Tatra Mt. Math. Publ. 21 (2001), 31–50 tm

Mathematical Publications

ON FUZZY CLUSTERINGS WITH VARIABLE BOUNDARY CONDITIONS

Helmut Thiele

ABSTRACT. Following Zadeh’s approach, several authors restricted similarity relations to fuzzy equivalence relations where the transitivity is defined by using an arbitrary fixed t-norm. As we have shown, this approach leads to a very restricted concept of fuzzy partition (fuzzy clustering), which is too special for many applications. Taking into consideration these observations, we defined socalled ha, b, ci -clusterings, where a, b and c are fixed real numbers from the unit interval characterizing the disjointness, the normality, and the covering property of the given clustering, respectively. These clusterings are more general than partitions generated by fuzzy equivalence relations. But, again by applications, we have recognized that replacing the real numbers a, b and c by fuzzy sets A, B and C on the universe used (interpreted as “variable boundary conditions”) is very useful and enlarges the field of applicability of this clustering concept.

1. Introduction

Let U be a non-empty set. Define FP(U) =_{def} { F : F : U → [0, 1] } , where [0, 1] denotes the unit interval of real numbers. A set C ⊆ FP(U) is called fuzzy clustering on U. Let τ be a t-norm on [0, 1] and let S be a fuzzy τ -equivalence relation on U, i.e., S fulfills the conditions 1. ∀x ( x ∈ U → S(x, x) = 1 ) , 2. ∀x ∀y ( x, y ∈ U → S(x, y) = S(y, x) ) , and 3. ∀x ∀y ∀z ( x, y, z ∈ U → τ ( S(x, y), S(y, z) ) ≤ S(x, z) ) . Denote by λy S(x, y) the fuzzy set F defined for fixed x ∈ U by

F (y) =_{def} S(x, y) ,

where y ∈ U.

2000 M a t h e m a t i c s S u b j e c t C l a s s i f i c a t i o n: 03B52, 62H30.

K e y w o r d s: fuzzy partitions, fuzzy equivalence relations, ha, b, ci-clusterings, variable boundary conditions.

This research was supported by the Deutsche Forschungsgemeinschaft as a part of the Collaborative Research Center “Computational Intelligence”(531).

HELMUT THIELE

A fuzzy clustering C =_{def} { λy S(x, y) : x ∈ U } is too special for many applications because P =_{def} { KER(C) : C ∈ C } is a classical crisp partition of U where KER(C) =_{def} { x : x ∈ U ∧ C(x) = 1 } (see [9], [10], [11], [30], and [31]).

Therefore we introduced and investigated so-called a-b-c-clusterings C, where a, b and c are fixed real numbers of [0,1] and C satisfies the following axioms (see [21]): ax1. ∀x ∀F ∀G ( x ∈ U ∧ F, G ∈ C ∧ F (x) > a ∧ G(x) > a → F = G ) , ax2. ∀F ( F ∈ C → ∃x (x ∈ U ∧ F (x) > b)^) , and ax3. ∀x ( x ∈ U → ∃F (F ∈ C ∧ F (x) > c) ) . A variant of this axiom system is considered in [25].

But for developing algebraic foundations of fuzzy information granulation ([7], [22], [23], [24], [33] and [34]), the axiom system above is still too special. Therefore we fix so-called “boundary functions” A, B, C : U → [0, 1].

Then we assume that C satisfies the following axioms AX1. ∀x ∀F ∀G ( x ∈ U ∧ F, G ∈ C ∧ τ ( F (x), G(x) ) > A(x) → F = G ) , AX2. ∀F ( F ∈ C → ∃x^(x ∈ U ∧ F (x) > B(x)^{))}, and AX3. ∀x ( x ∈ U → ∃F ( F ∈ C ∧ F (x) > C(x)^{))}. In the following, we shall discuss how the clusterings satisfying the axioms AX1, AX2 and AX3 can be characterized by binary fuzzy relations analogously to the proofs in the papers [21] and [25].

2. A method for constructing fuzzy clusterings by binary fuzzy relations

For the following we fix a real function

κ : [0, 1]^3 → [0, 1]

defined for arbitrary r, s, t ∈ [0, 1] as follows

Definition 2.1. κ(r, s, t) =_{def} { 0 if s ≤ r , t if s > r . Furthermore, we fix functions

A : U → [0, 1] and B : U → [0, 1]

used as “boundary conditions”.

Now, for an arbitrary binary fuzzy relation S , i.e., S : U × U → [0, 1] , we define a fuzzy clustering FCLUST_A(S) and for an arbitrary fuzzy clustering

C ⊆ FP(U)

on U we define a binary fuzzy relation FREL_{κ,A}(C) on U as follows

Definition 2.2.

1. FCLUST_A(S) =_{def} { λy S(x, y) : x ∈ U ∧ S(x, x) > A(x) } , 2. FREL_{κ,A}(C)(x, y) =_{def} sup { κ ( A(x), F (x), F (y) ) : F ∈ C } . For characterizing special clusterings C ⊆ FP(U) we define

Definition 2.3.

