Tatra Mt. Math. Publ. 22 (2001), 27–36 tm

Mathematical Publications

LOCALLY BEST AND UNIFORMLY BEST ESTIMATORS IN LINEAR MODEL WITH NUISANCE PARAMETERS

Pavla Kunderová

Dedicated to Lubomír Kubáček on the occasion of his 70th birthday

ABSTRACT. The regular linear model in which the vector of the first order parameters is divided into two parts—to the vector of the useful parameters and to the vector of the nuisance parameters—is considered. We study the estimators of the useful parameters.

1. Introduction, notations

The properties of the regular linear model are well known (see [1], Chapter 1). In this paper the situation where the vector of the first order parameters is divided into two parts (to the vector of the useful parameters and to the vector of the nuisance parameters) is considered.

Let us describe one example (author L. K u b á č e k ). When laying the foundations for a large building it is necessary to determine the moment at which the subsoil (after large landscaping has been done) stabilizes to the point that it is possible to continue construction without risk of following damage.

There are k points chosen at the building site and their heights are repeatedly measured at the moments t_1, . . . , t_m . It is necessary to create a model describing the subsidence of the subsoil at the chosen points and to estimate the unknown parameters of this model on the basis of the results of the repeated measurements.

The result of the measurement at the ith point in the jth epoch could be described as follows:

η_i(t_j ) = κ_i − β^i_1 ( 1 − e^{−βi2tj} ) + ε_{ij} , i = 1, . . . , k , j = 1, . . . , m , (1) 2000 M a t h e m a t i c s S u b j e c t C l a s s i f i c a t i o n: 62J05.

K e y w o r d s: regular linear regression model, nuisance parameters, LBLUE, UBLUE.

Supported by the Council of Czech Government J14/98:153100011.

PAVLA KUNDEROVÁ

where κ_i is the height of the ith point at time t_0 , the function β^i_1 ( 1 − e^{−βi2t} ) describes the movement of the earth-strata at the ith point. The parameters β^i_1 > 0, β^i_2 > 0 are different at the different points, i.e., we suppose that the geological composition of the subsoil is not homogeneous. The aim is to estimate the unknown parameters κ_1, . . . , κ_m and β^i_1 , β^i_2 , i = 1, . . . , k .

The civil engineer needs to know when it is possible to continue the construction, i.e., when the subsidence of the subsoil at all the points is insignificant. It means that it is necessary to determine such τ_i , i = 1, . . . , k that

β^i_1 ( 1 − e^{−βi2τi} ) = Cβ^i_1 , i = 1, . . . , k , where 0 < C < 1 is a suitable constant which is sufficiently close to 1. It is possible to continue the construction at the time τ = max{τ_1, . . . , τ_k}.

Remark 1. The condition mentioned above is equivalent to more simple one: to determine such τ_i that e^{−βi2τi} = γ , i = 1, . . . , k , where 0 < γ < 1 is sufficiently close to 0. The time when it is possible to continue the construction is again τ = max{τ_1, . . . , τ_k}.

The model (1) is not linear in parameters; we linearize it by using the first two members of the Taylor expansion of the function β^i_1 ( 1 − e^{−βi2t} ) at the suitable point (β^i_{1,0}, β^i_{2,0}), β^i_{1,0} > 0, β^i_{2,0} > 0.

We get the model

η_i(t_j ) = κ_i− [ β^i_{1,0} ( 1−e^{−βi2,0 tj} ) + ( 1−e^{−βi2,0 tj} )( β^i_1−β^i_{1,0} ) +β^i_{1,0}t_j e^{−βi2,0 tj} ( β^i_2−β^i_{2,0} )] + ε_{ij} , i = 1, . . . , k , j = 1, . . . , m . Denote

Y^{(j)}_i = η_i(t_j ) + β^i_{1,0} ( 1 − e^{−βi2,0 tj} ) , φ^i_1(t) = − ( 1 − e^{−βi2,0 t} ) , φ^i_2(t) = −β^i_{1,0}te^{−βi2,0 t}, δβ^i_1 = β^i_1 − β^i_{1,0} , δβ^i_2 = β^i_2 − β^i_{2,0} , i = 1, . . . , k , j = 1, . . . , m .

