Tatra Mt. Math. Publ. 24 (2002), 105–108 tm

Mathematical Publications

ON QUASI-CONTINUITY AND CLIQUISHNESS OF SECTIONS OF FUNCTIONS OF TWO VARIABLES

Elżbieta Kotlicka — Aleksander Maliszewski

ABSTRACT. We investigate quasi-continuity (cliquishness) of sections of quasicontinuous (respectively cliquish) functions of two variables.

The letters ⋛, ⋚, and ▲ denote the real line, the set of rationals, and the set of positive integers, respectively. For each A ⊂ ⋛, the symbol int A denotes its interior.

Let g : ⋛^n → ⋛. The oscillation of g on a nonempty set A ⊂ ⋛^n will be denoted by osc(g, A), i.e.,

osc(g, A) = sup {| g(x) − g(y) | | : x, y ∈ A} . We say that g is quasi-continuous in the sense of K e m p i s t y [2] (cliquish [5]) at a point z ∈ ⋛^n, if for each ε > 0 and each open set G ∋ z , we can find a nonempty open set G^′ ⊂ G such that g[G^′ ] ⊂ ( g(z) − ε, g (z) + ε ) (respectively osc(g, G^′) < ε). We say that g is quasi-continuous (cliquish), if it is quasicontinuous (cliquish) at each point z ∈ ⋛^n. Evidently quasi-continuous functions are cliquish.

Let g : ⋛^2 → ⋛ and a ∈ ⋛. We define the vertical section g_a : ⋛ → ⋛ of g by g_a(y) = g(a, y). Similarly, the function g^a : ⋛ → ⋛ given by g^a(x) = g(x, a) is called a horizontal section of g .

The notion of quasi-continuity was introduced by K e m p i s t y in 1932. Extending the results of H a h n and B a n a c h , he proved the following theorem [2].

Theorem. Assume that all sections (both vertical and horizontal) of a func-

tion g : ⋛^2 → ⋛ are quasi-continuous. Then g is quasi-continuous as well.

In this note we address an opposite question, which is closely related to the so-called double difference property. (See, e.g., [3] or [1] for the definition and the

2000 M a t h e m a t i c s S u b j e c t C l a s s i f i c a t i o n: Primary 26A21, 54C30; Secondary 26A15, 54C08.

K e y w o r d s: quasi-continuity, cliquishness.

Supported by the Łódź Technical University and by the Bydgoszcz Academy.

ELŻBIETA KOTLICKA — ALEKSANDER MALISZEWSKI

discussion of this property.) More precisely, we show that almost every (in the sense of category) section of a quasi-continuous (cliquish) function g : ⋛^2 → ⋛ is quasi-continuous (respectively cliquish). On the other hand, for each meager set F ⊂ ⋛ there is a quasi-continuous function g : ⋛^2 → ⋛ such that all horizontal sections of g are quasi-continuous, while the vertical section g_x is constant whenever x /∈ F , and it is nowhere cliquish if x ∈ F .

Lemma 1. Let g : ⋛^2 → ⋛ be quasi-continuous. Assume that G, H ⊂ ⋛ are

open. Then the set A = { x ∈ ⋛: int ( G ∩ g^{−1}_x (H) ) = ∅ ≠ G ∩ g^{−1}_x (H) } is nowhere dense.

P r o o f . Pick x ∈ A and let U ∋ x be open. Take an arbitrary y ∈ G ∩ g^{−1}_x (H). Then g(x, y) ∈ H . Using the quasi-continuity of g at (x, y), we can find nonempty open sets U^′ ⊂ U and G^′ ⊂ G such that g[U^′ × G^′ ] ⊂ H . Observe that if t ∈ U^′ , then G^′ ⊂ G ∩ g^{−1}_t (H). Consequently, U^′ ∩ A = ∅ and A is nowhere dense.

Theorem 1. Assume that g : ⋛^2 → ⋛ is quasi-continuous. Then the set

~A = {x ∈ ⋛: the section g_x is not quasi-continuous}

is meager.

P r o o f . Arrange all open intervals with rational end points in a sequence, (I_n). For all n and m define A_{nm} = { x ∈ ⋛: int ( I_n ∩ g^{−1}_x (I_m) ) = ∅ ≠ I_n ∩ g^{−1}_x (I_m) } . By Lemma 1, each A_{nm} is nowhere dense. To complete the proof we will show that ~A ⊂ ⋃ n,m∈N A_{nm} . Fix an x ∈ ~A. Let y ∈ ⋛ be such that g_x is not quasi-continuous at y . There are an ε > 0 and an open set G ∋ y such that g_x[G^′ ] ⊄ ( g_x(y) − ε, g_x(y) + ε ) for no nonempty open set G^′ ⊂ G. Pick n, m ∈ ▲ such that y ∈ I_n ⊂ G and g_x(y) ∈ I_m ⊂ ( g_x(y) − ε, g_x(y) + ε ) . Clearly x ∈ A_{nm} .

