Tatra Mt. Math. Publ. 21 (2001), 105–123 tm

Mathematical Publications

STATIC AND DYNAMIC COMPOSITE PREFERENCES: A POSSIBLE FORMALIZATION

David R. Alexander^∗ — Emmanuel E. Haven^†

ABSTRACT. We define and provide a rationale for what we call a composite fuzzy preference. We define two types of ignorance a decision maker may face, which we refer to as pattern ignorance and listing ignorance. The former relates to the quality of information and the latter relates to the quantity of information. We first consider a definition of static composite preference which combines these two forms of ignorance. We then extend this to a dynamic composite preference in order to describe the temporal evolution of uncertainty. We propose a formalization by which we can represent the convergence of a fuzzy preference to a crisp preference.

1. Introduction

Consider a classical economic decision maker who maximizes utility subject to a budget constraint. For simplicity, suppose there are two infinitely divisible consumption goods which are consumed in quantities x and y and that the price of both goods is taken to be 1. Also, suppose the economic agent derives utility from consumption according to U(x, y) =^{xy}_{x+y} by spending his income I . The optimal consumption decision is the solution to sup [ xy x + y ] subject to x + y ≤ I , and x, y ∈ R_+ . (1)

Using the standard Lagrangian approach with L =^{xy}_{x+y} − λ(x + y − I) we solve ∂L ∂x = x^2 (x + y)^2 − λ = 0 , ∂L ∂y = y^2 (x + y)^2 − λ = 0 , ∂L ∂λ = −x − y + I = 0 (2) 2000 M a t h e m a t i c s S u b j e c t C l a s s i f i c a t i o n: 90A06. K e y w o r d s: composite preferences, convergence.

∗ The financial help from NSERC (Natural Sciences and Engineering Research Council of Canada) and McGill University in the form of a Max Bell Fellowship is gratefully acknowledged. † The financial help from SSHRC (Social Sciences and Humanities Research Council of Canada), FCAR (Fonds pour les Chercheurs et l’Aide à la Recherche, Quebec) is also gratefully acknowledged.

for the optimal consumption x^∗ = y^∗ =^1_2 I . The optimal utility is then U^∗ = U(x^∗, y^∗) =^1_4 I . This agent has clear preferences over consumption bundles (x, y), given by U(x, y), and has a clear optimization procedure to follow, which needs to be performed only once, yielding the optimal consumption for any income level I .

Now, consider the case where the decision maker is restricted to consuming integral quantities of the two goods, that is, x, y must belong to N.^1 The agent’s problem is now sup [ xy x + y ] subject to x + y ≤ I , and x, y ∈ N . (3)

The agent still has clear preferences over consumption bundles given by U(x, y) but the use of a Lagrangian is no longer possible. Without some formal optimization procedure to follow, how should the agent proceed to find the optimal consumption bundle for any income level I ?

In complete ignorance of the structure of the problem (2), the diligent decision maker would start by making a primary list Ξ = {_{xy} x+y } x,y∈N with the

intention of identifying, for each income level I , the largest element U_I of this list such that x + y ≤ I . However, this list is infinitely long and so, in any finite period of time, it can never be completely listed and neither can all of the optimal elements U_I be identified. The inability to work with the complete list but only with finite sublists is what we shall call the exhaustive listing problem. The decision maker must therefore operate in ignorance of the entire list. We refer to this form of ignorance as listing ignorance. Listing ignorance can be completely eliminated if the agent is able to discern and decisively establish a finite pattern or formula completely describing the optimal elements U_I for each income level I . For instance, in the case of infinitely divisible consumption quantities, the Lagrangian procedure leads to the formula U_I =^1_4 I , making complete knowledge of the entire list unnecessary. However, the process of discerning a pattern and proving its validity is complicated and involves another form of ignorance, which we shall call pattern ignorance.

When approaching this optimization problem, the agent does not know in advance whether or not a formula exists which describes all optimal elements U_I . If a formula does not exist, then the agent would need the entire list to find the sublist of all optimal elements. Since the agent can only work with finite lists he is only able to find a finite number of the optimal elements. The agent would then clearly prefer to have the largest list of optimal elements as possible. The listing preference over these finite lists is: the longer the list, the more preferred it

1The issue of indivisibility can have important implications; most of the financial literature assumes the infinite divisibility of assets. However, several papers have shown that such assumption has important consequences for consumption choice.

STATIC AND DYNAMIC COMPOSITE PREFERENCES: A POSSIBLE FORMALIZATION

is. If a formula does exist, the agent still prefers longer lists over the shorter ones since the longer lists offer more information about the underlying pattern and help in its discovery and proof. If the pattern is established, then all lists become unnecessary and hence of equal worth. Thus, in the process of investigating the possible existence of a pattern or formula, there is no reversal of preferences over the lengths of lists: longer lists are always preferable.

As mentioned, the process of uncovering a possible pattern is more complicated. From some sublist Ξ^′ of the primary list Ξ, the agent may get a hunch about a pattern the optimal elements U_I follow. From the point of view of listing preference, the primary list is preferred to any of its sublists. But, the promise of detecting a pattern makes the sublist more preferable from a pattern detection point of view. In this sense, the pattern preferences should dominate over listing preference (a very nice example of this is given in [11] where the complete solution, or pattern, is found). Upon further examination of Ξ^′ the agent then may collect more evidence supporting his hunch and consider a further sublist Ξ^{′′} which is more preferred than Ξ^′ . Suppose that on considering Ξ^{′′} in more detail, the agent’s hunch turns out to be invalidated. The sublist Ξ^{′′} is then rejected in favor of Ξ^′ , a reversal of preferences, and it may even be the case that the invalidation of the hunch causes a rejection of Ξ^′ in favor of Ξ, so that pattern detection must start again from the beginning. The main point is that there are possibly reversals of preference from the pattern detection point of view.

Thus, the overall preferences over sublists of Ξ is a complicated interaction between pattern recognition and the amount of information listed. We model this by constructing a composite preference structure involving both the listing preferences and pattern detection preferences. Until a pattern is decisively established or until every single element has been examined, there is inherent uncertainty or doubt about the validity of any pattern that is being pursued. This suggests that pattern recognition preferences ought to be fuzzy. Since there is doubt about the pattern validity, there will also be doubt about how preferable a longer list is to a shorter list. For example, if we feel we are close to proving a pattern then we do not really care much about longer lists. That is, lists become more and more similar in terms of preferability. If instead we feel we are far from a pattern, then we will strongly prefer long lists to short ones. This suggests that preferences over listing lengths should also be fuzzy. Thus, we shall develop a composite fuzzy preference structure which incorporates these ideas.

2. CPS’s (Classical Preference Structures)

A binary relation R on a set of outcomes O can be viewed simultaneously as a subset of O × O and as a map R : O × O → {0, 1}. For a, b ∈ O × O , if

R(a, b) = 1 then a and b are related and if R(a, b) = 0 then they are not. The transpose R^t and complement co R of R are defined by R^t (a, b) = R(b, a) and co R(a, b) = 1−R(a, b) which in turn determine the sets R^t = { (a, b) : (b, a) ∈ R } and co R = { (a, b) : (a, b) /∈ R } . Definition 2.1. [Classical Preference Structures] [12] A classical, or crisp^2,

preference structure on O is a triplet (P, I, J) of binary relations on O satisfying (i) P is asymmetric: P ∩ P^t = ∅, (ii) I is reflexive and symmetric: ∀a ∈ O , I(a, a) = 1 and I = I^t , (iii) J is irreflexive and symmetric: ∀a ∈ O , J(a, a) = 0 and J = J^t , (iv) P ∩ I = P ∩ J = I ∩ J = ∅, (v) (P, I, J) is complete: P ∪ P^t ∪ I ∪ J = O × O ,

P is the strict preference relation, I is the indifference relation, and J is the incomparability relation on O . The asymmetry of P implies the irreflexivity of P : (a, b) ∈ P ∩ P^t ⇐⇒ P (a, b) = P (b, a) = 1. But, P ∩ P^t = ∅ then implies that for all a, b we have P (a, b) = 0 or P (b, a) = 0. Hence, P (a, a) = 0 for all a so P is irreflexive. Also, {P, P^t, I, J} is a partition of O × O so the unions in the completeness condition are disjoint: P ∩ P^t = P ∩ I = P ∩ J = I ∩ J = ∅ by definition and P^t ∩ I = (P ∩ I)^t = ∅^t = ∅ and similarly, P^t ∩ J = ∅. If we define the reflexive binary relation R = P ∪ I , known as the weak preference relation associated with (P, I, J), the following well known result establishes a one-to-one correspondence between R and (P, I, J).