Thus

Y^{(j)}_i = κ_i + φ^i_1(t_j )δβ^i_1 + φ^i_2(t_j )δβ^i_2 + ε_{ij} , i = 1, . . . , k , j = 1, . . . , m .

Let us consider the observation vector Y = ( Y^{(1)}_1 , . . . , Y^{(m)}_1 , . . . , Y^{(1)}_k , . . . , Y^{(m)}_k )_′ . The model described above could be rewritten in the form

Y = (W, Z) ( β κ ) + ε ,

LOCALLY BEST AND UNIFORMLY BEST ESTIMATORS

where

W = φ^1(t_1) φ^1_2(t_1) 0 0 . . . 0 0 . . . . . . . . . . . . φ^1(t_m) φ^1_2(t_m) 0 0 . . . 0 0 0 0 φ^2_1(t_1) φ^2(t_1) . . . 0 0 . . . . . . . . . . . . 0 0 φ^2_1(t_m) φ^2(t_m) . . . 0 0 . . . . . . . . . . . . . . . . . . . . . 0 0 0 0 . . . φ^k_1(t_1) φ^k_2(t_1) . . . . . . . . . . . . 0 0 0 0 . . . φ^k_1(t_m) φ^k_2(t_m)

,

Z =

1 0 . . . 0 . . . . 0 1 0 . . . 0 0 1 . . . 0 . . . . . . 0 1 . . . 0 . . . . . . . . . 0 0 . . . 1 . . . . . . 0 0 . . . 1

, β = δβ^1_1 δβ^1_2 δβ^2_1 δβ^2_2 . . δβ^k_1 δβ^k_2

, κ = κ_1 κ_2 . . κ_k .

The matrices W , Z are known, the vector β of the type 2k × 1 is a vector of the useful parameters, κ is a vector of nuisance parameters.

The following notation will be used throughout the paper:

R^n the space of all n-dimensional real vectors ;

u_p, A_{m,n} the real column p-dimensional vector, the real m × n matrix ;

A^′, r(A) the transpose, the rank of the matrix A ;

R(A) , Ker(A) the range, the null space of the matrix A ; A ⊗ B the Kronecker (tensor) product of the matrices A, B ;

A^− a generalized inverse of a matrix A(satisfying AA^−A = A) ;

A^+ the Moore-Penrose generalized inverse of a matrix A(satisfy-

ing AA^+A = A, A^+AA^+ = A^+, (AA^+)^′ = AA^+, (A^+A)^′ = A^+A) ;

P_A the orthogonal projector onto R(A) ;

M_A = I − P_A the orthogonal projector onto R^⊥(A) = Ker(A^′) ;

PAVLA KUNDEROVÁ

I_k the k × k identity matrix ; 0_{m,n} the m × n null matrix ; 1_k = (1, . . . , 1)^′ ∈ R^k χ^2_r (0) χ^2-distribution with r degrees of freedom ; χ^2_r (0, 1−α) (1−α)-quantile of this distribution .

If R(A) ⊂ R(S), S p.s.d., then the symbol P^S

�_A

denotes the projector projecting vectors in R(S) onto R(A) along R(SA^⊥). A general representation of all such projectors P^S

�_A

is given by A(A^′S^−A)^−A^′S^− + B(I − SS^−), where B is arbitrary, (see [4], (2.14)). M^S

�_A = I − P^S

�_A .

2. Locally best linear unbiased estimators

Let us consider the following linear model

Y = (W, Z) ( β κ ) + ε , (2)

where

Y = (Y_1, . . . , Y_n)^′ is a random observation vector,

β ∈ R^r is a vector of the useful parameters, κ ∈ R^s is a vector of the nuisance parameters,

W_{n,r} is a design matrix belonging to the vector β , Z_{n,s} is a design matrix belonging to the vector κ.

