Tatra Mt. Math. Publ. 21 (2001), 153–162 tm

Mathematical Publications

NEARNESS DIFFERENTIABLE FUNCTIONS

Martin Kalina

ABSTRACT. Nearness differentiability of crisp functions, based on the notion of fuzzy smooth functions, is introduced in this paper. The main result concerns the corresponding calculus, including chain rule, which is developed.

This paper is a continuation of foregoing papers [K1 – K3], where fuzzy derivatives and fuzzy smooth functions based on the notion of fuzzy nearness relation were studied. The disadvantage of the already introduced fuzzy smooth functions is that the family of these functions is not closed under addition and multiplication. In this paper we have succeeded in getting rid of this disadvantage and we have derived some rules for the differentiation of the multiplication and addition of “nearness differentiable functions”, as well as the chain rule. Last two theorems concern the fuzzy derivatives of functions given parametrically and implicitly.

The notion of fuzzy nearness relation has been introduced by the author in [K1] and further developed by V. J a n i š in [J2] and by J. D o b r a k o v o v á in [D1, D2]. The notion of nearness differentiability, introduced here, is different from fuzzy differentiability, introduced by V. J a n i š in [J3].

A slighty different way follows the concept of “fuzzy calculus”, given by M. B u r g i n and A. Š o s t a k in [B-Š] and by M. B u r g i n in [B] and investigated also by V. J a n i š in [J1, J2, J4], where some continuity measures are studied.

Preliminarily, let us repeat some notions from [K2]. Let N : R × R → [0, 1]. We say that N is a relation of fuzzy nearness iff the following holds: (1) xN z = 1 ⇐⇒ qz = x, (2) xN z = zN x, (3) for each x, z, s, t if x ≤ s ≤ t ≤ z then sN t ≥ xN z , 2000 M a t h e m a t i c s S u b j e c t C l a s s i f i c a t i o n: 04A72, 26A24.

K e y w o r d s: nearness differentiability, fuzzy nearness relation, fuzzy derivative, fuzzy smooth function.

Supported by VEGA grants 1/7146/20 and 1/7076/20.

(4) for each x ∈ R, lim_{t→±∞} xN t = 0,

(5) for all α ∈ ]0, 1] and all x ∈ R there exist unique x_α > x and x_{−α} < x such that xN x_α = xN x_{−α} = α.

Example 1. Let us give some examples of fuzzy nearness relations.

(a) xN y = max{0, 1 − |x − y|}. Hence the fuzzy nearness to x is in this case a triangular fuzzy number.

(b) xN y = exp (−|x − y|). The fuzzy nearness to x is again an LR-fuzzy number (see, e.g., [M]), but in this case it has an infinite spread.

(c) We can have also non-homogeneous fuzzy nearness given, e.g., by

xN y = max{0, 1 − |x − y|} for x, y ≥ 0, max{0, 1 − 2|x − y|} for x, y ≤ 0, max{0, 1 + 2x − y} for x < 0, y > 0.

In the following X and Y will always denote fuzzy nearness relations connected with the x- and y-axes, respectively.

Let x ∈ R be any point and X be a fuzzy nearness relation. Denote by x_α and x_{−α} the points yielding x_{−α} < x < x_α and x_{−α}X x = x_αX x = α. Further denote f^′_α(x) = f(x_α) − f(x) x_α − x , f^′_{−α}(x) = f(x_{−α}) − f(x) x_{−α} − x , f_{M,α}^′(x) = max ( f_α^′(x), f_{−α}^′(x) ) , f_{m,α}^′(x) = min ( f_α^′(x), f_{−α}^′(x) ) . (1) The fuzzy α-derivative of the function f at a point x with respect to X is defined by [ f_{m,α}^′(x) , f_{M,α}^′(x) ] . The fuzzy derivative of the function f at x with respect to X is denoted by df dX (x) and defined by df dX (x) = [ lim inf α→1− f_{m,α}^′(x) , lim sup_{α→1−} f_{M,α}^′(x) ] . (2)

I.e., the fuzzy derivative is a (possibly one-point) interval. Obviously for any fuzzy nearness relations X_1 and X_2 and any function f the following holds df dX_1 (x) = df dX_2 (x) . We have just defined the notion of fuzzy derivative. This is defined for any real valued function. However, if we want to achieve “reasonable results” on fuzzy derivatives, we have to put some assumptions to the functions in question. That is why we need the following definition of a fuzzy smooth function.

