Tatra Mt. Math. Publ. 21 (2001), 163–169 tm

Mathematical Publications

NEARNESS-BASED TOPOLOGY

Jana Dobrakovová

ABSTRACT. The aim of this paper is to discuss a kind of topology and relevant notions, based on the concept of a nearness N on a universe. In the first part we pay our attention to the connection between N -topology, N -convergence and

N -continuity, as a possible fuzzification of their classical analogies. In second part

we present a type of fixed point theorem on an N -topological space. The last part is devoted to an N -partition and corresponding N -factorization of a universe.

1. Introduction

The purpose of this paper is to continue the study of a fuzzification of metric properties based on the concept of a nearness, investigated, for example, already in papers [1], [2] [3], [4] and [5].

In some concrete cases a situation can arise that we are not able to determine the exact distance of objects we are treating, or sometimes it needn’t be necessary, even neither purposefully. It can be sufficient to determine which couples of elements are “near” one another, or more precisely, a degree of their “nearness”.

In [1] the nearness is introduced as a binary fuzzy relation N on R with some natural properties, corresponding to the algebraic, topological and lattice structures of real axis.

Any “reasonable” nearness on the set of all real numbers should be evidently compatible with the structure of the real axis. But if we consider nearness on an arbitrary universe X , without any structure, we are no more restricted by any additional requirements and conditions, and a nearness on X should comply only with our intuitive idea of a nearness.

2000 M a t h e m a t i c s S u b j e c t C l a s s i f i c a t i o n: 03E72.

K e y w o r d s: nearness, N-topology, N-convergence, N-continuity, N-contractive mapping.

This work was supported by the grant Vega 1/7076/20.

2. Nearness and Topology

In [3] the nearness N on a universe X was defined as follows.

Definition 1. Let X be a set. A binary fuzzy relation N on X is called a

nearness on X , if:

(N1) N(x, x) = 1, for each x ∈ X , (N2) N(x, y) = N(y, x), for each x, y ∈ X , (N3) For each ε > 0 there exists δ < 1 such that N(x, y) > δ =⇒ | N(x, z) − N(y, z) | < ε , for each x, y, z ∈ X .

The properties (N1) and (N2), it means the reflexivity and the symmetricity of N , are immediate. The property (N3) substitutes, in a sense, the triangular inequality and it has the following meaning: If two points x and y are sufficiently near one another, then the difference of their nearnesses to any other point z is arbitrarily small.

A trivial verification shows that the property (N3) implies the property (N3’) For each x, y, z ∈ X : N(x, y) = 1 =⇒ N(x, z) = N(y, z) . Hence, if N does not distinguish two elements from a universe, if they have the maximal possible degree of nearness, then their nearness to any other element of the universe is of the same degree.

Let us note that there is an interesting connection between the nearnesses and another type of binary fuzzy relations, t-equivalences (see, e.g., [7]). This connection is studied in [3].

Because a nearness is understood as a concept which is a fuzzification of crisp notions like distance, metric, or, in our formulation, rather pseudometric, the following question is natural: What is a connection between pseudometric spaces and spaces endowed with a nearness?

It is a well known fact (see, e.g., [6]), that any pseudometric space (X, ρ) is homeomorphic to a pseudometric space (X, d) with the pseudometric d(x, y) = min ( ρ(x, y), 1 ) , what means that d is a binary fuzzy relation on X .

If (X, d) is such a pseudometric space, it can be easily proved that the binary fuzzy relation N on X , defined by: N(x, y) = 1 − d(x, y), satisfies properties (N1), (N2) and (N3), i.e., N is a nearness on X . In this manner, we can construct the nearness N on each pseudometric space. As the following example shows, the opposite is not true.

Example 1. Let X = {a, b, c} be an arbitrary three-point set. Let N be such a reflexive and symmetrical fuzzy relation on X that N(a, c) =^1_3 , N(a, b) = N(b, c) =^3_4 . Then N is evidently a nearness, properties (N1) and (N2) are directly assumed, and (N3) is fulfilled, too.

