Tatra Mt. Math. Publ. 21 (2001), 61–71 tm

Mathematical Publications

SEMIGROUPS OF FUZZY IMPLICATIONS

Michał Baczyński — Józef Drewniak — Jolanta Sobera

ABSTRACT. This paper considers fuzzy implications as a special case of fuzzy relations in [0; 1]: Under some simple assumptions the sup-min composition of fuzzy implications gives also a fuzzy implication. This leads to an examination of semigroups of fuzzy implications. Contrapositive, selfconjugate and idempotent fuzzy implications are also considered.

1. Introduction

A consideration of fuzzy implications as a special case of fuzzy relations in [0, 1] was introduced by B a l d w i n and P i l s w o r t h [3]. They generated new fuzzy implications as sup-min composition of given ones. We are going to continue this way for the simplest definition of fuzzy implications (cf. [9], Chapter I).

Definition 1. ([1]). A function I : [0, 1]^2 → [0, 1] is called fuzzy implication

if it is monotonic with respect to both variables (separately) and fulfils the binary implication truth table:

I(0, 0) = I(0, 1) = I(1, 1) = 1 , I(1, 0) = 0 . (1)

The set of all fuzzy implications is denoted by FI.

By monotonicity

I(0, x) = I(x, 1) = 1 , for x ∈ [0, 1] , (2)

I is decreasing with respect to the first variable (I(1, 0) < I(0, 0)), and I is increasing with respect to the second variable (I(1, 0) < I(1, 1)).

Example 1. The most important multivalued implications (cf. [8]) fulfil the above definition:

2000 M a t h e m a t i c s S u b j e c t C l a s s i f i c a t i o n: 20M20, 03E72, 03B52. K e y w o r d s: fuzzy implication, implication composition, implication semigroup, contrapositive implication, selfconjugate implication, idempotent implication.

MICHAŁ BACZYŃSKI — JÓZEF DREWNIAK — JOLANTA SOBERA

I_{ŁK}(x, y) = min(1 − x + y, 1) , (Łukasiewicz [12])

I_{GD}(x, y) = { 1 if x ≤ y , y if x > y , (Gödel [11])

I^′_{GD}(x, y) = { 1 if x ≤ y , 1 − x if x > y , I_{RC}(x, y) = 1 − x + xy , (Reichenbach [13]) I_{DN}(x, y) = max(1 − x, y) , (Dienes [4])

I_{GG}(x, y) = { 1 if x ≤ y , y x if x > y , (Goguen [10])

I^′_{GG}(x, y) = { 1 if x ≤ y , 1−x 1−y if x > y , I_{RS}(x, y) = { 1 if x ≤ y , 0 if x > y , (Rescher [14])

for x, y ∈ [0, 1].

Definition 2. (cf. [15]) The sup-min composition of fuzzy relations I, J ∈ FI

is the relation I ∘ J , (I ∘ J)(x, z) = ⋁ y∈[0,1] ( I(x, y) ∧ J(y, z) ) , x, z ∈ [0, 1] . (3)

The first problem implied by the above definition is the question if the composition of fuzzy implications is a fuzzy implication.

Example 2. Using the Łukasiewicz and Dienes implications we see that

(I_{ŁK} ∘ I_{DN})(1, 0) = (I_{DN} ∘ I_{ŁK})(1, 0) = ⋁ y∈[0,1] ( y ∧ (1 − y) ) = 0.5 > 0 .

Therefore, such composition does not fulfil (1). Using Theorems 1 – 5 from [3] we also have

(I_{ŁK} ∘ I_{ŁK})(1, 0) = 0.5 , (I_{DN} ∘ I_{DN})(1, 0) = 0.5 , (4) I_{GD} ∘ I_{GD} = I_{GD} , I_{RS} ∘ I_{RS} = I_{RS} . (5)

We examine in details the composition (3) for fuzzy implications. Since this composition is increasing in (FI, ≤), we have

Lemma 1. The composition (3) of fuzzy implications is monotonic with respect

to both variables.

Lemma 2. If I, J ∈ FI then

(I ∘ J)(0, 0) = (I ∘ J)(0, 1) = (I ∘ J)(1, 1) = 1 . (6)

P r o o f . Let K = I ∘ J for I, J ∈ FI. Then from (2) we have K(0, 0) = ⋁ y∈[0,1] ( 1 ∧ J(y, 0) ) = ⋁ y∈[0,1] J(y, 0) = J(0, 0) = 1 ,

K(0, 1) = ⋁ y∈[0,1] (1 ∧ 1) = 1 ,

K(1, 1) = ⋁ y∈[0,1] ( I(1, y) ∧ 1 ) = ⋁ y∈[0,1] I(1, y) = I(1, 1) = 1 ,

which proves (6).