We suppose that 1. E(Y) = Wβ + Zκ, ∀β ∈ R^r , ∀κ ∈ R^s,

2. var(Y) = Σ_ϑ = p∑ i=1 ϑ_iV_i , ∀ϑ = (ϑ_1, . . . , ϑ_p)^′ ∈ ϑ ⊂ R^p, V_1, . . . , V_p given symmetric matrices, 3. ϑ ⊂ R^p contains an open sphere in R^p, 4. if ϑ ∈ ϑ, the matrix Σ_ϑ is positive semidefinite, 5. the matrix Σ_ϑ is not a function of the vector (β^′, κ^′)^′.

If the matrix Σ_ϑ is positive definite for any ϑ ∈ ϑ and r(W, Z) = r + s < n, the model is said to be regular, (see [1], p.13).

Notation. For the sake of simplicity we use the symbol Σ_0 instead of Σ_{ϑ0} .

LOCALLY BEST AND UNIFORMLY BEST ESTIMATORS

Theorem 1. In the regular model (2) the ϑ_0-LBLUE of the parameter (β^′, κ^′)^′

is given as (^ β κ̂ ) = (W^′Σ^{−1}_0 M^Σ

�1_0 Z W)^{−1}W^′Σ^{−1}_0 M^Σ

�1_0 Z (Z^′Σ^{−1}_0 Z)^{−1}Z^′Σ^{−1}_0 M^Σ

�1_{0 M}^Σ�^10_Z W Y. (3)

P r o o f . According to the Theorem 1.1.1 in [1] using the following Rohde’s formula for inverse of partitioned p.d. matrix (see [2], Lemma 13) ( A, B B^′, C )_{−1}

= ( A^{−1} + A^{−1}B(C − B^′A^{−1}B)^{−1}B^′A^{−1}, −A^{−1}B(C − B^′A^{−1}B)^{−1} −(C − B^′A^{−1}B)^{−1}B^′A^{−1}, (C − B^′A^{−1}B)^{−1} ) (4) = ( (A − BC^{−1}B^′)^{−1}, −(A − BC^{−1}B^′)^{−1}BC^{−1} −C^{−1}B^′(A − BC^{−1}B^′)^{−1}, C^{−1} + C^{−1}B^′(A − BC^{−1}B^′)^{−1}BC^{−1} ) , (5) the ϑ_0-LBLUE of the vector parameter (β^′, κ^′)^′ is given by (^ β κ̂ ) = [( W^′ Z^′ ) Σ^{−1}_0 (W, Z) ]_{−1}( W^′ Z^′ ) Σ^{−1}_0 Y = [ W^′Σ^{−1}_0 W, W^′Σ^{−1}_0 Z Z^′Σ^{−1}_0 W, Z^′Σ^{−1}_0 Z ]_{−1}( W^′Σ^{−1}_0 Z^′Σ^{−1}_0 ) Y = [ U, −UW^′Σ^{−1}_0 ZV −VZ^′Σ^{−1}_0 WU, V + VZ^′Σ^{−1}_0 WUW^′Σ^{−1}_0 ZV ] [ W^′Σ^{−1}_0 Z^′Σ^{−1}_0 ] Y , where

V = (Z^′Σ^{−1}_0 Z)^{−1}, U = [ W^′Σ^{−1}_0 W − W^′Σ^{−1}_0 ZVZ^′Σ^{−1}_0 W ]_{−1} . Utilizing that

P^Σ

�1_0 Z = Z(Z^′Σ^{−1}_0 Z)^{−1}Z^′Σ^{−1}_0 , M^Σ

�1_0 Z = I − P^Σ

�1_0 Z , we get the statement.

Remark 2. As Σ_0 is supposed to be positive definite, we can write (see [2], Lemma 16)

Σ^{−1}_0 M^Σ

�1_0 Z = Σ^{−1}_0 − Σ^{−1}_0 Z(Z^′Σ^{−1}_0 Z)^{−1}Z^′Σ^{−1}_0 = (M_Z Σ_0M_Z )^+.