Theorem 2.2. If R is a reflexive binary relation on O then the triplet of

binary relations on O defined by (P, I, J) = (R ∩ co R^t, R ∩ R^t, co R ∩ co R^t) is a CPS on O . Conversely, if (P, I, J) is a CPS on O and we define a reflexive binary relation R on O by R = P ∪ I then the triplet (P, I, J) can be represented as (P, I, J) = (R ∩ co R^t, R ∩ R^t, co R ∩ co R^t).

3. CPS’s without incomparability

Since ∅ is a irreflexive and symmetric binary relation on O we can consider CPS’s of the form (P, I) ≡ (P, I, ∅) which we refer to as CPS’s without incomparability.

Proposition 3.1. Let P and I be binary relations on O . The pair (P, I)

is a CPS without incomparability on O if and only if the following properties are satisfied:

2The term crisp and classical are synonymous.

STATIC AND DYNAMIC COMPOSITE PREFERENCES: A POSSIBLE FORMALIZATION

(i) P is asymmetric: P ∩ P^t = ∅, (ii) I is reflexive and symmetric: ∀a ∈ O , I(a, a) = 1 and I = I^t , (iii) P ∩ I = ∅, (iv) (P, I) is complete: P ∪ P^t ∪ I = O × O .

P r o o f . (⇒). If (P, I) ≡ (P, I, ∅) is a CPS without incomparability then (i)–(iv) above all follow from (i)–(v) of Definition 2.1 with J = ∅. (⇐) Let P, I be binary relations on O satisfying the above properties. (i) and (ii) of Definition 2.1 are implied directly by (i) and (ii) above. (iii) of Definition 2.1 is satisfied with J = ∅. Since P ∩ ∅ = I ∩ ∅ = ∅ holds trivially and P ∩I = ∅, by (iii) above we have that (iv) of Definition 2.1 is satisfied for J = ∅. By (iv) above, P ∪ P^t ∪ I = O × O so P ∪ P^t ∪ I ∪ ∅ = P ∪ P^t ∪ I = O × O , verifying that (v) of Definition 2.1 holds for J = ∅.

Again, P is irreflexive and {P, P^t, I} is a partition of O × O .

4. (s, ϕ)-FPS’s (Fuzzy Preference Structures)

A fuzzy binary relation R on a set of alternatives O is viewed as a map R : O × O → [0, 1] which allows for degrees of relation between the classical extremes of 0 or 1. The transpose R^t is defined by R^t (a, b) = R(b, a). The binary set operations of union and intersection as well as the unary operation of complementation for fuzzy sets and relations are described by t-norms, t-conorms, and involutive negators. A t-norm T and a t-conorm S are increasing, associative and commutative maps T , S : [0, 1] × [0, 1] → [0, 1] such that T (1, x) = x and S(0, x) = x for all x ∈ [0, 1]. An involutive negator N is a map N : [0, 1] → [0, 1] such that N (0) = 1, N (1) = 0 and N ( N (x) ) = x for all x ∈ [0, 1]. For fuzzy binary relations Q and R, the T -intersection, the S-union, and the N -complement are defined for all a, b ∈ O by (Q∩_T R)(a, b) = T ( Q(a, b), R(a, b) ) , (Q ∪_S R)(a, b) = S ( Q(a, b), R(a, b) ) , and (co_N R)(a, b) = N ( R(a, b) ) , respectively. Often, we suppress references to the pair (a, b) and write Q ∩_T R = T (Q, R), Q ∪_S R = S(Q, R), and co_N R = N (R). In order to have a fuzzy analogue of the classical de Morgan laws X ∩ Y = co(co X ∪ co Y ) and X ∪ Y = co(co X ∩ co Y ) for sets X and Y one requires that S be the N -dual t-conorm of T defined by T^N (x, y) = N ( T ( N (x), N (y) )) . The triplet of fuzzy set operations (T , T^N , N ) is called a de Morgan triplet. An involutive negator N can be completely characterized by a strictly increasing continuous map ϕ : [0, 1] → [0, 1] with ϕ(0) = 0 and ϕ(1) = 1, called a [0, 1]-automorphism, by N (x) ≡ N_ϕ(x) = ϕ^{−1} ( 1 − ϕ(x) ) [14]. Henceforth, an involutive negator is denoted N_ϕ where ϕ is the characterizing [0, 1]-automorphism. Also define the

DAVID R. ALEXANDER — EMMANUEL E. HAVEN

ϕ-transform of a t-norm T by T_ϕ(x, y) = ϕ^{−1} ( T ( ϕ(x), ϕ(y) )) . Thus, by spec-

ifying a t-norm T and a [0, 1]-automorphism ϕ one obtains the de Morgan

triplet ( T_ϕ, (T_ϕ)^{Nϕ} , N_ϕ ) . A particularly important class of t-norms used in the

construction of de Morgan triplets is the Frank family {T^s}_{s∈[0,∞]} defined by

T^0(x, y) = lim_{s→0} T^s(x, y) = min{x, y} ,

T^1(x, y) = lim_{s→1} T^s(x, y) = xy ,

T^∞(x, y) = lim_{s→∞} T^s(x, y) = max{x + y − 1, 0} ,

T^s(x, y) = log_s [ 1 + (s^x − 1)(s^y − 1)(s − 1)^{−1} ] for s ∈ (0, 1) ∪ (1, ∞) .

Note that for any s ∈ [0, ∞] and x, y ∈ [0, 1] we have T^s(x, 0) = T^s(0, y) = 0.

The resulting family of de Morgan triplets (T^s_ϕ , (T^s_ϕ )^{Nϕ} , N_ϕ) is parametrized

by s ∈ [0, ∞] and [0, 1]-automorphisms ϕ. For notational simplicity we shall

use ∩^s_ϕ , ∪^s_ϕ , and co_ϕ to denote the set operations ∩_T s_ϕ , ∪_{(T} s_{ϕ )}N_ϕ , and co_{Nϕ} and

we record their forms below:

Lemma 4.1. For fuzzy binary relations Q and R, a [0, 1]-automorphism ϕ

and s ∈ (0, 1) ∪ (1, ∞), the set operations are explicitly given by

(i) Q ∩^0_ϕ R = min{Q, R} , Q ∪^0_ϕ R = max{Q, R} , (ii) Q ∩^1_ϕ R = ϕ^{−1} ( ϕ(Q) ϕ(R) ) , Q ∪^1_ϕ R = ϕ^{−1} ( ϕ(Q) + ϕ(R) − ϕ(Q) ϕ(R) ) , (iii) Q ∩^∞_ϕ R = ϕ^{−1} ( max { ϕ(Q) + ϕ(R) − 1, 0 }) , Q ∪^∞_ϕ R = ϕ^{−1} ( min { ϕ(Q) + ϕ(R), 1 }) , (iv) Q ∩^s_ϕ R = ϕ^{−1} ( log_s [ 1 + ( s^{ϕ(Q)} − 1 )( s^{ϕ(R)} − 1 ) (s − 1)^{−1} ]) , Q ∪^s_ϕ R = ϕ^{−1} ( 1 − log_s [ 1 + ( s^{1−ϕ(Q)} − 1 )( s^{1−ϕ(R)} − 1 ) (s − 1)^{−1} ]) . P r o o f . All follow immediately from the definitions of ∩^s_ϕ , ∪^s_ϕ , and N_ϕ

along with the fact that ϕ is strictly increasing, order preserving and invertible.