1. C is said to be A-disjoint on U =_{def}∀x∀F ∀G ( x ∈ U∧ F, G ∈ C ∧ F (x) > A(x) ∧ G(x) > A(x) → F = G ) , 2. C is said to be B-normal on U

=_{def} ∀F ( F ∈ C → ∃x^(x ∈ U ∧ F (x) > B(x)^{))}, 3. FCL(U, A, B) =_{def} { C : C ⊆ FP(U)∧C is A-disjoint and B-normal on U^} .

Remarks.

1. If τ = min then a fuzzy clustering C is A-disjoint on U if and only if C fulfills axiom AX1. The case that τ is an arbitrary t-norm will be shortly discussed in Section 5.

2. Trivially, C is B-normal on U if and only if C fulfills axiom AX2.

Lemma 2.1. If C is A-disjoint on U then FCLUST_A^(FREL_{κ,A}(C)^) ⊆ C.

P r o o f . Assume

G ∈ FCLUST_A ( FREL_{κ,A}(C) ) , (1)

hence by definition of FCLUST_A there exists an x_0 ∈ U such that

FREL_{κ,A}(C)(x_0, x_0) > A(x_0) and (2)

G = λy FREL_{κ,D}(C)(x_0, y) . (3)

From (2) by definition of FREL_{κ,A} we get that there exists an G_0 ∈ C such that κ ( A(x_0), G_0(x_0), G_0(x_0) ) > A(x_0) , (4)

otherwise we would obtain the contradiction

FREL_{κ,A}(C)(x_0, x_0) ≤ A(x_0) (5) to (2). From (4) we obtain G_0(x_0) > A(x_0) . (6)

Otherwise by Definition 2.1 we would obtain κ ( A(x_0), G_0(x_0), G_0(x_0) ) = 0 , (7)

hence (7) contradicts to (4).

Now, from (3) we get for every y ∈ U ,

G(y) = sup { κ ( A(x_0), F (x_0), F (y) ) : F ∈ C } . (8)

By definition of κ we have ∀F ( F ∈ C ∧ F (x_0) ≤ A(x_0) → κ^(A(x_0), F (x_0), f(y)^) = 0^) , (9)

hence sup { κ ( A(x_0), F (x_0), F (y) ) : F ∈ C } = sup { κ ( A(x_0), F (x_0), F (y) ) : F ∈ C ∧ F (x_0) > A(x_0) } . (10)

From the assumption that C is A-disjoint on U and from (6) we obtain ∀F ( F ∈ C ∧ F (x_0) > A(x_0) → F = G_0^), (11)

hence for arbitrary y ∈ U , sup { κ ( A(x_0), F (x_0), F (y) ) : F ∈ C ∧ F (x_0) > A(x_0) } = κ ( A(x_0), G_0(x_0), G(y) ) . (12)

Because of (6) and of Definition 2.1, we have κ ( A(x_0), G_0(x_0), G_0(y) ) = G_0(y) . (13)

From (8), (10), (12), and (13) we get for every y ∈ U

G(y) = G_0(y) , (14)

hence G = G_0 , (15)

hence G ∈ C because G_0 ∈ C holds by construction of G_0 .

Now, we are going to prove the inverse inclusion, i.e.,

C ⊆ FCLUST_A^(FREL_{κ,A}(C)^) .

To prove this we need the additional assumptions that C is B-normal on U and A ⊆ B , i.e., ∀x ( x ∈ U → A(x) ≤ B(x) ) .

Lemma 2.2. If (1) C is A-disjoint on U, (2) C is B-normal on U, and (3) A ⊆ B then C ⊆ FCLUST_A ( FREL_{κ,A}(C) ) . P r o o f . Assume

G ∈ C . (1)

Then by definition of FCLUST_A we have to prove that there is an x_0 ∈ U such that FREL_{κ,A}(C)(x_0, x_0) > A(x_0) and (2)

G = λy FREL_{κ,D}(C)(x_0, y) . (3) Because C is B-normal on U there exists an x_0 ∈ U such that

G(x_0) > B(x_0) , (4)

hence by assumption 3, G(x_0) > A(x_0) . (5)

From (5) by definition of κ we get κ ( A(x_0), G(x_0), G(x_0) ) = G(x_0) , (6)

so by (5) κ ( A(x_0), G(x_0), G(x_0) ) > A(x_0) , (7)

therefore because of G ∈ C, sup { κ ( A(x_0), F (x_0), F (x_0) ) : F ∈ C } > A(x_0) , (8)

i.e., (2) holds.

Now, to prove (3) we have to show that for every y ∈ U ,

G(y) = sup { κ ( D(x_0), F (x_0), F (y) ) : F ∈ C } (9) holds.

In order to prove (9) it is sufficient to show

G(y) ≤ sup { κ ( A(x_0), F (x_0), F (y) ) : F ∈ C } (10) and sup { κ ( A(x_0), F (x_0), F (y) ) : F ∈ C } ≤ G(y) . (11)

We are going to show (10).

Obviously (10) holds if we have ∃F ( F ∈ C ∧ G(y) ≤ κ^(A(x_0), F (x_0), F (y)^{))} . (12)

Put F =_{def} G. Then by assumption we have F ∈ C. Furthermore, by (5) we have F (x_0) > A(x_0), hence by definition of κ, κ ( A(x_0), F (x_0), F (y) ) = G(y) , so (12) holds.