Thus the statement of the Theorem 1 has the equivalent form (^ β κ̂ ) = [ W^′(M_Z Σ_0M_Z )^+W ]_{−1} W^′(M_Z Σ_0M_Z )^+

(Z^′Σ^{−1}_0 Z)^{−1}Z^′Σ^{−1}_0 M^Σ

�1_{0 M}^Σ�^10_Z W Y.

PAVLA KUNDEROVÁ

Theorem 2. Let in the regular model (2) Y ∼ N_n [ (W, Z) ( β κ ) , Σ_0 ] , β = (β_1, . . . β_r )^′. Then (i) the ϑ_0-BLUE of the useful parameter β given by (3) is a r-dimensional normally distributed vector

β̂ ∼ N_r(β, [W^′(M_Z Σ_0M_Z )^+W ]^{−1}) ,

(ii) if the p × r matrix G is such that G [ var(β̂) ] G^′ is positive definite, the ellipsoid E1−α(Gβ) = { u ∈ R^p: (u − G^^β)^{′[}G^(W^′(M_Z Σ_0M_Z )^+W^{)−1}G^{′]−1}(u − G^^β)

≤ χ^2_p(0, 1−α) } , is the (1−α)-confidence ellipsoid for the vector Gβ .

P r o o f . (i) The assertion is a consequence of the fact that β̂ is a linear transform of the normally distributed random vector Y . (ii) According to Pearson lemma (X ∼ N_n(0, V) ⇒ X^′V^−X ∼ χ^2_{r(V )} ) P [ (Gβ̂ − Gβ)^′ [ G var(β̂)G^′ ]_{−1} (Gβ̂ − Gβ) ≤ χ^2_p(0, 1−α) ] = 1 − α . (6)

If we denote E1−α(Gβ) = { u ∈ R^p : (u − G^^β)^{′[}G(W^′(M_Z Σ_0M_Z )^+W)^{−1}G^{′]−1}(u − G^^β)

≤ χ^2_p(0, 1−α) } , then P [ Gβ ∈ E_{1−α}(Gβ) ] = 1 − α .

Remark 3. If the vector β is divided into k “natural” subvectors β_{(1)}, . . . , β_{(k)} of the same dimension l < r (for example the “natural” subvectors could be β_{(i)} = ( δβ^i_1, δβ^i_2 )_′ , i = 1, . . . , k , in the situation described in the introduction), the joint confidence ellipsoids for these subvectors can be derived.

Denote A_i = (0_{l,l}, . . . , I_l, . . . , 0_{l,l}), i = 1, . . . , k , the (1 × k) block matrix, where the ith block is the matrix I_l , the other blocks are zero matrices. There holds

Theorem. (Generalized Scheffé theorem). Let η ∼ N_s(μ, V), where V is a

positive definite matrix. Let A be a class of t × s matrices A of the rank r(A) = t < s. Then P [ (η − μ)^′V^{−1}(η − μ) ≤ χ^2_s(0, 1 − α) ] = 1 − α

LOCALLY BEST AND UNIFORMLY BEST ESTIMATORS ⇐⇒ P [ ∀{A ∈ A } : [ A(η − μ) ]_′ (AVA^′)^{−1}A(η − μ) ≤ χ^2_s(0, 1 − α) ] = 1 − α . (7) P r o o f . [3], Theorem 2.2.

Using the preceding theorem and the form (6) we get P [ ∀i = 1, . . . , k : [ A_i(β̂−β) ]_′[ A_i ( var(β̂) ) A^′_i ]_{−1}[ A_i(β̂−β) ] ≤ χ^2_r(0, 1−α) ] ≥ 1−α , i.e., P [ ∀i = 1, . . . , k : (^ β_{(i)} − β_{(i)} )_′[ var (^ β_{(i)} )]_{−1}(^ β_{(i)} − β_{(i)} ) ≤ χ^2_r (0, 1 − α) ] ≥ 1 − α . Thus E s1−α ( β_{(i)} ) = { u ∈ R^l :^(u −^^β_{(i)}^{)′[}var^{(^}β_{(i)}^{)]−1(}u −^^β_{(i)}^) ≤ χ^2_r (0, 1 − α)^} ,

are the joint confidence ellipsoids for the subvectors β_{(1)}, . . . , β_{(k)} of the vector β .