As has been thoroughly argued in [2], [14], [15], to ensure that the preference

modeller has complete freedom in assigning values in [0, 1] to the relations in

a fuzzy preference structure, one has little choice but to work with the special

case s = ∞. This special family of de Morgan triplets ( T^∞_ϕ , (T^∞_ϕ )^{Nϕ} , N_ϕ ) , parametrized by ϕ, is distinguished by referring to their members as Łukasiewicz

triplets. The most appropriate fuzzy analogue of a classical preference structure

is built upon a Łukasiewicz triplet as follows:

STATIC AND DYNAMIC COMPOSITE PREFERENCES: A POSSIBLE FORMALIZATION

Definition 4.2 [(s, ϕ)-FPS]. [14] Let ϕ be a [0, 1]-automorphism and let

s ∈ [0, ∞]. A (s, ϕ)-FPS on O is a triplet (P, I, J) of fuzzy binary relations on O satisfying

(i) I is reflexive and symmetric: ∀a ∈ O , I(a, a) = 1 and I = I^t , (ii) J is irreflexive and symmetric: ∀a ∈ O , J(a, a) = 0 and J = J^t , (iii) P ∩^∞_ϕ I = P ∩^∞_ϕ J = ∅, (iv) co_ϕ(P ∪^∞_ϕ I) = P^t ∪^∞_ϕ J ,

(v) if s ∈ {0, 1, ∞} then P ∩^s_ϕ P^t = I ∩^{1/s}_ϕ J ,

if s ∈ (0, 1) ∪ (1, ∞) then s^{ϕ(P ∩sϕP t )} + s^{−ϕ(I∩1/sϕ J)} = 2, where we make the identifications 1/0 = ∞ and 1/∞ = 0 in condition (v).

As with classical preference structures, the fuzzy binary relation P is the strict preference relation, I is the indifference relation, and J is the incomparability relation on O . For technical reasons, the slightly stronger completeness condition co_ϕ(P ∪^∞_ϕ I) = P^t ∪^∞_ϕ J is used instead of the obvious fuzzy analogue P ∪^∞_ϕ P^t ∪^∞_ϕ I ∪^∞_ϕ J = O × O of classical completeness. In addition, the fuzzy analogues I ∩^∞_ϕ J = ∅ and P ∩^∞_ϕ P^t = ∅ of the classical conditions I ∩ J = ∅ and P ∩ P^t = ∅ appear to be missing. However, these three conditions all follow from the definition of a (s, ϕ)-FPS.

Proposition 4.3. Let (P, I, J) be a (s, ϕ)-FPS. Then

(i) ϕ(P ) + ϕ(I) ≤ 1 and ϕ(P ) + ϕ(J) ≤ 1, (ii) ϕ(P^t) + ϕ(I) ≤ 1 and ϕ(P^t) + ϕ(J) ≤ 1, (iii) ϕ(P ) + ϕ(P^t) + ϕ(I) + ϕ(J) = 1, (iv) ϕ(P^t) + ϕ(P ) ≤ 1 and ϕ(I) + ϕ(J) ≤ 1, (v) ϕ(P ) + ϕ(P^t) + ϕ(I) ≤ 1 and ϕ(P ) + ϕ(P^t) + ϕ(J) ≤ 1, (vi) ϕ(P ) + ϕ(I) + ϕ(J) ≤ 1 and ϕ(P^t) + ϕ(I) + ϕ(J) ≤ 1, (vii) P ∪^∞_ϕ P^t ∪^∞_ϕ I ∪^∞_ϕ J = O × O , (viii) P ∩^∞_ϕ P^t = I ∩^∞_ϕ J = P^t ∩^∞_ϕ I = P^t ∩^∞_ϕ J = ∅.

P r o o f . By the definition of ∩^s_ϕ , P ∩^∞_ϕ I = ∅ ⇐⇒ ϕ(P ) + ϕ(I) ≤ 1 and P ∩^∞_ϕ J = ∅ ⇐⇒ ϕ(P )+ϕ(J) ≤ 1, showing (i). Since P^t∩^∞_ϕ I = (P ∩^∞_ϕ I)^t = ∅^t = ∅ and P^t ∩^∞_ϕ J = (P ∩^∞_ϕ J)^t = ∅^t = ∅, (ii) again follows by definition of ∩^s_ϕ . For (iii), we use (i) and (ii) to observe that co_ϕ(P ∪^∞_ϕ I) = ϕ^{−1} ( 1 − ϕ(P ∪^∞_ϕ I) ) = ϕ^{−1} ( 1 − min { ϕ(P ) + ϕ(I), 1 }) = ϕ^{−1} ( max { 1 − ϕ(P ) − ϕ(I), 0 }) = ϕ^{−1} ( 1 − ϕ(P ) − ϕ(I) ) and P^t ∪^∞_ϕ J = ϕ^{−1} ( min { ϕ(P^t) + ϕ(J), 1 }) = ϕ^{−1} ( ϕ(P^t) + ϕ(J) ) . Equating these and applying ϕ yields (iii). (iv), (v) and (vi) and follow trivially from (iii). Suppressing the pairs (a, b), and using (i)–(vi), we have

P ∪^∞_ϕ P^t ∪^∞_ϕ I ∪^∞_ϕ J = ϕ^{−1} ( min { ϕ(P ) + ϕ(P^t ∪^∞_ϕ I ∪^∞_ϕ J), 1 }) = ϕ^{−1} ( min { ϕ(P ) + min [ ϕ(P^t) + ϕ(I ∪^∞_ϕ J), 1 ] , 1 }) = ϕ^{−1} ( min { ϕ(P ) + min [ ϕ(P^t) + min⟨ϕ(I) + ϕ(J), 1⟩, 1 ] , 1 }) = ϕ^{−1} ( ϕ(P ) + ϕ(P^t) + ϕ(I) + ϕ(J) ) = ϕ^{−1}(1) = 1

which proves (vii). (viii) follows directly from (ii) and (iv) and the definition of ∩^∞_ϕ .

It has been shown [14] that in order to establish a 1–1 correspondence between fuzzy preference structures and weak fuzzy preference relations, the additional characterizing condition (v) in Definition 4.2 must be imposed. This results in the following theorem:

Theorem 4.4. [14] Let ϕ be a [0, 1]-automorphism and let s ∈ [0, ∞].

If R is a reflexive fuzzy binary relation on a O then the triplet (P, I, J) = ( R ∩^{1/s}_ϕ co_ϕ R^t, R ∩^s_ϕ R^t, co_ϕ R ∩^s_ϕ co_ϕ R^t ) is a (s, ϕ)-FPS on O . Conversely, if (P, I, J) is a (s, ϕ)-FPS on O and we define a fuzzy reflexive binary relation R on O by R = P ∪^∞_ϕ I then (P, I, J) = ( R∩^{1/s}_ϕ co_ϕ R^t, R∩^s_ϕ R^t, co_ϕ R∩^s_ϕ co_ϕ R^t ) . The relation R = P ∪^∞_ϕ I in the prior theorem is the weak preference relation associated with the (s, ϕ)-FPS (P, I, J).