To prove (11) it is sufficient that for every F ∈ C the inequality κ ( A(x_0), F (x_0), F (y) ) ≤ G(y) (13)

holds.

Case 1: F (x_0) ≤ A(x_0). Then by definition of κ we have κ ( A(x_0), F (x_0), F (y) ) = 0 ,

hence (13) holds trivially.

Case 2: F (x_0) > A(x_0). By definition of κ we obtain κ ( A(x_0), F (x_0), F (y) ) = F (y) . Furthermore by (5) we have

G(x_0) > A(x_0) ,

hence by A-disjointness of U and F, G ∈ C we get F = G , so κ ( A(x_0), F (x_0), F (y) ) = G(y), therefore (13) holds.

Theorem 2.3. If

1. C is A-disjoint on U, 2. C is B-normal on U, and 3. A ⊆ B then FCLUST_A ( FREL_{κ,A}(C) ) = C.

P r o o f . Lemma 2.1 and Lemma 2.2.

Corollary 2.4. If A ⊆ B then the mapping FREL_{κ,A} is an injection

from FCL(U, A, B) into FP(U × U). Furthermore, FREL_{κ,A} is a bijection from FCL(U, A, B) onto { FREL_{κ,A}(C) : C ∈ FCL(U, A, B) } , and the mapping FCLUST_A is the inversion of the bijection FREL_{κ,A} .

3. On axiomatic characterization of generated binary fuzzy relations

Now we shall tackle the problem how the class { FREL_{κ,A}(C) : C ⊆ FP(U) ∧ C is A–disjoint and B–normal on U } of binary fuzzy relations S on U can be characterized by axioms for S , i.e., without using the mapping FREL_{κ,A} and the concepts of an A-disjoint and a B-normal clustering C on U.

Therefore for S : U × U → [0, 1] we define

Definition 3.1.

1. S is said to be left-side conditioned A-reflexive on U =_{def} ∀x ∀y ( x, y ∈ U ∧ S(x, y) > 0 → S(x, x) > A(x) ) , 2. S fulfills the left-side A-replaceability condition on U =_{def} ∀x ∀y ∀z ( x, y, z ∈ U ∧ S(x, y) > A(x) → S(x, z) = S(y, z) ) , 3. S is said to be conditioned B-total on U

=_{def} ∀x ∀y ( x, y ∈ U ∧ S(x, y) > 0 → ∃z ( z ∈ U ∧ S(x, z) > B(z) )) , 4. FRE(U, A, B) =_{def} { S : S : U × U → [0, 1] ∧ S fulfills the items 1, 2, 3 } . Lemma 3.1. For every C ⊆ FP(U), FREL_{κ,A}(C) is left-side conditioned

A-reflexive on U.

P r o o f . We have to prove ∀x ∀y ( x, y ∈ U ∧ FREL_{κ,A}(C)(x, y) > 0 → FREL_{κ,A}(C)(x, x) > A(x) ) . (1)

For x, y ∈ U assume FREL_{κ,A}(C)(x, y) > 0 , (2)

i.e., by definition of FREL_{κ,A} sup { κ ( A(x), F (x), F (y) ) : F ∈ C } > 0 , (3)

hence by definition of sup

there exists an F_0 ∈ C such that κ ( A(x), F_0(x), F_0(y) ) > 0 , (4)

consequently by definition of κ,

F_0(x) > A(x) , (5)

hence again by definition of κ κ ( A(x), F_0(x), F_0(x) ) = F_0(x) , (6) so by (5) κ ( A(x), F_0(x), F_0(x) ) > A(x) , (7) therefore by F_0 ∈ C and definition of sup, sup { κ ( A(x), F (x), F (x) ) : F ∈ C } > A(x) , (8) i.e., FREL_{κ,A}(C)(x, x) > A(x) , (9) i.e., (1) holds.

Lemma 3.2. If C is A-disjoint on U then FREL_{κ,A}(C) fulfills the left-side

A-replaceability.

P r o o f . We have to prove ∀x ∀y ∀z ( x, y, z ∈ U ∧ FREL_{κ,A}(C)(x, y) > A(x) → FREL_{κ,A}(C)(x, y) = FREL_{κ,A}(C)(y, z) ) . (1)

Assume FREL_{κ,A}(C)(x, y) > A(x) , (2) i.e., sup { κ ( A(x), F (x), F (y) ) : F ∈ C } > A(x) , (3) hence by definition of sup,

there exists an F_0 ∈ C such that κ ( A(x), F_0(x), F_0(y) ) > A(x) , (4) therefore κ ( A(x), F_0(x), F_0(y) ) > 0 , (5) so by definition of κ (see Definition 2.1),

F_0(x) > A(x) , (6)

so again by definition of κ, κ ( A(x), F_0(x), F_0(y) ) = F_0(y) , (7)

therefore by (4) F_0(y) > A(x) . (8) By definition of FREL_{κ,A} we have

FREL_{κ,A}(C)(x, z) = sup { κ ( A(x), F (x), F (z) ) : F ∈ C } , (9)

hence because of F_0 ∈ C,

FREL_{κ,A}(C)(x, z) = max ( κ ( A(x), F_0(x), F_0(z) ) , sup { κ ( A(x), F (x), F (z) ) : F ∈ C ∧ F ≠ F_0 }) . (10)