Let α ∈ ]0, 1[. A continuous function f is said to be α-smooth at a point x with respect to a given couple (X ; Y) iff the following hold

lim inf z→x f^′_{−α}(z) Y lim sup_{z→x} f_α^′(z) ≥ α ,

f^′_{−α}(x) Y lim sup_{z→x} f_α^′(z) ≥ α ,

f^′_α(x) Y lim inf_{z→x} f_{−α}^′(z) ≥ α , f^′_{−α}(x) Y f_α^′(x) ≥ α . A function f is said to be fuzzy smooth at a point x with respect to a couple (X ; Y) iff there exists an α_0 ∈ ]0, 1[ such that for each 1 > α > α_0 f is α-smooth at x.

For properties of fuzzy smooth functions see [K2, K3].

Example 2. Let us consider some functions and their possible fuzzy smoothness.

(a) Let f(x) = |x|. Then for any fuzzy nearness relation X and any α ∈ ]0, 1[ there holds

f^′_{−α}(0) = −1 and f^′_α(0) = 1 ,

hence f is not fuzzy smooth at 0 with respect to any couple (X ; Y). (b) Let the function f be defined by the following f(x) = { x for x being rationals , −x for x being irrationals .

Then for any couple (X ; Y) such that

x_1X x_2 = max { 0, 1 − |x_1−x_2| } . f is fuzzy smooth at 0 and its fuzzy derivative is df dX (0) = [−1, 1] .

Nearness differentiability. Recall that the fuzzy derivative is independent of the fuzzy nearness relation Y (and even of X ). Hence, we can formulate the following definition.

A function f is nearness differentiable at a point x with respect to X if there exists a fuzzy nearness relation Y such that f is fuzzy smooth at x with respect to (X, Y).

Lemma 1. Let^{df}_{dX} (x) = {a}. Then f is nearness differentiable at x with

respect to any fuzzy nearness relation X .

P r o o f . First, consider the case^{df}_{dX} (x) = {a} ≠ ±∞. Then there holds

lim sup α→1� f^′_{Mα} = lim inf α→1� f^′_{mα} = α , hence f is differentiable at x from the classical point of view and due to Lemma 5 in [K3] it is fuzzy smooth and hence also nearness differentiable.

Now, consider the case^{df}_{dX} (x) = {∞}. Then for any X and for each y we can find α_y = inf { β ∈ ]0, 1[ : ( ∀α ∈ ]β, 1[ )( f^′_{m,α}(x) ≥ y )} . To get the nearness differentiability of f at x w.r.t. X , it is enough to take Y such that y Y f^′_{Mαy} (x) ≥ α_y . The case^{df}_{dX} (x) = {−∞} we would treat similarly.

The following example shows that the property “being nearness differentiable” depends on the choice of the fuzzy nearness relation X .

Example 3. Put x_0 = 0 and

f(x) = x · sin

(_1 x ) if x > 0 , 0 if x = 0 , −x · sin (_1 x ) if x < 0 .

Then any fuzzy nearness relation X yields^{df1}_{dX} (0) = [−1, 1]. If we put

x_1X_1x_2 = { 1 − |x_1 − x_2| if |x_1 − x_2| < 1 , 0 otherwise ,

then f_1 is fuzzy smooth at x_0 = 0 with respect to any couple (X_1 ; Y) (see Example 1 in [K2]) and hence it is nearness differentiable with respect to X_1 .

If we take any fuzzy nearness relation X_2 fulfilling the following

xX_20 =

1 − 2x if 0 < x <^1_2 , 1 + x if 0 > x > −1 , 0 otherwise ,

then for α_k = ( (2k + 1)π )_{−1} we have 0_{αk} = 2 ( (2k + 1)π )_{−1} , 0_{−αk} = − ( (2k + 1)π )_{−1} and hence | f_{1,αk}^′(0) − f_{1,−αk}^′(0) | = | | |sin ( 1 2 (2k + 1)π ) − sin ( (2k + 1)π ) | | | = 1 .

Hence f_1 is at x_0 = 0 not nearness differentiable with respect to X_2 .

Now, we turn our attention to the calculus of nearness differentiable functions. The following theorem states the calculus for functions with finite fuzzy derivatives.