But despite of that, the binary fuzzy relation d(x, y) = 1 − N(x, y) is not pseudometric, as the triangular inequality fails: d(a, b) + d(b, c) = 1 2 < 2 3 = d(a, c) . Next example shows one possible construction of nearnesses in the set of all real numbers.

Example 2. In the real case, if X = R, it can be shown (see [2]) that if b : [0, ∞] → [0, 1] is such a continuous and decreasing function that b(0) = 1, lim_{x→∞} b(x) = 0, then the binary fuzzy relation on R: N(x, y) = b ( |x − y | ) for each x, y ∈ R .

possesses properties (N1), (N2) and (N3), it means, it is a nearness in the sense of the foregoing definition.

The concept of a nearness N in a universe X enables to introduce in a natural way some metric and topological properties.

Definition 2. Let X be a universe and N be a nearness on X . A sequence

{x_n} of elements of X is called N-fundamental, if lim_{n→∞} N(x_n, x_{n+1}) = 1 .

The sequence {x_n} is called N-convergent and an element x_0 ∈ X is called its N-limit (x_n →_N x_0 ) if lim_{n→∞} N(x_n, x_0) = 1 .

Definition 3. Let X_1 and X_2 be two universes and N_1 and N_2 be near-

nesses on X_1 and X_2 , respectively. Let f : X_1 → X_2 be a mapping.

The mapping f is said to be (N_1, N_2)-continuous at a point x_0 ∈ X_1 if for any sequence {x_n} in X_1 : lim_{n→∞} N_1(x_n, x_0) = 1 =⇒ lim_{n→∞} N_2 ( f(x_n), f(x_0 ) ) = 1 .

The mapping f is said to be (N_1, N_2)-continuous on X_1 if it is (N_1, N_2)-continuous at each x_0 ∈ X_1 .

If X is a nonempty set, N a nearness on X , x_0 ∈ X and ε < 1, let us denote: O_ε(x_0) = { x ∈ X : N(x, x_0) > ε } . Now denote by B the system of all O_ε(x), for all x ∈ X and ε < 1.

The following theorem, proved in [2], enables to introduce a topology on X :

Theorem 1. The system B creates a basis of a topology on X .

From now on let T_N denote the nearness-based topology, created on the set X by the basis B and let (X, T_N ) denote the corresponding topological space.

It easily follows that the space (X, T_N ) always satisfies the first axiom of countability, therefore the topology T_N can be described in terms of sequences.

Example 3. Let X = R and let N be a trivial nearness on X : N(x, y) = { 1 for x = y , 0 for x ≠ y .

As it is easy to check, N satisfies the properties (N1), (N2) and (N3). The basis B , derived from the nearness N , consists of all one-point sets, therefore the created topology T_N is discrete.

Theorem 2. Let {x_n} be a sequence in (X, T_N ). Then

(1) {x_n} is a fundamental sequence if and only if it is N-fundamental. (2) lim_{n→∞} x_n = x_0 if and only if x_n →_N x_0 .

P r o o f . The standard proof is left to the reader.

Theorem 3. Let (X_1, T_{N1} ) and (X_2, T_{N2} ) be two topological spaces. Let

f : X_1 → X_2 be a mapping. Then

(1) f is continuous at x_0 ∈ X_1 if and only if f is (N_1, N_2)-continuous at x_0 . (2) f is continuous on X_1 if and only if f is (N_1, N_2)-continuous on X_1 .

P r o o f .

(1) Let f be continuous at x_0 ∈ X_1 and let lim_{n→∞} N_1(x_n, x_0) = 1. We want to