3. Uniformly best linear unbiased estimators

Lemma 1. Let the matrix (W, Z) is of full rank in columns. Then for the

projection matrix M_{(W,Z)} it holds

M_{(W,Z)} = P_W + M_W P^{MW}_Z = P_Z + M_Z P^{MZ}_W = M_W M^{MW}_Z = M_Z M^{MZ}_W .

P r o o f . a) Owing to the form (4) of the Rohde’s formula

P_{(W,Z)} = (W, Z) [( W^′ Z^′ ) (W, Z) ]_{−1}( W^′ Z^′ )

= (W, Z) [ W^′W, W^′Z Z^′W, Z^′Z ]_{−1}( W^′ Z^′ )

= (W, Z) [ A_{11}, A_{12} A_{21}, A_{22} ] ( W^′ Z^′ ) , where

A_{11} = (W^′W − W^′Z(Z^′Z)^{−1}Z^′W)^{−1} = (W^′M_Z W)^{−1},

A_{12} = −(W^′M_Z W)^{−1}W^′Z(Z^′Z)^{−1}, A_{21} = (A_{12})^′,

A_{22} = (Z^′Z)^{−1} + (Z^′Z)^{−1}Z^′W(W^′M_Z W)^{−1}W^′Z(Z^′Z)^{−1},

PAVLA KUNDEROVÁ

we get

P_{(W,Z)} = W(W^′M_Z W)^{−1}W^′ − W(W^′M_Z W)^{−1}W^′P_Z

− P_Z W(W^′M_Z W)^{−1}W^′ + P_Z + P_Z W(W^′M_Z W)^{−1}W^′P_Z = W(W^′M_Z W)^{−1}W^′M_Z − P_Z W(W^′M_Z W)^{−1}W^′M_Z + P_Z = P^{MZ}_W − P_Z P^{MZ}_W + P_Z = P_Z + M_Z P^{MZ}_W .

M_{(W,Z)} = I − P_{(W,Z)} = M_Z M^{MZ}_W .

b) According to the form (5) of the Rohde’s formula

P_{(W,Z)} = (W, Z) [ B_{11}, B_{12} B_{21}, B_{22} ] ( W^′ Z^′ ) , where B_{11} = (W^′W)^{−1}+(W^′W)^{−1}W^′Z [ Z^′Z−Z^′W(W^′W)^{−1}W^′Z ]_{−1} Z^′W(W^′W)^{−1} = (W^′W)^{−1} + (W^′W)^{−1}W^′Z(Z^′M_W Z)^{−1}Z^′W(W^′W)^{−1} , B_{12} = −(W^′W)^{−1}W^′Z(Z^′M_W Z)^{−1}, B_{21} = (B_{12})^′, B_{22} = (Z^′M_W Z)^{−1}. Thus

P_{(W,Z)} = P_W + P_W Z(Z^′M_W Z)^{−1}Z^′P_W − P_W Z(Z^′M_W Z)^{−1}Z^′ − Z(Z^′M_W Z)^{−1}Z^′P_W + Z(Z^′M_W Z)^{−1}Z^′ = P_W − P_W Z(Z^′M_W Z)^{−1}Z^′M_W + Z(Z^′M_W Z)^{−1}Z^′M_W = P_W + M_W Z(Z^′M_W Z)^{−1}Z^′M_W = P_W + M_W P^{MW}_Z , i.e., M_{(W,Z)} = I − P_{(W,Z)} = M_W M^{MW}_Z .

Theorem 3. In the regular model (2) a statistics g^′Y is the UBLUE of its

expected value g^′(Wβ + Zκ) if and only if

g ∈ Ker [_p ∑ i=1 V_iM_{(W,Z)}V_i ] = Ker [_p ∑ i=1 V_iM_Z M^{MZ}_W V_i ]

= Ker [_p ∑ i=1 V_iM_W M^{MW}_Z V_i ] . (8)

P r o o f . The statement is a consequence of [1], Theorem 1.2.1. and Lemma 1.