Theorem 1. Let x_0 ∈ R, X be a fuzzy nearness relation, f and g be nearness

differentiable functions at x_0 with respect to X and k be a real number. If df dX (x_0) = [a_1 , b_1] ⊂ ]−∞, ∞[ and dg dX (x_0) = [a_2 , b_2] ⊂ ]−∞, ∞[ ,

then

(a) kf is a nearness differentiable function at x_0 w.r.t. X and d(kf) dX (x_0) = k df dX (x_0) ,

(b) f + g is a nearness differentiable function at x_0 w.r.t. X and d(f + g) dX (x_0) ⊆ df dX (x_0) + dg dX (x_0) , (3)

(c) f · g is a nearness differentiable function at x_0 w.r.t. X and d(f · g) dX (x_0) ⊆ g(x_0) df dX (x_0) + f(x_0) dg dX (x_0) . (4)

P r o o f .

(a) Since f is fuzzy differentiable, there exists a Y such that f is fuzzy smooth with respect to (X ; Y) at x_0 . Then, if k ≠ 0, obviously kf is fuzzy smooth with respect to (X ; Y_k) at x_0 , where (k · y_1Y_k k · y_2 = α) ⇐⇒ (y_1Yy_2 = α) .

This proves the statement “(a)” for k ≠ 0. If k = 0, the statement is trivial. (b) We have to find some fuzzy nearness relation Y such that f + g would be fuzzy smooth at x_0 w.r.t. (X ; Y). Denote

f_α(x_0) = inf { τ > 0 : ( ∀β ∈ [α, 1[ )( τ > f_{M,β}^′(x_0) − f_{m,β}^′(x_0) )} , g_α(x_0) = inf { τ > 0 : ( ∀β ∈ [α, 1[ )( τ > g_{M,β}^′(x_0) − g_{m,β}^′(x_0) )} , (5) where f_{M,β} , f_{m,β} and g_{M,β} , g_{m,β} are defined by Formula (1) . Define Y by

u Y v = α if |u − v| = f_α(x_0) + g_α(x_0) , 1 if u = v , 0 otherwise .

Then f + g is fuzzy smooth at x_0 w.r.t. (X ; Y), hence it is nearness differentiable. Formula (3) follows from the definition of fuzzy derivative (Formula (2)).

(c) There holds

f(x)g(x) − f(x_0)g(x_0) x − x_0 = f(x) − f(x_0) x − x_0 g(x) + f(x_0) g(x) − g(x_0) x − x_0 . This implies Formula (4) . We have to find some fuzzy nearness relation Y such that f · g would be fuzzy smooth with respect to (X ; Y). For some fixed α_0 < 1 denote G = sup {| g(x) | | : x X x_0 ≥ α_0} .

Define Y by

u Y v = α if |u − v| = f_α(x_0) · G + | |f(x_0) | | · g_α(x_0) ,

1 if u = v , 0 otherwise ,

where f_α(x_0) and g_α(x_0) are defined by Formula (5) . Then f ·g is α-smooth at x_0 w.r.t. (X ; Y) for all α ≥ α_0 , hence it is fuzzy smooth, end finally we get the nearness differentiability of the product.

Before formulating Chain Rule we define the multiplication of intervals by

[a_1 , b_1][a_2 , b_2] = [ min{a_1a_2 , a_1b_2 , b_1a_2 , b_1b_2}; max{a_1a_2 , a_1b_2 , b_1a_2 , b_1b_2} ] . Theorem 2. (Chain Rule for fuzzy derivatives.) Let X be any fuzzy nearness

relation, g be continuous at a point x and f be continuous at g(x). Denote g ∘ f(x) = f ( g(x) ) . Let^{df}_{dX} ( g(x) ) = [a_1 , b_1] and^{dg}_{dX} (x) = [a_2 , b_2]. Then the following holds

(a) if a_1, a_2 ≠ −∞, b_1, b_2 ≠ ∞, then d(g ∘ f) dX (x) ⊆ df dX ( g(x) ) · dg dX (x) . (b) If 0 /∈ [a_1 , b_1] and 0 /∈ [a_2 , b_2], then d(g ∘ f) dX (x) ⊆ df dX ( g(x) ) · dg dX (x) .

P r o o f . Denote g(x) = z . If g(x) ≠ g(y) for any y ≠ x, then f ( g(x) ) − f ( g(y) ) x − y = f ( g(x) ) − f ( g(y) ) g(x) − g(y) g(x) − g(y) x − y , hence

lim sup y→x f ( g(y) ) − f ( g(x) ) y − x ≤ lim sup t→z f(t) − f(z) t − z lim sup y→x g(y) − g(x) y − x and lim inf y→x f ( g(y) ) − f ( g(x) ) y − x ≥ lim inf_{t→z} f(t) − f(z) t − z lim sup y→x g(y) − g(x) y − x . If g(x) = g(y) then obviously f ( g(y) ) − f ( g(x) ) y − x = f(t) − f(z) t − z g(y) − g(x) y − x = 0 .