Now, by assumption of our lemma we have that C is A-disjoint on U, consequently by (6) we get ∀F ( F ∈ C ∧ F ≠ F_0 → F (x) ≤ A(x)^) , (11)

hence by definition of κ ∀F ( F ∈ C ∧ F ≠ F_0 → κ^(A(x), F (x), F (z)^) = 0^) , (12) so sup { κ ( A(x), F (x), F (z) ) : F ∈ C ∧ F ≠ F_0 } = 0 . (13) Furthermore, by (6) we obtain κ ( A(x), F_0(x), F_0(z) ) = F_0(z) , (14) hence by (10), (13), and (14) we get FREL_{κ,A}(C)(x, z) = F_0(z) . (15) Analogously, by using (8) we obtain FREL_{κ,A}(C)(y, z) = F_0(z) , (16) so by (15) and (16), FREL_{κ,A}(C)(x, z) = FREL_{κ,A}(C)(y, z) . (17)

Lemma 3.3. If C is B-normal on U then FREL_{κ,A}(C) is conditioned B-total

on U.

P r o o f . We have to prove ∀x∀y ( x, y ∈ U ∧ FREL_{κ,A}(C)(x, y) > 0 → ∃z ( z ∈ U ∧ FREL_{κ,A}(C)(x, z) > B(z) )) (1) Assume for x, y ∈ U that FREL_{κ,A}(C)(x, y) > 0 , (2) i.e., sup { κ ( A(x), F (x), F (y) ) : F ∈ C } > 0 , (3) hence

there exists an F_0 ∈ C such that κ ( A(x), F_0(x), F_0(y) ) > 0 , (4) so by definition of κ F_0(x) > A(x) . (5)

Because C is B-normal on U, we get

there exists a z_0 ∈ U such that F_0(z_0) > B(z_0) . (6)

By (5) and definition of κ we have κ ( A(x), F_0(x), F_0(z_0) ) = F_0(z_0) , (7)

hence by (6), κ ( A(x), F_0(x), F_0(z_0) ) > B(z_0) , (8)

therefore because of F_0 ∈ C, sup { κ ( A(x), F (x), F (x_0 ) ) : F ∈ C } > B(z_0) , (9)

so, (1) holds for z =_{def} z_0 .

Lemma 3.4. If S fulfills the left-side A-replaceability condition on U

then FREL_{κ,A} ( FCLUST_A(S) ) ⊆ S . P r o o f . We have to prove ∀x ∀y ( x, y ∈ U → FREL_{κ,A} ( FCLUST_A(S) ) (x, y) ≤ S(x, y) ) . (1)

By definition of FREL_{κ,A} and FCLUST_A we have FREL_{κ,A} ( FCLUST_A(S) ) (x, y) = sup { κ ( A(x), F (x), F (y) ) : F ∈ FCLUST_A(S) } = sup { κ ( A(x), S(z, x), S(z, y) ) : z ∈ U ∧ S(z, z) > A(z) } , (2)

hence FREL_{κ,A} ( FCLUST_A(S) ) (x, y) ≤ sup { κ ( A(x), S(z, x), S(z, y) ) : x, z ∈ U ∧ S(z, x) > A(x) } . (3)

By definition of κ we have κ ( A(x), S(z, x), S(z, y) ) = S(z, y) if S(z, x) > A(x) , (4) so by (3), FREL_{κ,A} ( FCLUST_A(S) ) (x, y) ≤ sup { S(z, y) : x, z ∈ U ∧ S(z, x) > A(x) } . (5)

By assumption of our lemma we have S(z, x) > A(x) → S(z, y) = S(x, y) , (6) therefore sup { S(z, y) : x, z ∈ U ∧ S(z, x) > A(x) } = S(x, y) . (7) Finally, (5) and (6) imply (1).

Lemma 3.5. If S fulfills the left-side A-replaceability on U then FCLUST_A(S)

is A-disjoint on U.

P r o o f . We have to prove ∀z ∀F ∀G ( z ∈ U ∧ F, G ∈ FCLUST_A(S)∧ F (z) > A(z) ∧ G(z) > A(z) → F = G ) . (1) Assume for z ∈ U, F ∈ FCLUST_A(S) , (2) G ∈ FCLUST_A(S) , (3) F (z) > A(z) , and (4) G(z) > A(z) . (5) From (2) and (3) we get that there are elements x, y ∈ U such that ∀w ( w ∈ U → F (w) = S(x, w) ) , (6) ∀w ( w ∈ U → G(w) = S(y, w) ) , (7) S(x, z) > A(z) , and (8) S(y, z) > A(z) . (9) By assumption of our lemma for arbitrary w ∈ U from (8) we get S(x, w) = S(z, w) (10) and, furthermore, for arbitrary w ∈ U from (9) we analogously get S(y, w) = S(z, w) , (11) therefore (10) and (11) imply S(x, w) = S(y, w) , (12) hence by (6) and (7), F (w) = G(w) , (13) i.e., (1) holds.

Lemma 3.6. If S is left-side conditioned A-reflexive on U then S ⊆ FREL_{κ,A} ( FCLUST_A(S) ) . P r o o f . We have to prove ∀x ∀y ( x, y ∈ U → S(x, y) ≤ FREL_{κ,A} ( FCLUST_A(S) ) (x, y) ) . (1)

If we have

S(x, y) = 0 (2)

then (1) holds trivially.