LOCALLY BEST AND UNIFORMLY BEST ESTIMATORS

Theorem 4. In the regular model (2) the UBLUE of a linear function

f^′ ( β κ ) = (f^′_1, f^′_2) ( β κ ) = f^′_1β + f^′_2κ

exists if and only if f ∈ R (( W^′ Z^′ ) B ) , where R(B) = Ker [_p ∑ i=1 V_iM_W M^{MW}_Z V_i ] . P r o o f . According to the Theorem 3 the UBLUE of the linear function

f^′ ( β κ ) = f^′_1β + f^′_2κ

exists iff there exists a vector g for which

g ∈ Ker [_p ∑ i=1 V_iM_Z M^{MZ}_W V_i ] = p⋂ i=1 Ker ( V_iM_Z M^{MZ}_W V_i ) = R(B) ,

such that E(g^′Y) = g^′(Wβ + Zκ) = f^′_1β + f^′_2κ , ∀β, ∀κ , i.e., such that

f_1 = W^′g and f_2 = Z^′g ⇐⇒ f = ( f_1 f_2 ) = ( W^′ Z^′ ) g . Thus the UBLUE of f^′β + f^′_2κ exists iff f = ( f^′_1, f^′_2 )_′ ∈ R (( W^′ Z^′ ) B ) . Theorem 5. In the regular linear model (2) the UBLUE of a linear function

f^′_1β of the useful parameters exists if and only if

f_1 ∈ R(W^′M_Z C), where R(C) = Ker [_p ∑ i=1 V_iM_Z M^{MZ}_W V_iM_Z ] .

P r o o f . g^′Y is an unbiased estimator of the linear function f^′_1β , of the useful parameters, if g^′(Wβ + Zκ) = f^′_1β , ∀β , ∀κ ,

PAVLA KUNDEROVÁ

i.e., if g^′W = f^′_1 and g^′Z = 0 , thus if

f_1 = W^′g and g = M_Z v ⇐⇒ f_1 = W^′M_Z v , v ∈ R^n. According to the Theorem 3 g^′Y is the UBLUE od its mean value g^′(Wβ + Zκ) iff g ∈ Ker [_p ∑ i=1 V_iM_Z M^{MW}_Z V_i ] = p⋂ i=1 Ker ( V_iM_Z M^{MZ}_W V_i ) . It means that ∀ i = 1, . . . , p V_iM_Z M^{MZ}_W V_ig = 0 , V_iM_Z M^{MZ}_W V_iM_Z v = 0 .

Thus v ∈ p⋂ i=1 Ker(V_iM_Z M^{MZ}_W V_iM_Z ) = Ker [_p ∑ i=1 (V_iM_Z M^{MZ}_W V_iM_Z ) ] = R(C) .

It proves that the function f^′_1β has its UBLUE iff f_1 ∈ R(W^′M_Z C) .

REFERENCES

[1] KUBÁČEK, L.—KUBÁČKOVÁ, L.—VOLAUFOVÁ, J. : Statistical models with linear structures, Veda, Bratislava, 1995.

[2] KUBÁČKOVÁ, L.—KUBÁČEK, L. : Elimination Transformation of an Observation Vector Preserving Information on the First and Second Order Parameters., Technical Report, No 11, 1990. Institute of Geodesy, University of Stuttgart, 1–71.

[3] KUBÁČEK, L.—KUBÁČKOVÁ, L. : Testing statistical hypotheses in deformation measurement; one generalization of the Scheffé theorem, Acta Univ. Palack. Olomuc. Fac. Rerum Natur. Math. 37 (1998), 81–88.

[4] NORDSTRÖM, K.—FELLMAN, J. : Characterizations and dispersion-matrix robustness of efficiently estimable parametric functionals in linear models with nuisance parameters, Linear Algebra Appl. 127 (1990), 341–361.

Received December 19, 2000 Department of Mathematical Analysis and Applied Mathematics Faculty of Natural Sciences Palacky University Tomkova 40 CZ–779 00 Olomouc CZECH REPUBLIC E-mail: kunderov@inf.upol.cz