This proves statements (a) and (b).

Corollary to Theorem 2a. If the fuzzy derivative of g at x equals to {0} and^{df}_{dX} ( g(x) ) ⊂ ]−∞, ∞[, then^{d(g∘f)}_{dX} (x) = 0.

If g is a strictly monotone and continuous function, then g(X ) will denote a fuzzy nearness relation such that g^{−1}(x) X g^{−1}(z) = α ⇐⇒ x g(X ) z = α . Theorem 3. (Chain Rule for nearness differentiability.) Let f and g be con-

tinuous functions and X be some fixed fuzzy nearness relation. Then there holds (a) if g is strictly monotone and nearness differentiable at a point x w.r.t.

X , f is nearness differentiable at g(x) w.r.t. g(X ) and 0 /∈ dg dX (x) ⊂ ]−∞, ∞[ , then g ∘ f is nearness differentiable at x w.r.t. X .

(b) If^{dg}_{dX} = {0} and^{df}_{dX} ( g(x) ) ⊂ ]−∞, ∞[, then g ∘ f is nearness differentiable at x w.r.t. X .

(c) If^{df}_{dX} ( g(x) ) = {0} and^{dg}_{dX} (x) ⊂ ]−∞, ∞[, then g ∘ f is nearness differentiable at x w.r.t. X .

(d) If^{df}_{dX} ( g(x) ) = {a} /∈ {−∞, 0, ∞} and g is nearness differentiable at x w.r.t. X , then g ∘ f is nearness differentiable at x w.r.t. X .

P r o o f . (a) Because of the strict monotonicity of g we have f ( g(y) ) − f ( g(x) ) y − x = f ( g(y) ) − f ( g(x) ) g(y) − g(x) g(y) − g(x) y − x .

f is nearness differentiable at g(x), hence there exists a fuzzy nearness relation Y_f such that f is fuzzy smooth at g(x) w.r.t. (g(X ); Y_f ). Fix some α_0 < 1 and denote

G = sup {| | | g(z) − g(x) z − x | | | : z ∈ [x_{−α0} , x_{α0} ] \ {x} } . Define Y by u · G Y v · G = u Y_f v . Then g ∘ f is α_0-smooth at x w.r.t. (X ; Y), hence it is fuzzy smooth and hence nearness differentiable w.r.t. X .

Statements (b) and (c) are implied by Corollary to Theorem 2a and Lemma 1. (d) There holds df dX ( g(x) ) = {a} /∈ {−∞, 0, ∞} . Fix some α_0 < 1 and put

F = sup {| | | | f(z) − f ( g(x) ) z − g(x) | | | | | : z ∈ [t_{−α0} , t_{α0} ] \ {g(x)} } , where t_{−α0} g(X ) g(x) = g(x) g(X )t_{α0} = α_0 . The nearness differentiability of g at x w.r.t. X implies the existence of Y_g such that g is fuzzy smooth at x w.r.t. (X , Y_g). This implies that g ∘ f is fuzzy smooth at x w.r.t. (X , Y), where Y is defined by (u · F ) Y v · G = u Y_g v . Consequently we get the nearness differentiability of g ∘ f at x w.r.t. X .

Similarly to the fuzzy derivative we can define also partial fuzzy derivative. For the partial derivatives of functions of two variables we will use the following notation ∂f ∂X (x, y) ; ∂f ∂Y (x, y) , and in the notation of the partial α-derivatives we will use the denominators ∂X_α , or ∂Y_α .

Before formulating the results concerning functions given parametrically and implicitly yet one more notation is needed. Let Z be a fuzzy nearness relation. Then we denote z ∈_{Zα} [a, b] ⇐⇒ ( z ∈ [a, b] or zZa ≥ α or zZb ≥ α ) . Let φ : R → R be a strictly monotone function. Then we denote φ(X ) the fuzzy nearness relation defined by t̃ φ(X ) t = φ^{−1}(t̃) X φ^{−1}(t) .