5. (s, ϕ)-FPS’s without incomparability

As in the classical case, J = ∅ is an irreflexive, symmetric fuzzy binary relation on O so we can consider (s, ϕ)-FPS’s without incomparability, that is, (s, ϕ)-FPS’s of the form (P, I) ≡ (P, I, ∅).

Proposition 5.1. Let ϕ be a [0, 1]-automorphism and let s ∈ [0, ∞]. Also,

let P and I be fuzzy binary relations on O . The triplet (P, I) is a (s, ϕ)-FPS without incomparability on O if and only if the following are satisfied:

(i) I is reflexive and symmetric: ∀a ∈ O , I(a, a) = 1 and I = I^t , (ii) P ∩^∞_ϕ I = ∅,

(iii) co_ϕ(P ∪^∞_ϕ I) = P^t , (iv) P ∩^s_ϕ P^t = ∅.

P r o o f . (⇒) Let (P, I, ∅) be a (s, ϕ)-FPS. Condition (i) and (ii) above follow directly from Conditions (i) and (iii) of Definition 4.2. The fact that

STATIC AND DYNAMIC COMPOSITE PREFERENCES: A POSSIBLE FORMALIZATION

P^t ∪^∞_ϕ ∅ = ϕ^{−1} ( min { ϕ(P^t) + ϕ(∅), 1 }) = ϕ^{−1} ( min { ϕ(P^t), 1 }) = P^t combined with (iv) of Definition 4.2 yields (iii) above. For (iv) above, observe that I ∩^{1/s}_ϕ ∅ = ∅ for all s ∈ [0, ∞]. Combining this with (v) of Definition 4.2 we have (iv). (⇐) Let P, I be fuzzy binary relations satisfying the above properties. (i) of Definition 4.2 follows directly from (i) above. Since ∅ is irreflexive and symmetric, (ii) of Definition 4.2 also holds. (iii) above along with P ∩^∞_ϕ ∅ = ∅ gives (iii) of Definition 4.2. P^t ∪^∞_ϕ ∅ = P^t with (iii) above gives (iv) of Definition 4.2. Since I ∩^{1/s}_ϕ ∅ = ∅ and P ∩^s_ϕ P^t = ∅ from (iv) above Condition (v) of Definition 4.2 follows.

Corollary 5.2. Let ϕ be a [0, 1]-automorphism and let s ∈ [0, ∞]. If R is

a reflexive fuzzy binary relation on O such that co_ϕ R ∩^s_ϕ co_ϕ R^t = ∅ then the pair (P, I) = ( R ∩^{1/s}_ϕ co_ϕ R^t, R ∩^s_ϕ R^t ) is a (s, ϕ)-FPS on O without incomparability. Conversely, if (P, I) is a (s, ϕ)-FPS on O without incomparability and we define a fuzzy reflexive binary relation R on O by R = P ∪^∞_ϕ I then (P, I) = ( R ∩^{1/s}_ϕ co_ϕ R^t, R ∩^s_ϕ R^t ) . P r o o f . Follows immediately from Theorem 4.4 with J = ∅.

Corollary 5.3. Let (P, I) be a (s, ϕ)-FPS without incomparability. Then

(i) ϕ(P ) + ϕ(I) ≤ 1, ϕ(P^t) + ϕ(I) ≤ 1 and ϕ(P^t) + ϕ(P ) ≤ 1, (ii) ϕ(P ) + ϕ(P^t) + ϕ(I) = 1, (iii) P ∪^∞_ϕ P^t ∪^∞_ϕ I = O × O ,

(iv) P ∩^∞_ϕ P^t = P^t ∩^∞_ϕ I = ∅.

P r o o f . Follows immediately from Proposition 4.3 with J = ∅.

6. Pattern and list preferences as FPS’s

Due to the uncertainty involved in knowing how long a list needs to be in order to detect a pattern and in the actual detection and verification of a pattern, we model both list and pattern preferences as FPS’s: let (P_p, I_p) be a (s_p, ϕ_p)-FPS and (P_l, I_l) a (s_l, ϕ_l)-FPS, both without incomparability. (P_p, I_p) will be our model of pattern preferences and (P_l, I_l) our model of list preferences.

As discussed in the introduction, it appears appropriate to model pattern preferences as reversible so as to allow for the discarding of a hypothesized pattern if disproven. It also appears appropriate to model list preferences as irreversible. These modeling imperatives place certain restrictions on the possible choices of (s_p, ϕ_p) and (s_l, ϕ_l). We formalize this as follows:

Assumption 6.1. Strict pattern preferences are reversible: ∃ a, b ∈ O ,

P_p (a, b) > 0 and P^t_p (a, b) > 0.

Assumption 6.2. Strict list preferences are irreversible: ∀ a, b ∈ O, P_l(a, b) >

0 =⇒ P^t_l (a, b) = 0, or, equivalently, ∀ a, b ∈ O, P_l(a, b) = 0 or P^t_l (a, b) = 0.

Proposition 6.3. A strict fuzzy preference relation P on O is reversible if

and only if s = ∞. Hence, P is irreversible if and only if s ∈ [0, ∞).

P r o o f . Since ϕ(0) = 0 and ϕ is order preserving, P is reversible if and

only if there is a pair (a, b) such that ϕ ( P (a, b) ) > 0 and ϕ ( P^t (a, b) ) > 0.

The set of restrictions on the P and P^t of a (s, ϕ)-FPS (P, I) without in-

comparability are listed in Proposition 5.1 and Corollary 5.3. It is clear that

conditions (i), (ii), and (iii) of Proposition 5.1 and all conditions of Corol-

lary 5.3 do not rule out the possibility of reversibility. The key condition

then is the characterizing condition (iv) of Proposition 5.1: ( P ∩^s_ϕ P^t ) (a, b) = 0 for all a, b, which we consider by cases. For s = 0 : ( P ∩^0_ϕ P^t ) (a, b) = min { P (a, b), P^t (a, b) } = 0 ⇐⇒ P (a, b) = 0 or P^t (a, b) = 0. Thus, the s = 0

case is irreversible. For s = 1 : ( P ∩^1_ϕ P^t ) (a, b) = ϕ^{−1} ( ϕ ( P (a, b) ) ϕ ( P^t (a, b) )) = 0 ⇐⇒ ϕ ( P (a, b) ) ϕ ( P^t (a, b) ) = 0 ⇐⇒ ϕ ( P (a, b) ) = 0 or ϕ ( P^t (a, b) ) = 0.

Thus, the s = 1 case also irreversible. For s = ∞, the characterizing condition

is not an additional condition; it follows from the definition (see Corollary 5.3).

The characterizing condition in this case is ϕ ( P (a, b) ) + ϕ ( P^t (a, b) ) ≤ 1,

which does not rule out reversibility. Finally, for s ∈ (0, 1) ∪ (1, ∞), we have

(P ∩^s_ϕ P^t)(a, b) = ϕ^{−1} ( log_s [ 1 + ( s^ϕ (_{P (a,b)}) − 1 )( s^ϕ (_{P t (a,b)}) − 1 ) (s − 1)^{−1} ]) = 0 ⇐⇒ ( s^ϕ (_{P (a,b)}) − 1 )( s^ϕ (_{P t (a,b)}) − 1 ) = 0 ⇐⇒ ϕ ( P (a, b) ) = 0 or ϕ ( P^t (a, b) ) = 0 and so we again have irreversibility.

