordrecht, 2000.

[2] De SIMONE, A.—MUNDICI, D.—NAVARA, M. : A Cantor-Bernstein theorem for σ-com-plete MV -algebras, Czechoslovak Math. J. (to appear).

[3] DVUREČENSKIJ, A. : Pseudo MV -algebras are intervals in ℓ-groups, J. Austral. Math.

Soc. (to appear).

[4] GEORGESCU, G.—IORGULESCU, A. : Pseudo MV -algebras: a noncommutative extension of MV -algebras, in: The Proceedings of the Fourth International Symposium on Economic Informatics, Bucharest, 6–9 May, Romania, 1999, pp. 961–968.

[5] GEORGESCU, G.—IORGULESCU, A. : Pseudo MV -algebras, Multiple-Valued Logic (a special issue dedicated to Gr. C. Moisil) 6 (2001), 95–135.

[6] JAKUBÍK, J. : Cantor-Bernstein theorem for lattice ordered groups, Czechoslovak Math.

J. 22 (1972), 159–175.

[7] JAKUBÍK, J. : On complete lattice ordered groups with strong units, Czechoslovak Math.

J. 46 (1996), 221–230.

[8] JAKUBÍK, J. : Convex isomorphisms for archimedean lattice ordered groups, Mathware Soft Comput. 5 (1998), 49–56.

[9] JAKUBÍK, J. : Cantor-Bernstein theorem for MV -algebras, Czechoslovak Math. J. 49 (1999), 517–526.

[10] JAKUBÍK, J. : Direct products decompositions of pseudo MV -algebras, Arch. Math. 37 (2001), 131–142.

[11] JAKUBÍK, J. : Convex mappings of archimedean MV -algebras, Math. Slovaca 51 (2001), 383–391.

[12] JAKUBÍK, J. : On orthogonally σ-complete lattice ordered groups, Czechoslovak Math. J.

(to appear).

[13] RACHŮNEK, J. : A non-commutative generalization of MV -algebras, Czechoslovak Math.

J. (to appear).

[14] SIKORSKI, R. : A generalization of theorem of Banach and Cantor-Bernstein, Colloq.

Math. 1 (1948), 140–144.

[15] SIKORSKI, A. : Boolean Algebras, Second Edition, Springer-Verlag, Berlin, 1964. [16] TARSKI, A. : Cardinal Algebras, New York, 1949.

Received December 19, 2000 Mathematical Institute Slovak Academy of Sciences Grešákova 6 SK–040 01 Košice SLOVAKIA E-mail: kstefan@saske.sk