show that then also lim_{n→∞} N_2 ( f(x_n), f(x_0) ) = 1, in other words, that for each ε < 1, there exists such a number n_0 that for all natural numbers n > n_0 it is N_2 ( f(x_n), f(x_0) ) > ε. Let ε < 1. It follows from the assumptions that there exists such a δ < 1 that f ( O_δ(x_0) ) ⊂ O_ε ( f(x_0) ) and simultaneously there exists such a number n_0 that for all natural numbers n > n_0 it is N_1(x_n, x_0) > δ . It means that x_n ∈ O_δ(x_0) and therefore f(x_n) ∈ O_ε ( f(x_0) ) . Now suppose that f is not continuous at x_0 ∈ X_1 . Put δ_n = 1−^1_n for all natural n. There exists such an ε < 1 and a sequence {x_n} in X_1 , that for each n it is x_n ∈ O_δn(x_0), but f(x_n) /∈ O_ε ( f(x_0) ) . It means that lim_{n→∞} N_1(x_n, x_0) = 1,

but lim_{n→∞} N_2 ( f(x_n), f(x_0 ) ) ≠ 1. Thus f is not (N_1, N_2)-continuous at x_0 .

(2) Assertion (2) follows from the fact that f is (N_1, N_2)-continuous on X_1 iff

for each x_0 ∈ X_1 and for each ε < 1 there exists δ < 1 such that for each

y ∈ X_1 :

N_1(x_0, y) > δ =⇒ N_2 ( f(x_0), f(y) ) > ε . It means O_δ(x_0) ⊂ f^{−1}O_ε ( f(x_0) ) , thus f^{−1}O_ε ( f(x_0) ) ∈ T_{N1} .

3. N-contractive mappings

There are many different approaches to the fuzzification and generalization

of contractive mappings and fixed point theorems. In this section we want to

present one of them, based on the concept of a nearness.

Definition 4. Let (X, T_N ) be a topological space. A mapping f : X → X

is said to be N-contractive if there exists such a constant α > 1 that for each x, y ∈ X , N ( f(x), f(y) ) ≥ min ( 1, α · N(x, y) ) . A point x_0 ∈X is said to be N-fixed point of the mapping f, if N ( x_0, f(x_0) ) =1. Theorem 4. Suppose that (X, T_N ) is a complete topological space and

f : X → X is an N-contractive mapping. If there exists a point x ∈ X such

that N ( x, f(x) ) > 0, then there exists at least one fixed point of f .

P r o o f . Let x_1 ∈ X be such a point that N ( x_1, f(x_1) ) > 0. Put succes-

sively f(x_1) = x_2 , f(x_2) = x_3 and so on, for each natural n put f(x_n) = x_{n+1} .

Then for each n:

N(x_n, x_{n+1}) = N ( f(x_{n−1}) f(x_n) ) ≥ min ( 1, α · N(x_{n−1}, x_n) ) = min ( 1, α · N ( f(x_{n−2}), f(x_{n−1}) )) ≥ min ( 1, α^2 · N(x_{n−2}, x_{n−1}) ) = · · · ≥ min ( 1, α^{n−1} · N(x_1, x_2) ) . Hence lim_{n→∞} N(x_n, x_{n+1}) = 1, it means the sequence {x_n} is N-fundamental.

From the completeness of X and Theorem 1 it follows that there exists such

a point x_0 ∈ X that lim_{n→∞} N(x_n, x_0) = 1. Because for each n , x_n = f(x_{n−1}),

it follows that also lim_{n→∞} N ( f(x_n), x_0 ) = 1. But as can be easily seen, each

N-contractive mapping is N-continuous, therefore simultaneously lim_{n→∞}N ( f(x_n), f(x_0) ) = 1. Applying now (N3) we can conclude that N ( x_0, f(x_0) ) = 1.

Theorem 5. Let (X, T_N ) be a topological space. If an N-contractive mapping

f : X → X has two N-fixed points x_0 and y_0 , then N(x_0, y_0) = 1.

P r o o f . Let N ( x_0, f(x_0) ) = 1 and N ( y_0, f(y_0) ) = 1. Then it follows from

(N3’) that

N(x_0, y_0) = N ( y_0, f(x_0) ) = N ( f(x_0), f(y_0) ) .

By the contractivity of f, there exists a constant α > 1 such that

N(x_0, y_0) = N ( f(x_0), f(y_0) ) ≥ min ( 1, α · N(x_0, y_0) ) . But it evidently implies N(x_0, y_0) = 1.