Thus, in selecting appropriate FPS’s for pattern and listing preferences,

(P_p, I_p) must be a (∞, ϕ_p)-FPS and (P_l, I_l) must be a (s_l, ϕ_l)-FPS for some

s_l ∈ [0, ∞).

7. Pattern and list preferences as a composite FPS

We are interested in constructing a new (s_c, ϕ_c)-FPS without incompara-

bility, (P_c, I_c), which incorporates both of the more fundamental preference

structures (P_p, I_p) and (P_l, I_l), and to determine appropriate s_c ∈ [0, 1] and

[0, 1]-automorphisms ϕ_c . In addition, we would like to incorporate the idea that

pattern preferences dominate list preferences. To achieve this, we first consider

a composite of two CPS’s by constructing a composite weak preference relation.

STATIC AND DYNAMIC COMPOSITE PREFERENCES: A POSSIBLE FORMALIZATION

We then fuzzify this weak preference relation and, after verifying that the resulting binary relation is reflexive, we use Theorem 4.4 to construct an FPS.

Suppose for the moment that (P_l, I_l) and (P_p, I_p) are CPS’s without incomparability. Since {P_p, P^t_p, I_p} and {P_l, P^t_l , I_l} are both partitions of O × O we can construct a finer partition of O × O as follows:

O × O = [P_p ∩ P_l ] ∪ [P_p ∩ P^t_l ] ∪ [P_p ∩ O_l ]

∪ [P^t_p ∩ P_l ] ∪ [P^t_p ∩ P^t_l ] ∪ [P^t_p ∩ O_l ]

∪ [I_p ∩ P_l ] ∪ [I_p ∩ P^t_l ] ∪ [I_p ∩ O_l ] .

The composite P_c of P_l and P_p will involve some assignment of the above 9 sets. Assume that P_p dominates P_l in the sense that if P_p and P_l give opposite orderings then the ordering given by P_p will be the one assigned to P_c . Also, assume composite indifference results only when there is indifference with both CPS’s. This leads to the following natural choice for the composite CPS (P_c, I_c):

P_c = [P_p ∩ P_l ] ∪ [P_p ∩ P^t_l ] ∪ [P_p ∩ O_l ] ∪ [I_p ∩ P_l ] , I_c = [I_p ∩ O_l ] .

Proposition 7.1. Using the weak relations R_p = P_p ∪ I_p and R_l = P_l ∪ I_l

we have

(i) P_c = P_p ∪ [I_p ∩ P_l ], (ii) (P_c, I_c) is a CPS without incomparability, (iii) R_c ≡ P_c ∪ I_c = P_p ∪ [R_p ∩ R_l].

P r o o f . For (i), P_c = [P_p ∩ P_l ] ∪ [P_p ∩ P^t_l ] ∪ [P_p ∩ O_l ] ∪ [I_p ∩ P_l ] = [P_p ∩ (P_l ∪ P^t_l ∪ I_l)] ∪ [I_p ∩ P_l ] = P_p ∪ [I_p ∩ P_l ]. For (ii), we verify conditions of Proposition 3.1:

P_c ∩ P^t_c = ( P_p ∪ [I_p ∩ P_l ] ) ∩ ( P^t_p ∪ [I_p ∩ P^t_l ] ) = (P_p ∩ P^t_p) ∪ (I_p ∩ P^t_p ∩ P_l) ∪ (P_p ∩ I_p ∩ P^t_l ) ∪ (I_p ∩ P_l ∩ I_p ∩ P^t_l ) = ∅ since P_p ∩ P^t_p = I_p ∩ P^t_p = I_p ∩ P_p = P_l ∩ P^t_l = ∅. Now, using the symmetry of I_p and I_l (a, b) ∈ I = I_p ∩ I_l ⇐⇒ (a, b) ∈ I_p and (a, b) ∈ I_l ⇐⇒ (b, a) ∈ I_p and (b, a) ∈ I_l ⇐⇒ (b, a) ∈ I = I_p ∩ I_l which shows that I is symmetric. Also, for all a, (a, a) ∈ I_p and (a, a) ∈ I_l hence (a, a) ∈ I = I_p ∩ I_l implying that I is reflexive. We have P ∩ I = ( P_p ∪ [I_p ∩ P_l ] ) ∩ (I_p ∩ I_l) = (P_p ∩ I_p ∩ I_l) ∪ ( [I_p ∩ P_l ] ∩ (I_p ∩ I_l) ) = ∅ since P_p ∩ I_p = P_l ∩ I_l = ∅. Finally, completeness holds by construction. However, this is also easy to see directly: ( P_p ∪ [I_p ∩ P_l ] ) ∪ ( P^t_p ∪ [I_p ∩ P^t_l ] ) ∪ (I_p ∩ I_l) = P_p ∪ P^t_p ∪ [ I_p ∩ (P_l ∪ P^t_l ∪ I_l) ] = P_p ∪ P^t_p ∪ I_p = O × O . For (iii), we have R_c = P_c ∪ I_c = ( P_p ∪ [I_p ∩ P_l ] ) ∪ (I_p ∩ I_l) = P_p ∪ ( I_p ∩ (P_l ∪ I_l) ) =

P_p ∪ (I_p ∩ R_l) = (P_p ∪ I_p) ∩ (P_p ∪ R_l) = R_p ∩ (P_p ∪ R_l) = (R_p ∩ P_p) ∪ (R_p ∩ R_l) = P_p ∪ (R_p ∩ R_l).

We propose to fuzzify the weak relation R_c = P_c ∪ (R_p ∩ R_l) and then use R_c to construct a composite FPS. Now, consider (P_p, I_p) as a (∞, ϕ_p)-FPS and (P_l, I_l) as a (s_l, ϕ_l)-FPS where s_l ∈ [0, ∞). From Theorem 4.4 we have the associated weak preference relations R_p = P_p ∪^∞_{ϕp} I_p and R_l = P_l ∪^∞_{ϕl} I_l . Define the relation R_c = P_p ∪^u_ζ (R_p ∩^v_ξ R_l) where u, v ∈ [0, ∞] and ζ, ξ are both [0, 1]-automorphisms.

Proposition 7.2. R_c = P_p ∪^u_ζ (R_p ∩^v_ξ R_l) is reflexive.

P r o o f . R_c(a, a) = [ P_p ∪^u_ζ (R_p ∩^v_ξ R_l) ] (a, a) = N_ζ ( T^u_ζ ( N_ζ ( P_p (a, a) ) , N_ζ ( [R_p ∩^v_ξ R_l](a, a) ))) = N_ζ ( T^u_ζ ( N_ζ ( P_p (a, a) ) , N_ζ ( T^v_ξ ( R_p (a, a), R_l(a, a) )))) = N_ζ ( T^u_ζ ( N_ζ (0), N_ζ ( T^v_ξ (1, 1) ))) = N_ζ ( T^u_ζ ( 1, N_ζ (1) )) = N_ζ ( T^u_ζ (1, 0) ) = N_ζ (0)

= 1 .

Definition 7.3. (Composite Pattern & Listing FPS.) For the pattern pref-

erence structure (P_p, I_p) without incomparability we use a (∞, ϕ_p)-FPS. For the listing preference structure (P_l, I_l) we use a (s_l, ϕ_l)-FPS where s_l ∈ [0, ∞). We define for any u, v ∈ [0, ∞] and [0, 1]-automorphisms ζ, ξ the composite weak preference relation by R_c = P_p ∪^u_ζ (R_p ∩^v_ξ R_l). And, for any w ∈ [0, ∞] and [0, 1]-automorphism ψ we obtain, using Theorem 4.4, the (s, ψ)-FPS (P_c, I_c, J_c) determined by

P_c = R_c ∩^{1/s}_ψ co_ψ R^t_c ,

I_c = R_c ∩^s_ψ R^t_c ,

J_c = co_ψ R_c ∩^s_ψ co_ψ R^t_c .