In virtue of Lemmas 1, 2, from Definition 1 we have

Theorem 1. If I, J ∈ FI, then

I ∘ J ∈ FI ⇐⇒ (I ∘ J)(1, 0) = 0 . (7) The condition (7) can be simply verified. It associates boundary values of considered implications.

Example 3. Let I, J ∈ FI, t ∈ (0, 1). If I(1, t) = J(t, 0) = 0, then I(1, y) = 0 for y ≤ t , J(y, 0) = 0 for y ≥ t , y ∈ [0, 1] , and we get

(I ∘ J)(1, 0) = ⋁ y∈[0,t] ( 0 ∧ J(y, 0) ) ∨ ⋁ y∈[t,1] ( I(1, y) ∧ 0 ) = 0 .

Therefore I ∘ J ∈ FI.

2. Semigroups

Now we look for subfamilies of FI closed under composition (3). First we put

Definition 3. An implication I ∈ FI is called left (right) factor if

I ∘ J ∈ FI (J ∘ I ∈ FI) for all J ∈ FI . (8) I is a central factor if it is both left and right one. Families of all factors are denoted by FI_L , FI_R and FI_C , respectively.

MICHAŁ BACZYŃSKI — JÓZEF DREWNIAK — JOLANTA SOBERA

The above properties have very simple characterization.

Lemma 3. If I ∈ FI then (9)⇒(10) and (11) ⇒(12), where

∀_{x∈[0,1)} I(1, x) = 0 , (9)

∀_{J∈FI} ∀_{x∈[0,1]} (I ∘ J)(1, x) = J(1, x) , (10)

∀_{x∈(0,1]} I(x, 0) = 0 , (11)

∀_{J∈FI} ∀_{x∈[0,1]} (J ∘ I)(x, 0) = J(x, 0) . (12)

P r o o f . By a direct application of (3), from (9) we get (I ∘ J)(1, z) = ⋁ y<1 ( I(1, y) ∧ J(y, z) ) ∨ ( I(1, 1) ∧ J(1, z) ) = J(1, z) , and from (11) we get (J ∘ I)(x, 0) = ( J(x, 0) ∧ I(0, 0) ) ∨ ⋁ y>0 ( J(x, y) ∧ I(y, 0) ) = J(x, 0) for x, z ∈ [0, 1].

We shall prove that properties (9) and (11) characterize left and right factors. Namely, we have

Theorem 2. Families of factors from Definition 3 have the form

FI_L = { I ∈ FI: ∀_{x∈[0,1)} I(1, x) = 0 } , (13)

FI_R = { I ∈ FI: ∀_{x∈(0,1]} I(x, 0) = 0 } , (14)

FI_C = FI_L ∩ FI_R . (15)

P r o o f . Let I, J ∈ FI. By Lemma 3 we see that (9) implies (I ∘J)(1, 0) = 0 and from (11) we have (J ∘ I)(1, 0) = 0. Thus, by Theorem 1, we get (8), i.e., (9) implies (I ∈ FI_L) and (11) implies (I ∈ FI_R). Now, let us assume (8) for certain I ∈ FI. Putting J = I_{ŁK} we see that

0 = (I ∘ I_{ŁK})(1, 0) = ⋁ y∈[0,1) ( I(1, y) ∧ (1 − y) ) ∨ 0 and therefore we get (9). Similarly,

0 = (I_{ŁK} ∘ I)(1, 0) = 0 ∨ ⋁ y∈(0,1] ( y ∧ I(y, 0) )

implies (11). Thus, conditions (9) and (11) are necessary. So we have representations (13) and (14). Finally, by Definition 3, we get (15).

A comparison of (1) with (13) and (14) leads to

Corollary 1. All implications from families (13)–(15) are discontinuous.

Example 4. For implications from Example 1 we have

I_{GD} , I_{GG} ∈ FI_R , I^′_{GD}, I^′_{GG} ∈ FI_L , I_{RS} ∈ FI_C , (16) I_{ŁK} , I_{RC} , I_{DN} /∈ FI_L ∪ FI_R , I_{GD} , I_{GG} /∈ FI_L , I^′_{GD}, I^′_{GG} /∈ FI_R (17) because for any x ∈ [0, 1] we get

I_{ŁK}(x, 0) = I_{RC}(x, 0) = I_{DN}(x, 0) = I^′_{GD}(x, 0) = I^′_{GG}(x, 0) = 1 − x , I_{ŁK}(1, x) = I_{RC}(1, x) = I_{DN}(1, x) = I_{GD}(1, x) = I_{GG}(1, x) = x .