4. N-partition and N-factor space

Let N be a nearness on a universe X with properties (N1), (N2) and (N3). As the following example shows, if N doesn’t distinguish some points, corresponding topological space (X, T_N ) need not be T_0-space.

Example 4. Let X = {a, b, c} be arbitrary three-point set and let N be a binary fuzzy relation on X which is reflexive, symmetrical and N(a, b) = 1, N(a, c) = N(b, c) =^1_2 . It is easy to check that N is a nearness and N-based topology T = { ∅, X, {a, b}, {c} } . Suppose now that X is any set endowed with a nearness N . Let us denote for each x ∈ X by [x] the set of all points in X which are indistinguishable with x:

[x] =_{def} { y ∈ X : N(x, y) = 1 } , for each x ∈ X .

Theorem 6. Let X be a nonempty set and N be a nearness on X . The

family X = { [x], x ∈ X } is a partition of X .

P r o o f . It is trivial that X = ⋃ x∈X [x].

Let x, y, z ∈ X and let z ∈ [x] ∩ [y]. It means that N(x, z) = N(y, z) = 1 and applying (N3’) we get N(x, y) = 1, thus [x] and [y] coincide.

Define now a binary fuzzy relation N on X as follows: N ( [x], [y] ) =_{def} N(x, y), for each [x], [y] ∈ X .

This definition is correct, what is a straightforward consequence of (N3’).

Theorem 7. Let (X, T_N ) be a topological space and let X and N be de-

fined as above. Then N is a nearness on X , the topological space (X , T_N ) is a Hausdorff space, and the projection p : X → X , defined by p(x) = [x] for each x ∈ X , is nearness-preserving.

P r o o f . Properties (N1), (N2), (N3) for N follow directly from the definition.

From definitions it also simply follows that if [x], [y] ∈ X , [x] ≠ [y], then N ( [x], [y] ) < 1, therefore [x] and [y] have disjoint neighbourhoods. The details are left to the reader.

The correspondence between topological spaces (X, T_N ) and (X , T_N ), established by the previous theorem, can be utilized as follows:

By any N-contractive mapping f on a space (X, T_N ), there is induced an N -contractive mapping F on (X , T_N ) by the formula: F ( [x] ) = { y ∈ X : N ( f(x), y ) = 1 } , for each [x] ∈ X .

Summarizing now Theorems 4, 5 and 7, we can state the following theorem, which is a simple consequence of them.

Theorem 8. Let (X, T_N ) be a complete topological space, f be an N-contrac-

tive mapping on X , and let a mapping F : X → X be defined as above. Then F is an N -contractive mapping (with the same constant α) and there exists just one [x_0] ∈ X such that F ( [x_0] ) = [x_0].

REFERENCES

[1] DOBRAKOVOVÁ, J. : On a fuzzy nearness, in: Strojné inžinierstvo, (Mechanical Engeneering), Faculty of Mechanical Engineering, Slovak Technical University, Bratislava, 1998, pp. 33–37.

[2] DOBRAKOVOVÁ, J. : Nearness, convergence and topology, Busefal 80 (1999), 17–23. [3] DOBRAKOVOVÁ, J. : Indistinguishability and nearness, Busefal 83 (2000), 46–52. [4] JANIŠ, V. : Fixed points of fuzzy functions, Tatra Mt. Math. Publ. 12 (1997), 13–20. [5] KALINA, M. : Derivatives of fuzzy functions and fuzzy derivatives, Tatra Mt. Math. Publ.

12 (1997), 27–34.

[6] KELLEY, J. L. : General Topology, D. Van Nostrand Company, Inc., Princeton New Jersey, New York, 1955.

[7] KLEMENT, E. P.—MESIAR, R.—PAP, E. : Triangular Norms, Kluwer Acad. Publ., Dordrecht, 2000.

Received February 8, 2000 Department of Mathematics Faculty of Mechanical Engineering Slovak Technical University Nám. Slobody 17 SK–812 31 Bratislava SLOVAKIA E-mail: dobrakovova@sjf.stuba.sk