So, we can assume S(x, y) > 0 , (3) hence by assumption of our lemma S(x, x) > A(x) . (4) By definition of FREL_{κ,A} and FCLUST_A we have FREL_{κ,A} ( FCLUST_A(S) ) (x, y) = sup { κ ( A(x), S(z, x), S(z, y) ) : z ∈ U ∧ S(z, z) > A(z) } . (5)

Because of (4) we get κ ( A(x), S(x, x), S(x, y) ) ∈ { κ ( A(x), S(z, x), S(z, y) ) : z ∈ U ∧ S(z, z) > A(z) } (6) and κ ( A(x), S(x, x), S(x, y) ) = S(x, y) , (7) hence S(x, y) ∈ { κ ( A(x), S(z, x), S(z, y) ) : z ∈ U ∧ S(z, z) > A(z) } , (8a) so S(x, y) ≤ sup { κ ( A(x), S(z, x), S(z, y) ) : z ∈ U ∧ S(z, z) > A(z) } , (9)

i.e., (1) holds.

Lemma 3.7. If S is conditioned B-total on U then FCLUST_A(S) is B-normal

on U.

P r o o f . We have to prove ∀F ( F ∈ FCLUST_A(S) → ∃x ( x ∈ U ∧ F (x) > B(x) )) . (1)

Assume

F ∈ FCLUST_A(S) . (2)

By definition of FCLUST_A there exists an x_0 ∈ U such that ∀y ( y ∈ U → F (y) = S(x_0, y) ) , and (3)

S(x_0, x_0) > A(x_0) . (4)

From (4) we obtain S(x_0, x_0) > 0 , (5) so by assumption of our lemma, there exists a z_0 ∈ U such that S(x_0, z_0) > B(z_0) . (6) From (3) for y =_{def} z_0 we obtain F (z_0) = S(x_0, z_0) , (7) hence by (6), F (z_0) > B(z_0) , (8) so, by putting x =_{def} z_0 we get that (1) holds.

Theorem 3.8. If

1. S fulfills the left-side A-replaceability condition on U and 2. S is left-side conditioned A-reflexive on U then FREL_{κ,A} ( FCLUST_A(S) ) = S .

P r o o f . By Lemma 3.4 and Lemma 3.6.

Theorem 3.9. If

1. S fulfills the left-side A-replaceability condition on U and 2. S is conditioned B-total on U then FCLUST_A(S) is A-disjoint and B-normal on U.

P r o o f . By Lemma 3.5 and Lemma 3.7.

Corollary 3.10. For arbitrary fixed functions A : U → [0, 1] and B : U →

[0, 1], FCLUST_A is an injection from FRE(U, A, B) into FCL(U, A, B).

Corollary 3.11. For arbitrary fixed functions A : U → [0, 1] and B : U →

[0, 1], if A ⊆ B then

1. FREL_{κ,A} is a bijection from FCL(U, A, B) onto FRE(U, A, B), and 2. FCLUST_A is the inversion of FREL_{κ,A} with respect to FRE(U, A, B) and FCL(U, A, B).

4. Incorporating the covering property

In this section we shall incorporate the function C : U → [0, 1] in order to characterize special fuzzy clusterings on U and special binary fuzzy relations on U.

To this end for arbitrary C ⊆ FP(U) and arbitrary S : U × U → [0, 1] we define

Definition 4.1.

1. C is said to be a C-covering of U

=_{def} ∀x ( x ∈ U → ∃F ( F ∈ C ∧ F (x) > C(x)^{))}, 2. FCL(U, A, B, C) =_{def} { C : C ∈ FCL(U, A, B) ∧ C is a C-covering of U^},

3. S is said to be C-surjective on U =_{def} ∀y ( y ∈ U → ∃x ( x ∈ U ∧ S(x, y) > C(y) )) , 4. FRE(U, A, B, C) =_{def} { S : S ∈ FRE(U, A, B) ∧ S is C-surjective on U } . Lemma 4.1. If 1. C is a C-covering of U and 2. A ⊆ C then FREL_{κ,A}(C) is C-surjective on U.

P r o o f . Let y be an arbitrary element from U . (1) Then we have to prove ∃x ( x ∈ U ∧ FREL_{κ,A}(C)(x, y) > C(y) ) , (2) i.e., by definition of FREL_{κ,A} we have to show ∃x ( x ∈ U ∧ sup { κ ( A(x), F (x), F (y) ) : F ∈ C } > C(y) ) . (3) Obviously, it is sufficient to prove ∃ x ∃F ( x ∈ U ∧ F ∈ C ∧ κ ( A(x), F (x), F (y) ) > C(y) ) . (4) Now, by (1) and assumption 1 of our lemma we have that ∃F_0 ( F_0 ∈ C ∧ F_0(y) > C(y) ) . (5) Because of assumption 2 of our lemma we have ∀z ( z ∈ U → C(z) ≥ A(z) ) , (6) hence by (5) F_0(y) > A(y) , (7) so by definition of κ, κ ( A(y), F_0(y), F_0(y) ) = F (y) , (8) therefore by (5) κ ( A(y), F_0(y), F_0(y) ) > C(y) . (9) Now, in order to prove (4), we put x =_{def} y and F =_{def} F_0 . (10)

Lemma 4.2. If S is a C-surjective binary fuzzy relation on U then

FCLUST_A(S) is a C-covering of U.