Directly, from Lemma 3, we get

Lemma 4. Families (13)–(15) are closed under composition (3).

In FI we use partial order of real functions ∀_{I,J∈FI} [ (I ≤ J) ⇐⇒ ∀_{x,y∈[0,1]} I(x, y) ≤ J(x, y) ] . (18)

Theorem 3. (FI_L, ∘, ≤), (FI_R, ∘, ≤), (FI_C, ∘, ≤) are ordered semigroups of

fuzzy implications. They are also complete distributive lattices of fuzzy implications.

P r o o f . Since the composition (3) is associative (cf. [15] or [5], Theorem 3.1), then the first part is a direct consequence of Lemma 1 and Lemma 4. By [2] the family (FI, ≤) is a complete, distributive lattice. Now, formulas (13)–(15) describe its sublattices, because the lattice operation do not change constant values.

Example 5. Semigroups from Theorem 3 are bounded (as complete) and we can describe their bounds:

min FI_L = min FI_R = min FI_C = min FI = I_0 , max FI_L = I_L , max FI_R = I_R , max FI_C = I_C , where I_0(x, y) = { 1 if (x = 0) or (y = 1) , 0 if (x > 0) and (y < 1) ;

(19)

I_L(x, y) = { 1 if (x < 1) or (y = 1) , 0 if (x = 1) and (y < 1) ;

(20)

I_R(x, y) = { 1 if (x = 0) or (y > 0) , 0 if (x > 0) and (y = 0) ;

(21)

I_C(x, y) = min(I_L , I_R) (22) for x, y ∈ [0, 1].

MICHAŁ BACZYŃSKI — JÓZEF DREWNIAK — JOLANTA SOBERA

Lemma 5. I_{RS} is the neutral element of the composition in FI.

P r o o f . For arbitrary I ∈ FI we have (I ∘ I_{RS})(x, z) = ⋁ y≤z I(x, y) = I(x, z) , (I_{RS} ∘ I)(x, z) = ⋁ y≥x I(y, z) = I(x, z) , for x, z ∈ [0, 1], which proves that I ∘ I_{RS} = I_{RS} ∘ I = I for I ∈ FI . (23)

Lemma 6. For I ∈ FI we have

I_0 ∘ I = I_0 ⇐⇒ I ∈ FI_L , (24) I ∘ I_0 = I_0 ⇐⇒ I ∈ FI_R . (25) P r o o f . Let I ∈ FI, x ∈ (0, 1], z ∈ [0, 1). From (3) we have (I_0 ∘ I)(x, z) = ⋁ y<1 I_0(x, y) ∧ I(y, z) ∨ I_0(x, 1) ∧ I(1, z) = I(1, z) , (I ∘ I_0)(x, z) = I(x, 0) ∧ I_0(0, z) ∨ ⋁ y>0 I(x, y) ∧ I_0(y, z) = I(x, 0) . Thus, by Theorem 2, I_0 ∘ I = I_0 ⇐⇒ ∀_{z<1} I(1, z) = 0 ⇐⇒ I ∈ FI_L , I ∘ I_0 = I_0 ⇐⇒ ∀_{z>0} I(x, 0) = 0 ⇐⇒ I ∈ FI_R , which proves (24) and (25).

Directly, from Lemma 5 and Lemma 6, we get

Theorem 4. Semigroups from Theorem 3 have the neutral element I_{RS} .

Moreover, I_0 is the zero element in FI_C , a right zero in FI_R , and a left zero in FI_L .

Since convex combination does not change constant values, then from Theorem 2 we get

Theorem 5. Families (13)–(15) of factors are convex sets of functions.

3. Conjugacy classes

Now we shall consider a connection between families (13)–(15) and conjugacy classes of fuzzy implications.

Definition 4. Let Φ denote the set of all increasing bijections on [0, 1].

Fuzzy implications I, J ∈ FI are conjugate iff

∃_{φ∈Φ} I_φ = J , (26)

where I_φ(x, y) = φ^{−1} ( I ( φ(x), φ(y) )) , x, y ∈ [0, 1] . (27)

A fuzzy implication I ∈ FI is selfconjugate iff

∀_{φ∈Φ} I_φ = I . (28)

Example 6. Fuzzy implications I_{GD} , I_{RS} , I_0 , I_L , I_R and I_C are selfconjugate (cf. [6]).

Theorem 6. The operation (27) is an interior operation in families (13)–(15).