Theorem 4. Let φ : R → R be a continuous, strictly monotone function and ψ : R → R and F : R^2 → R be continuos functions. Fix some t ∈ R. Denote

T , X , Y some fuzzy nearness relations, connected with the variables t, x, y , respectively, and further denote x = φ(t) , y = ψ(t) , f(t) = F ( φ(t), ψ(t) ) . Assume the fuzzy derivatives^{∂F}_{∂X} (x, y),^{dφ}_{dT} (t),^{∂F}_{∂Y} (x, y),^{dψ}_{dT} (t) to be finite (i.e., to be subsets of ]−∞, ∞[). Then if there exists a fuzzy nearness relation Z such that F_{−α,y}^′ ( φ(t_{−α}), y ) ∈_{Zα} ∂F ∂Y_α (x, y) & F_{α,y}^′ ( φ(t_α), y ) ∈_{Zα} ∂F ∂Y_α (x, y) (using the straightforward modification of the notation of Formulas (1) ), then df dT (t) ⊆ ∂F ∂X (x, y) dφ dT (t) + ∂F ∂Y (x, y) dψ dT (t) . P r o o f . f(t) − f(s) t − s = F ( φ(t), ψ(t) ) − F ( φ(t), ψ(s) ) t − s + F ( φ(t), ψ(s) ) − F ( φ(s, ψ(s) ) s − t . Now we can use the Chain Rule (Theorem 2) and we get the assertion in question.

Theorem 5. Let F : R^2 → R be a continuous function such that F (x, y) = c defines a function ψ : R → R (ψ(x) = y ). Denote by X and Y some fuzzy nearness relations connected with the variables x and y , respectively. Let the fuzzy derivatives^{∂F}_{∂X} (x, y),^{∂F}_{∂Y} (x, y),^{dψ}_{dX} (x) be finite (i.e., to be subsets of ]−∞, ∞[). Assume that there is a fuzzy nearness relation Z such that F_{−α,y}^′(x_{−α} , y) ∈_{Zα} ∂F ∂Y_α (x, y) & F_{α,y}^′(x_α , y) ∈_{Zα} ∂F ∂Y_α (x, y) . Then − ∂F ∂X (x, y) ⊆ ∂F ∂Y (x, y) dψ dX (x) . P r o o f . There holds 0 = F ( x, ψ(x) ) − F (s, ψ(s) ) x − s = F ( x, ψ(x) ) − F ( s, ψ(x) ) x − s + F ( s, ψ(x) ) − F ( s, ψ(s) ) x − s , hence, for y(s) ≠ y(x) − F ( x, ψ(x) ) − F ( s, ψ(s) ) x − s = F ( s, ψ(s) ) − F ( s, ψ(x) ) s − x . The assertion in question is implied by the Chain Rule (Theorem 2).

REFERENCES

[B] BURGIN, M. : General approach to continuity measures, Fuzzy Sets and Systems 105 (1999), 225–231.

[B-Š] BURGIN, M.—ŠOSTAK, A. : Fuzzification of the theory of continuous functions, Fuzzy Sets and Systems 62 (1994), 71–81.

[D1] DOBRAKOVOVÁ, J. : On a fuzzy nearness, in: Strojné inžinierstvo, STU Bratislava, Stroj.

fakulta (Mechanical Engineering) 1 (1998), 33–37.

[D2] DOBRAKOVOVÁ, J. : Nearness, convergence and topology, Busefal 80 (1999), 17–23. [J1] JANIŠ, V. : Fixed points of fuzzy functions, Tatra Mt. Math. Publ. 12 (1997), 13–19. [J2] JANIŠ, V. : Fuzzy uniformly continuous functions, Tatra Mt. Math. Publ. 14 (1998), 177–180.

[J3] JANIŠ, V. : Nearness derivatives and fuzzy differentiability, Fuzzy Sets and Systems 108 (1999), 99–102.

[J4] JANIŠ, V. : Fuzzy mappings and fuzzy methods for crisp mappings, Acta Univ. Mathaei Belii Nat. Sci. Ser. Math. 6 (1998), 31–47.

[K1] KALINA, M. : Derivatives of fuzzy functions and fuzzy derivatives, Tatra Mt. Math. Publ.

12 (1997), 27–34.

[K2] KALINA, M. : On fuzzy smooth functions, Tatra Mt. Math. Publ. 14 (1998), 153–159. [K3] KALINA, M. : Fuzzy smoothness and sequences of fuzzy smooth functions, Fuzzy Sets and Systems 105 (1999), 233–239.

[M] MESIAR, R. : Computation over LR-fuzzy numbers, in: Proc. CIFT ’95, Trenton (1995), pp. 165–176.

Received May 9, 2000 Department of Mathematics Faculty of Civil Engineering Slovak University of Technology Radlinského 11 SK–813 68 Bratislava SLOVAKIA E-mail: kalina@vox.svf.stuba.sk