P r o o f . Assume y ∈ U . Then by assumption of our lemma ∃x ( x ∈ U ∧ S(x, y) > C(y) ) . (1) Define F =_{def} λy S(x, y) , (2) hence S(x, y) = F (y) > C(y) , (3) i.e., Lemma 4.2 holds.

Theorem 4.3. If

1. C is A-disjoint on U, 2. C is B-normal on U, 3. C is a C-covering of U,

4. A ⊆ B , and 5. A ⊆ C then

1. FCLUST_A ( FREL_{κ,A}(C) ) = C,

2. FREL_{κ,A}(C) is left-side conditioned A-reflexive on U, 3. FREL_{κ,A}(C) fulfills the left-side A-replaceability condition on U, 4. FREL_{κ,A}(C) is conditioned B-total on U, and 5. FREL_{κ,A}(C) is a C-surjective binary fuzzy relation on U.

P r o o f . Theorem 2.3, Lemma 3.1, Lemma 3.2, Lemma 3.3 and Lemma 4.1.

Corollary 4.4. For every A : U → [0, 1], B : U → [0, 1], C : U → [0, 1],

if A ⊆ B and A ⊆ C then FREL_{κ,A} is an injection from FCL(U, A, B, C) into FRE(U, A, B, C). Theorem 4.5. For every A : U → [0, 1], B : U → [0, 1], and S : U × U →

[0, 1], if

1. S is left-side conditioned A-reflexive on U, 2. S fulfills the left-side A-replaceability condition on U, 3. S is conditioned B-total on U, and 4. S is C-surjective on U then

1. FREL_{κ,A} ( FCLUST_A(S) ) = S , 2. FCLUST_A(S) is A-disjoint on U, 3. FCLUST_A(S) is B-normal on U, and 4. FCLUST_A(S) is a C-covering of U.

P r o o f . Theorem 3.8, Lemma 3.5, Lemma 3.7 and Lemma 4.2.

Corollary 4.6. For every fixed function A : U → [0, 1], B : U → [0, 1] and

C : U → [0, 1], if A ⊆ B and A ⊆ C then 1. FREL_{κ,A} is a bijection from FCL(U, A, B, C) onto FRE(U, A, B, C) and 2. FCLUST_A is the inversion of FREL_{κ,A} with respect to FRE(U, A, B, C) and FCL(U, A, B, C).

5. Conclusions and further investigations

For an arbitrary fuzzy clustering C ⊆ FP(U) we have the following

Proposition 5.1. C is A-disjoint on U if and only if C fulfills the following

condition ∀x ∀F ∀G ( x ∈ U ∧ F, G ∈ C ∧ min ( F (x), G(x) ) > A(x) → F = G ) . Now, we fix an arbitrary function

δ : [0, 1] × [0, 1] → [0, 1] ,

and define

Definition 5.1. C is said to be δ-A-disjoint on U =_{def} ∀x ∀F ∀G ( x ∈ U ∧ F, G ∈ C ∧ δ ( F (x), G(x) ) > A(x) → F = G ) . Proposition 5.2. If 1. ∀r ( r ∈ [0, 1] → δ(r, 1) = r ∧ δ(1, r) = r ) , 2. δ is monotone, i.e., ∀r ∀r^0 ∀s ∀s^0 ( r, r^0, s, s^0 ∈ [0, 1] ∧ r ≤ r^0 ∧ s ≤ s^0 → δ(r, s) ≤ δ(r^0 , s^0 ) ) , and

3. C is A-disjoint on U

then C is δ-A-disjoint on U.

P r o o f . Obviously, it is sufficient to prove ∀r ∀s ∀t ( r, s, t ∈ [0, 1] ∧ δ(r, s) > t → r > t ∧ s > t ) . (1)

In order to show (1) we assume r ≤ t ∨ s ≤ t . (2) Case 1: r ≤ t.

Then by assumption 2 of our proposition we obtain δ(r, s) ≤ δ(t, s) ≤ δ(t, 1) , (3) furthermore, by assumption 1,

δ(t, 1) = t , (4)

hence by (3) and (4) we get the contradiction δ(r, s) ≤ t.

Case 2: s ≤ t. Analogously.

Corollary 5.3. If δ is a t-norm and C is A-disjoint, then C is δ-A-disjoint,

i.e., C fulfills axiom AX1.

Concluding remarks.

1. If we try to generalize the investigations and results of the Sections 2, 3, and 4 to δ-A-disjoint clusterings then we are faced with serious difficulties. In a following paper we shall discuss this complex of problems in detail.

2. For some applications, for instance, to granulation theory, we have to modify the Definitions 2.1, 2.2, 2.3, 3.1, 4.1, and 5.1 as follows (see [25]).

Definition 2.1’.

κ^0(r, s, t) =_{def} { 0 if s < r , t if s ≥ r . Definition 2.2’.

1. FCLUST’_A(S) =_{def} { λy S(x, y) : x ∈ U ∧ S(x, x) ≥ A(x) } , 2. FREL^0_κ0_{,A}(C)(x, y) =_{def} sup { κ^0 ( A(x), F (x), F (y) ) : F ∈ C } . Definition 2.3’.