P r o o f . If I ∈ FI_L , φ ∈ Φ, z ∈ [0, 1] then by Theorem 2 we have

I_φ(1, z) = φ^{−1} ( I ( φ(1), φ(z) )) = φ^{−1} ( I ( 1, φ(z) )) = φ^{−1}(0) = 0 ,

i.e., I_φ ∈ FI_L . Similar calculation is valid for I ∈ FI_R , and I ∈ FI_C fulfils both properties (I_φ ∈ FI_L ∩ FI_R ).

Corollary 2. Families (13)–(15) with every element I contain its conjugacy

class.

Lemma 7. The transformation (27) is distributive with respect to composi-

tion (3), i.e., (I ∘ J)_φ = I_φ ∘ J_φ , I, J ∈ FI, φ ∈ Φ . (29) P r o o f . Let I , J ∈ FI, φ ∈ Φ, x, z ∈ [0, 1]. We have (I ∘ J)_φ(x, z) = φ^{−1} (( I ∘ J)(φ(x), φ(z) ))

= φ^{−1} (⋁ y I ( φ(x), y ) ∧ J ( y, φ(z) ))

= φ^{−1} (⋁ t I ( φ(x), φ(t) ) ∧ J ( φ(t), φ(z) ) )

MICHAŁ BACZYŃSKI — JÓZEF DREWNIAK — JOLANTA SOBERA = ⋁ t φ^{−1} ( I ( φ(x), φ(t) )) ∧ φ^{−1} ( J ( φ(t) , φ(z) ))

= ⋁ t I_φ(x, t) ∧ J_φ(t, z) = (I_φ ∘ J_φ)(x, z) , which proves (29).

Theorem 7. The composition of selfconjugate fuzzy implications is a self-

conjugate function. It is a selfconjugate implication under the condition from Theorem 1.

P r o o f . If I, J ∈ FI are selfconjugate, then directly from (28) and (29) we get (I ∘ J)_φ = I_φ ∘ J_φ = I ∘ J for φ ∈ Φ ,

i.e., I ∘ J is selfconjugate.

Directly, from Lemma 7 we also get

Theorem 8. If a fuzzy implication I ∈ FI is idempotent, i.e., I ∘ I = I , then

all conjugate implications are idempotent.

Remark 1. The composition of conjugate fuzzy implications may be not conjugate with them (may belong to another conjugacy class).

P r o o f . Let I = J_5 . From [7] we know that I^2 = J_3 ≠ I and J^2_3 = J_3 , where

J_3 = I_R , J_5(x, y) =

1 if (x < 1 and y > 0) or (x = 0) , y if x = 1 , 0 if (x > 0) and (y = 0) .

By Theorem 8, implication I is not conjugate with I^2 . As selfconjugate implications (cf. [6]) J_3 and J_5 form singleton conjugacy classes.

4. Contrapositive implications

Here we discuss the place of contrapositive fuzzy implications in families (13)–(15).

Definition 5. (cf. [9]). A fuzzy implication I ∈ FI is called contrapositive iff

I^′ = I , where I^′(x, y) = I(1 − y, 1 − x) , x, y ∈ [0, 1] . (30)

Theorem 9. For operation (30) we have

FI^′_L = FI_R , FI^′_R = FI_L , FI^′_C = FI_C . (31) P r o o f . Let I ∈ FI_L , x ∈ [0, 1]. We calculate I^′(x, 0) = I(1 − 0, 1 − x) = I(1, 1 − x) = 0 , and I^′ ∈ FI by Theorem 2. Similarly, we get the rest of (31).

Corollary 3. Contrapositive factors belongs to FI_C .

Since min(I, I^′) is contrapositive for I ∈ FI (cf. [2]), then by (31) we have

Corollary 4. If I ∈ FI_L ∪ FI_R , then min(I, I^′) ∈ FI_C .

Example 7. The implication I_{RS} ∈ FI_C is contrapositive. However, not every element of FI_C is contrapositive. Let I = L_{GG} ∧ I^′_{GD} , we have I ∈ FI_C , but I^′ = I^′_{GG} ∧ I_{GD} ≠ I .

Lemma 8. The transformation (30) has the property

(I ∘ J)^′ = J^′ ∘ I^′ for I, J ∈ FI . (33)

P r o o f . Let IJ ∈ FI, x, z ∈ [0, 1]. We have (I ∘ J)^′(x, z) = (I ∘ J)(1 − z, 1 − x) = ⋁ y I(1 − z, y) ∧ J(y, 1 − x) = ⋁ t I(1 − z, 1 − t) ∧ J(1 − t, 1 − x) = ⋁ t I^′(t, z) ∧ J^′(x, t) = ⋁ t J^′(x, t) ∧ I^′(t, z) = (J^′ ∘ I^′)(x, z) , which proves (32).