Thus, our composite FPS has many parameters: s_l ∈ [0, ∞), u, v, s ∈ [0, ∞] and [0, 1]-automorphisms ϕ_p, ϕ_l, ζ, ξ, ψ . Numerical experiments suggest that a wide variety of behaviors are possible for (P_c, I_c, J_c); which parameters are most appropriate is currently under investigation.

STATIC AND DYNAMIC COMPOSITE PREFERENCES: A POSSIBLE FORMALIZATION

An alternative method of combining both pattern and listing preferences is the following: define the weak relation instead by R^′_c = R_p ∪^{sc}_{ϕc} R_l for some s_c ∈ [0, ∞] and [0, 1]-automorphism ϕ_c .

Lemma 7.4. R^′_c is reflexive.

P r o o f . Using the reflexivity of R_p and R_l we have for all a ∈ O R^′_c(a, a) = (R_p ∪^{sc}_{ϕc} R_l)(a, a) = N_{ϕc} ( T^{sc}_{ϕc} ( N_{ϕc} ( R_p (a, a) ) , N_{ϕc} ( R_l(a, a) ))) = N_{ϕc} ( T^{sc}_{ϕc} ( N_{ϕc} (1), N_{ϕc} (1) )) = N_{ϕc} ( T^{sc}_{ϕc} (0, 0) ) = N_{ϕc} (0) = 1 .

From this reflexive binary relation R^′_c , one can, using Theorem 4.4, construct a (s, ϕ)-FPS for any s ∈ [0, ∞] and [0, 1]-automorphism ϕ as before. This alternative construction involves the parameters s_l ∈ [0, ∞), s, s_c ∈ [0, ∞], and [0, 1]-automorphisms ϕ_p, ϕ_l, ϕ, ϕ_c . However, this composite preference is “symmetric” in the pattern and list preferences and so will not reflect pattern dominance over list dominance.

8. Dynamic evolution of composite preferences

8.1 Convergence from fuzzy to crisp preferences

The investigation of lists for patterns is a dynamic process. One would expect that over time the uncertainty about what lists to consider and whether or not there is a pattern at all diminishes over time. At the start of this dynamic process, we imagine the decision maker has absolutely no information about the problem; he is in a state of complete ignorance which we could model, for example, by a (∞, ϕ)-FPS without incomparability where ϕ(x) < x for x ∈ (0, 1) and binary relations satisfying P_c(a, b) = P^t_c (a, b) =^1_2 and I(a, b) = 0 for all a, b. As time passes and uncertainty is reduced, the fuzzy binary relations take on values progressively closer to 0 or 1. Thus, we are interested in having the composite fuzzy preferences converge to crisp preferences. Also, we would like this convergence to take place within the particular FPS we have chosen for our composite preferences.

Suppose our composite preferences are, at all times, a (s, ϕ)-FPS where s and ϕ are fixed. Since we are working with dynamic preferences we must indicate the time dependence of the fuzzy binary relations. Also, to lighten notation, we drop the subscript “c”. Thus, { (P_t, I_t) } t∈R+ is our notation for time dependent

composite preferences; for each t ∈ R_+, (P_t, I_t) is a (s, ϕ)-FPS. We desire complete freedom in specifying the limiting CPS, which we have.

Proposition 8.1. Let (P, I) be any CPS without incomparability. Then,

for any s ∈ [0, ∞] and [0, 1]-automorphism ϕ, (P, I) is a (s, ϕ)-FPS without incomparability.

P r o o f . I is reflexive and symmetric so (i) of Proposition 5.1 holds. Since (P, I) is a CPS, P and I take on the values 0 and 1 only. Hence P ∩^∞_ϕ I = T^∞_ϕ (P, I) = ϕ^{−1} ( T^∞ ( ϕ(P ), ϕ(I) )) = 0 if either or both of P and I are 0; if P = I = 1 then it is 1. This is exactly the behaviour of P ∩ I . Hence, using (iii) of Proposition 3.1, P ∩^∞_ϕ I = P ∩ I = ∅, proving (ii) of Proposition 5.1. In a similar fashion, co_ϕ(P ∪^∞_ϕ I) = co(P ∪ I). By (iv) of Proposition 3.1 we have that co(P ∪ I) = P^t hence co_ϕ(P ∪^∞_ϕ I) = P^t , proving (iii) of Proposition 5.1. For (iv) of Proposition 5.1 use the fact that P ∩ P^t = ∅ by (i) of Proposition 3.1 so P and P^t cannot simultaneously be 1. Hence, P ∩^s_ϕ P^t = T^s_ϕ (P, P^t) = 0 since at least one of the two arguments is zero.

8.2 Aggregate composite preferences

We are interested in modelling a large number N of decision makers, each in the process of investigating economic data for patterns. Let (P^1_t , I^1_t ), . . . , (P^N_t , I^N_t ),

t ∈ R_+, be N (s, ϕ)-FPS’s of the N agents. For this group of agents we can

consider the mean values of these relations:

P̄_t = 1 N N∑ i=1 P^i_t , Ī_t = 1 N N∑ i=1 I^i_t . As t → ∞, all agents either learn of the pattern, through their own discovery or sharing of information, or become thoroughly acquainted with the infinite list. Let P̄_∞ = lim_{t→∞} P̄_t and Ī_∞ = lim_{t→∞} Ī_t . Whatever the case, we must have P̄_∞ and Ī_∞ in {0, 1} for convergence to a crisp structure. Rather than work with the individual preferences, we use a probability density function on [0, 1] and treat individuals statistical ensemble, which reflects the erratic behaviour in the initial stages of the process. Thus, let g_t (x) be a time dependent probability density function on the interval [0, 1] such that 1∫ 0 xg_t (x)dx = P̄_t , lim_{t→∞} 1∫ 0 xg_t (x)dx ∈ {0, 1} , lim_{t→∞} 1∫ 0 (x − P̄ )^2g_t (x)dx = 0 .

That is, the mean of the distribution is the sample preference mean, which converges to 0 or 1 and the variance tends to zero. The same could be done for the indifference relation.

STATIC AND DYNAMIC COMPOSITE PREFERENCES: A POSSIBLE FORMALIZATION

8.3 The Chapman-Kolmogorov equation

We now provide for a random walk on the level of a composite fuzzy preference, with the important property that once such level of fuzzy composite preference reaches one of the endpoints of [0, 1], the probability of the level of the fuzzy composite preference to go down to a lower level once it is very close to the 1 endpoint is very low. Similarly, the probability of the level of the fuzzy composite preference to go up once it is very close to the 0 endpoint is also very low. Hence, such random walk mimics the convergence over time of the fuzzy composite preference to a crisp preference.