Lemma 2. Let g : ⋛^2 → ⋛ be cliquish. Assume that G ⊂ ⋛ is open and ε > 0.

Then the set B = { x ∈ ⋛: osc(g_x, G^′) ≥ ε for each nonempty open set G^′ ⊂ G } is nowhere dense.

P r o o f . Pick x ∈ B and let U ∋ x be open. Take an arbitrary y ∈ G. Using the cliquishness of g at (x, y), we can find nonempty open sets U^′ ⊂ U and G^′ ⊂ G such that osc(g, U^′× G^′) < ε. Observe that if t ∈ U^′ , then osc(g_t, G^′) < ε. Consequently, U^′ ∩ B = ∅ and B is nowhere dense.

QUASI-CONTINUITY AND CLIQUISHNESS OF SECTIONS

Theorem 2. Assume that g : ⋛^2 → ⋛ is cliquish. Then the set

~B = {x ∈ ⋛: the section g_x is not cliquish}

is meager.

P r o o f . Arrange all open intervals with rational end points in a sequence, (I_n). For all n and m define B_{nm} = { x ∈ ⋛: osc(g_x, G^′) ≥ m^{−1} for each nonempty open set G^′ ⊂ I_n } . By Lemma 2, each B_{nm} is nowhere dense. To complete the proof we will show that ~B ⊂ ⋃ n,m∈N B_{nm} . Fix an x ∈ ~B . Let y ∈ ⋛ be such that g_x is not cliquish at y . There are an ε > 0 and an open set G ∋ y such that osc(g_x, G^′) ≥ ε for each nonempty open set G^′ ⊂ G. Pick n, m ∈ ▲ such that y ∈ I_n ⊂ G and m^{−1} < ε. Clearly x ∈ B_{nm} . Theorem 3. Let F ⊂ ⋛ be meager. There is a function g : ⋛^2 → ⋛ such that

• both g and all horizontal sections of g are quasi-continuous, • g_x is constant, if x /∈ F , • g_x is nowhere cliquish, if x ∈ F .

P r o o f . Let (F_n) be an ascending sequence of nonempty nowhere dense closed sets such that F ⊂ ⋃ n∈N F_n . Put F_0 = ∅. Fix an n ∈ ▲. Define g̃^{(n)} : ⋛^2 → ⋛ by

g̃^{(n)}(x, y) = sin ( dist(x, F_n)^{−1} ) if x /∈ F_n , 1/2 if x ∈ F ∩ F_n \ F_{n−1} and y ∈ ⋚ , 0 otherwise ,

where dist(x, F_n) = min { |x − t| : t ∈ F_n } , and let g^{(n)} =^n ∑ i=1 g̃^{(i)}/4^i . Observe that

(i) g̃^{(n)}_x is constant, if x /∈ F_n or x ∈ F ∩ F_{n−1} , (ii) g̃^{(n)}_x is nowhere cliquish, if x ∈ F ∩ F_n \ F_{n−1} , (iii) | |g̃^{(n)} | | ≤ 1 on ⋛^2,

(iv) g^{(n)} and all horizontal sections of g^{(n)} are quasi-continuous. Define g = lim_{n→∞} g^{(n)} . By (iii), the sequence ( g^{(n)} ) is uniformly convergent.

So by (iv), g and all horizontal sections of g are quasi-continuous. (Cf., e.g., [4].) By (i), g_x is constant, if x /∈ F . Finally by (i) and (ii), g_x is nowhere cliquish, if x ∈ F .

ELŻBIETA KOTLICKA — ALEKSANDER MALISZEWSKI

REFERENCES

[1] BALCERZAK, M.—KOTLICKA, E. : Difference properties for some classes of functions, Real Anal. Exchange 26 (2000–2001), 637–650.

[2] KEMPISTY, S. : Sur les fonctions quasicontinues, Fund. Math. 19 (1932), 184–197. [3] LACZKOVICH, M. : The difference property (to appear).

[4] NEUBRUNN, T. : Quasi-continuity, Real Anal. Exchange 14 (1988–1989), 259–306. [5] THIELMAN, H. P. : Types of functions, Amer. Math. Monthly 60 (1953), 156–161.

Received January 10, 2000 Elżbieta Kotlicka Institute of Mathematics Łódź Technical University al. Politechniki 11, I–2 PL–90-924 Łódź POLAND E-mail: EKot@ck-sg.p.lodz.pl

Aleksander Maliszewski Department of Mathematics Bydgoszcz Academy pl. Weyssenhoffa 11 PL–85-072 Bydgoszcz POLAND E-mail: AMal@ab.byd.edu.pl