As an immediate consequence of the above lemma we get

Theorem 10. The composition (3) of commuting contrapositive implications

is contrapositive.

Corollary 5. Powers of contrapositive implication I ∈ FI_C are contraposi-

tive.

Corollary 6. If fuzzy implication I is idempotent, then I^′ is idempotent.

Fuzzy implications conjugate with a contrapositive implication may not be contrapositive. However, we have

MICHAŁ BACZYŃSKI — JÓZEF DREWNIAK — JOLANTA SOBERA

Theorem 11. Let

Φ_1 = { φ ∈ Φ : φ(1 − x) = 1 − φ(x) , x ∈ [0, 1] } . If I ∈ FI is contrapositive and φ ∈ Φ_1 , then I_φ is contrapositive.

P r o o f . Let I ∈ FI, φ ∈ Φ_1 . If I is contrapositive then

I_φ(1 − y, 1 − x) = φ^{−1} ( I ( φ(1 − y) , φ(1 − x) )) = φ^{−1} ( I ( 1 − φ(y) , 1 − φ(x) )) = φ^{−1} ( I ( φ(x) , φ(y) )) = I_φ(x, y) , i.e., (I_φ)^′ = I_φ .

5. Conclusion

We see that the composition of fuzzy implications is a way of construction new implications. In particular we obtain new semigroups of implications (Theorem 3), new idempotent implications (Theorem 8), and new contrapositive implications (Theorem 10). A rich list of new fuzzy implications generated by those from Example 1 is presented in [2]. Families of conjugate fuzzy implications were intensively examined by authors in [1].

REFERENCES

[1] BACZYŃSKI, M.—DREWNIAK, J. : Conjugacy classes of fuzzy implication; Computational intelligence: theory and applications (B. Reusch, ed.), Lecture Notes in Comput. Sci., Vol. 1625, Springer-Verlag, Berlin, 1999, pp. 287–298.

[2] BACZYŃSKI, M.—DREWNIAK, J. : Monotonic fuzzy implications, Fuzzy Systems in Medicine (Piotr S. Szczepaniak, Paulo J. G. Lisboa and Janusz Kacprzyk, eds.), Physica-Verlag, Heidelberg-New York, 2000, (Studies in Fuzziness and Soft Computing; Vol. 41), pp. 90–111.

[3] BALDWIN, J. F.—PILSWORTH, B. W. : Axiomatic approach to implication for approximate reasoning with fuzzy logic, Fuzzy Sets and Systems 3 (1980), 193–219.

[4] DIENES, Z. P. : On an implication function in many-valued systems of logic, J. Symbolic Logic 14 (1949), 95–97.

[5] DREWNIAK, J. : Fuzzy Relation Calculus, Silesian University, Katowice, 1989. [6] DREWNIAK, J. : Selfconjugate fuzzy implications, BUSEFAL 81 (2000), 80–89. [7] DREWNIAK, J.—SOBERA, J. : Composition of selfconjugate fuzzy implications, Manuscript.

[8] DUBOIS, D.—PRADE, H. : Fuzzy sets in approximate reasoning Part 1: Inference with possibility distributions, Fuzzy Sets and Systems 40 (1991), 143–202.

[9] FODOR, J. C.—ROUBENS, M. : Fuzzy Preference Modelling and Multicriteria Decision Support, Kluwer, Dordrecht, 1994.

[10] GOGUEN, J. A. : The logic of inexact concepts, Synthese 19 (1969), 325–373. [11] GÖDEL, K. : Zum intuitionistischen Aussagenkalkül, Auzeiger der Akademie der Wissenschaften in Wien, Mathematische, naturwissenschaftliche Klasse 69 (1932), 65–66.

[12] ŁUKASIEWICZ, J. : Interpretacja liczbowa teorii zdań, Ruch Filozoficzny 7 (1923), 92–93, (cf. L. Borkowski Jan (ed.), Łukasiewicz selected works, North Holland-Amsterdam, PWN-Warszawa 1970, pp. 129–130).

[13] REICHENBACH, H. : Wahrscheinlichkeitslogik, Erkenntnis 5 (1934), 37–43. [14] RESCHER, N. : Many-Valued Logic, McGraw-Hill, New York, 1969. [15] ZADEH, L. A. : Fuzzy sets, Inform. and Control 8 (1965), 338–353.

Received April 19, 2000 Department of Mathematics Silesian University ul. Bankowa 14 PL–40-007 Katowice POLAND E-mail: michal@ux2.math.us.edu.pl drewniak@ux2.math.us.edu.pl jsobera@ux2.math.us.edu.pl