For the general interval: [−r, r]^3 we obtain, for the probability of an upward movement: p (↑ r) = 1 −^1_2 [ 1 −^η_r ] ; η ∈ [−r, r] and for the probability of a downward movement: p (↓ r) = 1 −^1_2 [ 1 +^η_r ] ; η ∈ [−r, r] It is immediate that η ∈ [−r, r]: p (↑ r)_{η=−r} = p (↓ r)_{η=r} = 0. This is a nice property as it shows that once a state coincides with one of the endpoints the probability of separating from that endpoint is nil. We then have ∀η ∈ [−r, r], η∗∗ > η∗ : p (↓ r)_{η=η∗} > p (↓ r)_{η=η∗∗} . Also, ∀η ∈ [−r, r], η∗∗ > η∗ : p (↑ r)_{η=η∗} < p (↑ r)_{η=η∗∗} These two simple facts indicate that the closer the level of a variable to any endpoint, the lower the likelihood that this variable will separate from those endpoints. Also, the further away the level of such a variable is from any endpoint, the higher the likelihood of it not being attracted to such endpoints. Given that we have been working with a general interval [−r, r] we can, of course, convert this into the desired [0, 1] interval. The following is then immediate: η ∈ [−r, r] ⇒ η + r ∈ [0, 2r] ⇒^{η+r}_{2r} ∈ [0, 1]. Transition probabilities for movement from a lower level to higher level are then given by ∀r∗ ∈ [−r, r]; ∀a ∈ R^+_0 : t(r∗ − a, r∗) = 1 − [_{r−r∗+a} 2r ] .^4 Transition probabilities for movement from a higher level to a lower level are ∀r∗ ∈ [−r, r]; ∀a ∈ R^+_0 : t(r∗ + a, r∗) = 1 − [_{r+r∗+a} 2r ] . We can now define the Chapman-Kolmogorov equation as follows: p (r, s + 1) = t(r − 1, r)p (r − 1, s) + t(r + 1, r)p (r + 1, s) . This equation defines the probability of occurrence of r at time s + 1 as the sum of two products. The first product consists of the transition probability for a movement from level r − 1 to r multiplied with the probability of occurrence of level r − 1 at time s. The second product concerns the transition probability from moving from a level r + 1 to a level r with the probability of occurrence of level r + 1 at time s. This equation will be important in the next section.

3In order to lighten notation we convert P̄ to r. Also we indicate a probability by a small p.

4Remark we denote r with a ‘∗’ to indicate it is a level, while r here stands for the value of the endpoint. Where there is no confusion possible we simply use r to denote a level.

8.4 The evolution of P̄

In this section we investigate the time evolution of the mean fuzzy composite preference.

Proposition 8.2. ∂r ∂t = t(r, r + 1) Δt − t(r, r − 1) Δt . This proposition indicates that the difference between the transition probability of a level increase per unit of time minus the transition probability of a level decrease per unit of time is equal to the slope of the function which relates the level, r with time. This is one of the main propositions in this paper.

P r o o f . We write first that:^{∂r}_{∂t} = f ( r(t) ) , which indicates that the evolution of the mean composite preference is a function of the mean composite preference. The Chapman-Kolmogorov equation was: p (r, s + 1) = t(r − 1, r) p (r − 1, s) + t(r + 1, r) p (r + 1, s). For small Δt let t = sΔt; t is therefore small and s exceeds t. Consider^{∂p (r,t)}_{∂t} ≈^{Δp (r,t=sΔt)}_{Δ(sΔt)} which can be re-written

as:^{Δp (r,t)}_{Δ(t)} =^{p (r,s+1)−p (r,s)}

Δt . Substituting into the Chapman-Kolmogorov equa-

tion, we obtain:^{Δp (r,t)}_{Δ(t)} = [_{t(r−1,r)} Δt p (r − 1, s) +^{t(r+1,r)}_{Δt} p (r + 1, s) ] −^{p (r,s)}_{Δt} .

We can write:^{Δp (r,t)}_{Δ(t)} ≈^{∂p (r,t)}_{∂t} , as t ≪ s. Hence, we obtain then:^{∂p (r,t)}_{∂t} = [_{t(r−1,r)} Δt p (r − 1, t) +^{t(r+1,r)}_{Δt} p (r + 1, t) ] −^{p (r,t)}_{Δt} . We now consider:^{∂p (r′ ,t)}_{∂t} = ∫ [ t(r, r^′)p (r, t) − t(r^′, r)p (r^′ , t) ] dr . This indicates the ‘net’ probability change which is equal to the ‘arriving’ r^′ (through the transition probability t(r, r^′ )) minus the probability ‘leaving’ from r^′ . Using the Kramers-Moyal expansion one can show that the latest equation can be written as:^{∂p (r,t)}_{∂t} = −^∂_{∂r} α_1(r)p (r, t) + 1 2 ∂2 ∂r2 α_2(r)p (r, t). It now occurs that the terms α_1(r) and α_2(r) are: α_1(r) = t(r,r+1) Δt −^{t(r,r−1)}_{Δt} and α_2(r) =^{t(r,r+1)}_{Δt} +^{t(r,r−1)}_{Δt} . The main issue becomes now in showing this is indeed true. We use^{∂p (r′,t)}_{∂t} = ∫ [ t(r, r^′)p (r, t)−t(r^′ , r)p (r^′ , t) ] dr∗ and we define: β(1, r) = t(r + 1, r) and after substitution of this definition into the former equation, we obtain:^{∂P (r,t)}_{∂t} = ∫ β(1, r−1)P (r−1) − β(1, r)P (r)dr and which can be approximately be re-written as:^{∂p (r,t)}_{∂t} = ∑ β(1, r − 1)p (r − 1) − β(1, r)p (r). Recall our re-worked Chapman equation:^{∂p (r,t)}_{∂t} = [_{t(r−1,r)} Δt p (r − 1, t) +^{t(r+1,r)}_{Δt} p (r + 1, t) ] −^{p (r,t)}_{Δt} . Now define t(·,·) Δt =^⌢t (·, ·). Consider the constraint: t(r, r − 1) + t(r, r + 1) = 1 and this indicates that there must be a transition from one return state to a new return state. The return state can not stay put. The key of the proof resides now in recognizing that:^⌢t (r, r + 1)p (r, t) +^⌢t (r, r − 1)p (r, t) ≈ ∑ β(1, r)p (r) .

STATIC AND DYNAMIC COMPOSITE PREFERENCES: A POSSIBLE FORMALIZATION

Observe the following: ∫ d1^∞ ∑ n=1 (−1)^n f(n) ∂^n ∂r^n [ β(1, r)P (r) ] =^∞ ∑ n=1 (−1)^n f(n) ∂^n ∂r^n [ α_n(r)P (r) ] .^5 Now also remark that: α_n(r) = ∫ d1β(1, r) = ∑ β(1, r) . Sub-

stituting the very last equation into the RHS of the before last equation we

obtain:^∞ ∑ n=1 (−1)^n f(n) . ∂^n ∂r^n [ α_n(r)p (r) ] =^∞ ∑ n=1 (−1)^n f(n) · ∂^n ∂r^n [∑ β(1, r)p (r) ] . The LHS of

the above equality is equal to ∫ d1.^∞ ∑ n=1 (−1)^n f(n) . ∂^n ∂r^n [ β(1, r).P (r) ] . We also remark

that:^∞ ∑ n=1 (−1)^n f(n) · ∫ d1^{∂n}_{∂rn} [ β(1, r) · P (r) ] =^∞ ∑ n=1 (−1)^n f(n) . ∂^n ∂r^n [∑ β(1, r)P (r) ] . This proves that we have identified the unknowns: α_1(r) and α_2(r). The

reason is now straightforward. We know,^⌢t (r, r + 1)p (r, t) +^⌢t (r, r − 1)p (r, t) ≈ ∑ β(1, r)p (r) , and given α_n(r) = ∫ d1 β(1, r) = ∑ β(1, r) , this proves that:

α_1(r) =^⌢t (r, r + 1) −^⌢t (r, r − 1) ∧ α_2(r) =^⌢t (r, r + 1) +^⌢t (r, r − 1).