1. C is said to be strongly A-disjoint on U =_{def} ∀x ∀F ∀G ( x ∈ U∧ F, G ∈ C ∧ F (x) ≥ A(x) ∧ G(x) ≥ A(x) → F = G ) , 2. C is said to be weakly B-normal on U

=_{def} ∀F ( F ∈ C → ∃x^(x ∈ U ∧ F (x) ≥ B(x)^{))}, 3. FCL^0 (U, A, B) =_{def} { C : C ⊆ FP(U)∧C is strongly A-disjoint and weakly

B-normal on U } .

Definition 3.1’.

1. S is said to be left-side conditioned weakly A-reflexive on U =_{def} ∀x ∀y ( x, y ∈ U ∧ S(x, y) > 0 → S(x, x) ≥ A(x) ) , 2. S fulfills the strong left-side A-replaceability condition on U =_{def} ∀x ∀y ∀z ( x, y, z ∈ U ∧ S(x, y) ≥ A(x) → S(x, z) = S(y, z) ) , 3. S is said to be conditioned weakly B-total on U =_{def} ∀x ∀y ( x, y ∈ U ∧ S(x, y) > 0 → ∃z ( z ∈ U ∧ S(x, z) ≥ B(z) )) , 4. FRE^0 (U, A, B) =_{def} { S : S : U × U → [0, 1] ∧ S fulfills the items 1, 2, 3 } . Definition 4.1’.

1. C is said to be a weak C-covering of U

=_{def} ∀x ( x ∈ U → ∃F ( F ∈ C ∧ F (x) ≥ C(x)^{))}, 2. FCL^0 (U, A, B, C) =_{def} { C : C ∈ FCL^0 (U, A, B) ∧ C is a weak C-covering

of U } , 3. S is said to be weakly C-surjective on U

=_{def} ∀y ( y ∈ U → ∃x ( x ∈ U ∧ S(x, y) ≥ C(y) )) , 4. FRE^0 (U, A, B, C)

=_{def} { S : S ∈ FRE^0 (U, A, B) ∧ S is weakly C-surjective on U } . Definition 5.1’. C is said to be strongly δ-A-disjoint on U =_{def} ∀x ∀F ∀G ( x ∈ U ∧ F, G ∈ C ∧ δ ( F (x), G(x) ) ≥ A(x) → F = G ) . This modified approach will be investigated in a forthcoming second paper.

Acknowledgments. The author would like to thank Claus-Peter Alberts for his help in preparing the manuscript.

REFERENCES

[1] BEZDEK, J. C.—HARRIS, J. : Fuzzy partitions and relations – an axiomatic basis for clustering, Fuzzy Sets and Systems 1 (1978), 111–126.

[2] BHAKAT, S. K.—DAS, P. : q-Similitudes and q-fuzzy partitions, Fuzzy Sets and Systems 51 (1992), 195–202.

[3] CHAKRABORTY, M. K.—DAS, P. : On fuzzy equivalence I., Fuzzy Sets and Systems 11 (1983), 185–193.

[4] DE BAETS, B.—MESIAR, R. : T -partitions, Fuzzy Sets and Systems 97 (1998), 211–223. [5] DUMITRESCU, D. : Fuzzy partitions with the connectives T1 , S1 , Fuzzy Sets and Systems 47 (1992), 193–195.

[6] GOTTWALD, S. : Fuzzy Sets and Fuzzy Logic. Foundations of Application– from a Mathematical Point of View, Artificial Intelligence, Vieweg, 1993.

[7] HATA, Y.—MUKAIDONO, M. : On some classes of fuzzy information granularity and their representations, in: 29th IEEE Symposium on Multi-Valued Logic(ISMVL’99), 1999, pp. 288–293.

[8] HÖHLE, U. : Fuzzy equalities and indistinguishability, in: Proceedings of EUFIT’93, Aachen, Germany, 7–10 September 1993, pp. 358–363.

[9] KLAWONN, F. : Similarity based reasoning, in: EUFIT’95- Third European Congress on Intelligent Techniques and Soft Computing, Aachen, Germany, 28–31 August 1995, pp. 34–38.

[10] KLAWONN, F. : The Role of Similarity in Fuzzy Reasoning (D. Dubois, E.P. Klement, and H. Prade, eds.); Fuzzy Sets, Logics and Reasoning about Knowledge, App. Log. Ser., Vol. 15, 1995, pp. 243–254.

[11] KLAWONN, F.—CASTRO, J. L. : Similarity in fuzzy reasoning, Mathware Soft Comput.

2 (1995), 197–229.

[12] KLAWONN, F.—KRUSE, R. : From fuzzy sets to indistinguishability and back, in: Proceedings of ISFL’95, Zürich, Switzerland, 26–27 May 1995, pp. A57–A59.

[13] MARKECHOV, D. : The entropy of fuzzy partitions, Fuzzy Sets and Systems 48 (1992), 351–363.

[14] MONTES, S. : Partitions and Divergence Measures in Fuzzy Models, Ph.D. Thesis, University of Oviedo, 1998.

[15] MONTES, S.—COUSO, I.—GIL, P. : One-to-one correspondence between ε-partitions and α-equivalences, Fuzzy Sets and Systems, accepted.

[16] MONTES, S.—JIMÉNEZ, J.—GIL, P. : ε-partitions and α-equivalences, Mathware Soft Comput. 5 (1998), 201–211.

[17] MUNDICI, D. : Partitions and Many-Valued Logic, in: Seventh International Fuzzy Systems Association World Congress (IFSA ’97), Prague, Czech Republic, June 25–29, 1997. Proceedings, volume 1, pp. 25–29.

[18] OVCHINNIKOV, S. : Similarity relations, fuzzy partitions, and fuzzy orderings, Fuzzy Sets and Systems 40 (1991), 107–126.

[19] RUSPINI, E. H. : A new approach to clustering, Inform. and Control 15 (1969), 22–32. [20] SCHMECHEL, N. : On the isomorphic lattices of fuzzy equivalence relations and fuzzy partitions. Multiple Valued Logic, Internat. J. 2 (1996), 1–46.

[21] THIELE, H. : On Similarity-based Fuzzy Clusterings (D. Dubois, E. P. Klement, and H. Prade, eds.), Fuzzy Sets, Logics and Reasoning about Knowledge, Appl. Log. Ser. 15, 1999, pp. 289–300.

[22] THIELE, H. : On Algebraic Foundations of Information Granulation I. The Crisp Case, in: FUZZ-IEEE 2000, San Antonio, May 7–12, 2000, Conference Proceedings, Vol. 2, pp. 780–785.

[23] THIELE, H. : On Algebraic Foundations of Information Granulation II. The Fuzzy Case, in: 8th International Conference on Information Processing and Management of Uncertainty in Knowledge Based Systems, IPMU 2000, Madrid, Spain, July 3–7, 2000, Conference Proceedings, Vol. III, pp. 1389–1396.

[24] THIELE, H. : On Algebraic Foundations of Information Granulation III. Investigating the Hata-Mukaidomo Approach, in: 30th International Symposium on Multiple-Valued Logic (ISML) on Information Processing and Management of Uncertainty in Knowledge Based Systems, IPMU 2000, Portland, Oregon, USA, May 23–25, 2000, Conference Proceedings, pp. 133–138.

[25] THIELE, H. : A characterization of Ruspini-partitions by similarity relations, in: IPMU ’96 — International Conference on Information Processing and Management of Uncertainty in Knowledge-Based Systems, volume I, pages 389–394, Granada, Spain, July 1–5, 1996.

[26] THIELE, H. : On isomorphisms between the lattice of tolerance relations and lattices of clusterings, in: Proceeding of The Twenty-Sixth International Symposium on Multiple-Valued Logic, Santiago de Compostela, Spain, May 29–31, 1996, pp. 198–202.

[27] THIELE, H. : On isomorphisms between the De Morgan algebra of fuzzy tolerance relations and De Morgan algebras of fuzzy clusterings, in: Proceedings of The Fifth IEEE International Conference on Fuzzy Systems, New Orleans, USA, September 8–11, 1996, Vol. 2, pp. 960–965.

[28] THIELE, H. : On mathematical foundations of fuzzy cluster analysis, Mult. Valued Log. 1 (1996), 85–123.

[29] THIELE, H. : On similarity based fuzzy clusterings. Invited Paper, in: Proceedings of Linz ’96 — Fuzzy Sets, Logics, and Artificial Intelligence (Didier Dubois, Erich Peter Klement, and Henri Prade, eds.), Linz, Austria, February 20–24, 1996, pp. 135–138; Extended Version in Fuzzy Sets, Logics and Reasoning about Knowledge (D. Dubois, E. P. Klement, and H. Prade, eds.), Applied Logics Series, Vol. 15, Kluwer Academic Publishers, Dordrecht, 1999, pp. 289–299.

[30] THIELE, H.—SCHMECHEL, N. : On the mutual definability of fuzzy equivalence relations and fuzzy partitions, in: FUZZ-IEEE ’95 — Fourth IEEE International Conference on Fuzzy Systems, Vol. III, Yokohama, Japan, March 20–24, 1995, pp. 1383–1390.

[31] VALVERDE, L. : On the structure of F-indistinguishability operators, Fuzzy Sets and Systems 17 (1985), 313–328.

[32] BO YUAN—KLIR, G. J.—SWAN-STONE, J. F. : Evolutionary fuzzy c-means clustering algorithm, in: FUZZ-IEEE ’95 — Fourth IEEE International Conference on Fuzzy Systems, Yokohama, Japan, March 20–24, Vol. IV, 1995, pp. 2221–2226.

[33] ZADEH, L. : The Key Roles of Information Granulation and Fuzzy Logic in Human Reasoning. Concept Formulation and Computing with Words, in: FUZZY-IEEE’96-Fifth IEEE International Conference on Fuzzy Systems, New Orleans, USA, September 8–11, 1997.

[34] ZADEH, L. A. : Toward a theory of fuzzy information granulation and its centrality in human reasoning and fuzzy logic, Fuzzy Sets and Systems 90 (1997), 111–127.

Received April 19, 2000 University of Dortmund Department of Computer Science I D–44221 Dortmund GERMANY E-mail: thiele@jupiter.cs.uni-dortmund.de