The final objective now becomes to show that, given:^{∂r}_{∂t} = f ( r(t) ) , in fact: ∂r ∂t = α_1(r) =^⌢t (r, r + 1) −^⌢t (r, r − 1) holds. This last equation is extremely

important for the further continuation of the paper. Proving this is actually

quite straightforward. We re-consider from before:^{∂p (r,t)}_{∂t} = −^∂_{∂r} α_1(r) · p (r, t) + 1 2 ∂2 ∂r2 α_2(r) · p (r, t). Let us be interested only in:^{∂p (r,t)}_{∂t} = −^∂_{∂r} α_1(r) · p (r, t), and

we define: p (r, t) = δ [ r−r(t) ] , which indicates the probability is managed by the

Dirac-delta function. In other words, the path followed by r is deterministic. In

other words, this means, that the path of the mean composite fuzzy preferences, P̄_C , is deterministic and in fact the mean composite preferences are the mean

of an infinitely high peaked Dirac-delta function. Now, we want to show that: ∂p (r,t) ∂t = −^d_{dr} ( f ( r(t) ) · p ) . The proof is immediate. Simply consider that as we

need to find an expression for^{∂p (r,t)}_{∂t} , and as we know that p (r, t) = δ [ r − r(t) ] then everything boils down to using the chain rule:^{dp}_{dr(t)} ·^{dr(t)}_{dt} [ δ [ r − r(t) ]] = −^{dp}_{dr(t)} δ [ r − r(t) ] ·^{dr(t)}_{dt} and substituting^{dr(t)}_{dt} with^{∂r}_{∂t} = f ( r(t) ) yields then the

needed result.^6 Finally, we obtain: ∂p (r, t) ∂t = − d dr ( f ( r(t) ) · p ) = − d dr ( α_1(r) · p ) ⇒ α_1(r) = f ( r(t) ) ⇔ ∂r ∂t = α_1(r)

and hence it follows then: ∂r ∂t = α_1(r) =^⌢t (r, r + 1) −^⌢t (r, r − 1) .

5Remark that f(·) indicates the factorial of the argument. This equality can be found in

general format in [7].

6By definition, δ � r − r(t) � = 1 if r = r(t).

8.5 Solution of^{∂r}_{∂t} =^⌢t (r, r + 1) −^⌢t (r, r − 1)

Implicit in the formulation we obtained in Proposition 8.2 is the fact that the mean composite fuzzy preference follows a deterministic path. When further building up our model, we add stochasticity around those mean values by modulating the variance of the time-dependent distribution. We claim that participants must have a learning ability. If they start out at the ’most confusing’ level where: P̄_0 = 0.5, participants, must ON AVERAGE, be less confused over time because of some learning abilities, and hence they then converge to crisp preferences.

We are now interested in solving^{∂r}_{∂t} =^⌢t (r, r + 1) −^⌢t (r, r − 1). Let us rewrite:^⌢t (r, r + 1) −^⌢t (r, r − 1) =^{t(r,r+1)}_{Δt} −^{t(r,r−1)}_{Δt} and this is of course true by

definition. Using prior facts we can then substitute to obtain:^{∂r}_{∂t} =^{1−} [_{r−r∗+1} 2r ] Δt − 1− [_{r+r∗+1} 2r ] Δt and this can be simplified to:^{r∗}_r^1_{Δt} . Hence,^{∂r}_{∂t} =^{r∗}_r .^1_{Δt} and this simple differential equation can be solved by observing that the integrating factor is simply: θ(t) = e^{− R 1/(rΔt)dt} . We obtain then, after multiplication by the integrating factor: e^{− trΔt ∂r}_{∂t} −^{r∗}_{rΔt} e^{− trΔt} = 0 ⇔^∂_{∂t} ( e^{− trΔt} r∗ ) = 0 and hence the solution becomes then: e^{− trΔt} r∗ = C ⇒ r∗ = Ce^{trΔt} = Ce^{D·tr} . We obtain hence an exponential function in terms of time. We can now re-work this a little more as we need to position the evolution of the mean composite fuzzy preference within [0, 1]. The mean length of this interval is 1/2. Hence, r̄ = 1/2. Furthermore, as at t = 0 we need to obtain the midpoint of the interval [0, 1] then: Ce^{2Dt} | t=0 = 1/2 ⇔ C = 1/2. Hence, the formulation for the exponential function for [0, 1] is then: r∗ = 1/2e^{2Dt} . The mirror image of this function, symmetrical around the midpoint of [0, 1] is then: r∗∗ = −1/2e^{2Dt} + 1. The requirement for obtaining a ‘convergence’ to a crisp preference of ‘1’ is then for r∗: 1/2e^{2Dt} = 1 ⇔ t = ln 2/2D . This same value for t will yield ‘0’ in the function for r∗∗.

Acknowledgement. We thank the seminar participants at the Fifth International Conference on Fuzzy Set Theory and Its Applications, FSTA 2000, for their constructive thoughts about this paper. Personal thanks to Dr. L. Switzer for his ongoing encouragement.

REFERENCES

[1] DE BAETS, B.—KERRE, E.—van de WALLE, B. : Fuzzy preference structures and their characterization, J. Fuzzy Math. 3 (1995), 373–381.

STATIC AND DYNAMIC COMPOSITE PREFERENCES: A POSSIBLE FORMALIZATION

[2] DE BAETS, B.—van de WALLE, B.—KERRE, E. : A Plea for the use of Lukasiewicz triplets in the definition of fuzzy preference structures. Part 2: The identity case, Fuzzy Sets and Systems 99 (1998), 303–310.

[3] DUBOIS, D.—PRADE, H. : Fuzzy sets and Systems: Theory and Applications, Academic Press, New York, 1980.

[4] FISHBURN, P. : Utility Theory for Decision Making, J. Wiley Inc., New York, 1970. [5] FODOR, J.—ROUBENS, M. : Valued preference structures, European J. Oper. Research 79 (1994), 277–286.

[6] FRANK, M. : On the Simultaneous Associativity of F (x, y) and x + y − F (x, y), Aequationes Math. 19 (1979), 194–226.

[7] GARDINER, C. W. : Handbook of Stochastic Methods, Springer-Verlag, Heidelberg, 1983. [8] GRABISH, M.—NGUYEN, H.—WALKER, E. : Fundamentals of Uncertainty Calculi with Applications to Fuzzy Inference, Kluwer Academic Publishers, 1995, pp. 107–163.

[9] GOLOMB : Problem E2491, Amer. Math. Monthly 82 (1975), 854–855. [10] HAVEN, E. : Additive Valued Preference Structures Embedded in a Savage Expected Utility Preference Model with Correspondence Outcomes, in: Proceedings of the Ninth International Conference on the Foundations and Applications of Utility, Risk and Decision Theory, July 1999, Morocco.

[11] MARTIN, G. : Farmer ted goes natural, Mathematics Magazine 72 (1999), 4. [12] ROUBENS, M.—VINCKE, PH. : Preference Modelling, Lecture Notes in Economics and Mathematical Systems, Vol. 250, Springer-Verlag, Berlin, 1985.

[13] SLOANE, N.—PLOUFFE, S. : The Encyclopedia of Integer Sequences, Academic Press, San Diego, 1995.

[14] van de WALLE, B.—DE BAETS, B.—KERRE, E. : Characterizable fuzzy preference structures, Annals of Operations Research: Special Issue: Preference Modeling (D. Bouyssou; Ph. Vincke, eds.), 80 (1998), 105–136.

[15] van de WALLE, B.—DE BAETS. B.—KERRE, E. : A Plea for the use of Lukasiewicz triplets in the definition of fuzzy preference structures. Part 1: General argumentation, Fuzzy Sets and Systems 97 (1998), 349–359.

Received May 2, 2000 David R. Alexander Department of Mathematics and Statistics McGill University and Department of Finance John Molson School of Business Concordia University Montreal, Quebec CANADA E-mail: dralex@math.mcgill.ca

dalexander@mercato.concordia.ca

Emmanuel, E. Haven Department of AFM University of Essex Colchester, Essex UK E-mail: ehaven@essex.ac.uk