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ON BUCK’S UNIFORM DISTRIBUTION

IN COMPACT METRIC SPACES

Milan Paštéka

ABSTRACT. We define uniform distribution in compact metric space with re-
spect to the Buck’s measure density originated in [Buck, R. C.: The measure
theoretic approach to density, Amer. J. Math. 68 (1946), 560–580]. Weyl’s crite-
rion is derived. This leads to an existence result.

The notion of uniformly distributed sequence is originated by Hermann Weyl
in 1916 in the paper [WEY] for the real valued sequences. In this paper only
the fractional parts of elements of given sequence are substantial. Thus the ob-
ject of observations are the elements of the unit interval. Let us remark Weyl
use the expression uniform distribution modulo 1. Later this notion was gener-
alizes for compact metric and topological spaces. For the survey we refer to the
monographs [H], [K-N], [D-T], [P].

Denote by N the set of positive integers. If for a subset A ⊂ N there exists
the limit

lim
n→∞

card{k ∈ A; k ≤ n}
n

:= d(A)

then we say that the set A has the asymptotic density and we call the value d(A)
the asymptotic density of A. This set function is finitely additive probability
measure and its properties are described for instance in [NAR], [P], [PAS3].

Let (M, ρ, λ) be the compact metric space with the metric ρ and Borel
measure λ. Suppose that {xn} is a sequence and S an arbitrary set. Denote

A
(
S, {xn}

)
= {n ∈ N;xn ∈ S}.

It is well known that the sequence {xn} of elements of M is called uniformly
distributed if and only if for every measurable set S ⊂ M such that λ(∂S) = 0,
there holds that A

(
S, {xn}

)
has asymptotic density equal λ(S), (see [WEY],

[K-N], [D-T], [P]). A measurable set S which fulfils the condition λ(∂S) = 0
is called the set of λ-continuity. The following is well-known characterization
of uniform distribution.
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������ ��	
��	�� Let {xn} be a sequence of elements of M. This sequence is
uniformly distributed if and only if

lim
N→∞

1

N

N∑
n=1

f(xn) =

∫
fdλ

for every real valued continuous function f defined on M.

In this paper we shall study the special case of uniform distribution related
to other type of finitely additive probability measure, so called Buck’s measure
density constructed in [BUC, 1946]. Put r + (m) =

{
a ∈ N; a ≡ r (mod m)

}
,

for m ∈ N, r-integer. Let S ⊂ N. The value

μ∗(S) = inf

⎧⎨
⎩

s∑
j=1

1

mj
;S ⊂ r1 + (m1) ∪ · · · ∪ rs + (ms), s ∈ N

⎫⎬
⎭

is called the measure density of the set S. The system of sets

Dµ=
{
S⊂N;μ∗(S) + μ∗(N \ S) = 1

}
is the set algebra and the restriction μ = μ∗|Dµ is the finitely additive probability
measure on Dµ.

A sequence {xn} of the elements of M is called Buck’s uniformly distributed
if for every set of λ-continuity S we have

A
(
S, {xn}

) ∈ Dµ and μ
(
A(S, {xn})

)
= λ(S).

We say that a sequence of positive integers {kn} is uniformly distributed
if for everym ∈ N and integer r A

(
r+(m), {kn}

)
has asymptotic density equal 1

m .
In [PAS3, Theorem 7, p. 49], the following characterization of the algebra Dµ

is given.

������� � Arbitrary set H ⊂ N belongs to Dµ if and only if A
(
H, {kn}

)
has

asymptotic density equal to μ∗(H) for every sequence of positive integers {kn}
which is uniformly distributed.

Theorem A says that a set H ⊂ N belongs to Dµ if and only if

lim
N→∞

N∑
n=1

χH(kn) = μ∗(H)

for every uniformly distributed sequence of positive integers {kn}. Clearly for the
sequence {xn} of elements of M and A := A

(
S, {xn}

)
we have χS(Xk) = χA(k).

Thus the sequence {xn} is Buck’s uniformly distributed if for every set of λ-
-continuity S there holds

lim
N→∞

1

N

N∑
n=1

χS(xkn
) = λ(S),
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and so by the same procedure as in the proof of Theorem in [K-N] the following
form of Weyl’s criterion can be proved.

������� 1 Let {xn} be a sequence of elements of M. Then this sequence is
Buck’s uniformly distributed if and only if

lim
N→∞

1

N

N∑
n=1

f(xkn
) =

∫
fdλ

for every real valued continuous function f defined on M and for every sequence
of positive integers {kn} which is uniformly distributed.

The implication ⇒ follows from the fact that every continuous real valued
function on M can be uniformly approximated by the functions in the form
c1χS1

+ · · ·+ crχSr
where S1, . . . , Sr are the sets of λ continuity. The opposite

implication can be proved by the Urysohn’s lemma. For the details we refer
to [K-N].

Theorem 1 can be formulated in the equivalent form.

Let {xn} be a sequence of elements of M. Then this sequence is Buck’s uni-
formly distributed if and only if for every sequence of positive integers {kn} which
is uniformly distributed the sequence {xkn

} is uniformly distributed, too.

A sequence {xn} of elements of M is called polyadically continuous if and only
if for every ε > 0 there exists m ∈ N that

n1 ≡ n2 (mod m) ⇒ ρ(xn1
, xn2

) < ε.

Since every continuous real valued function on M is uniformly continuous we ob-
tain that for a continuous function f and polyadically continuous sequence {xn}
of elements of M is the arithmetic function g(n) = f(xn) polyadically continu-
ous, we obtain directly from the properties of polyadically continuous arithmetic
functions, (see [P]).

��������� A polyadically continuous sequence {xn} of elements of M is
Buck’s uniformly distributed if and only if it is uniformly distributed.

The existence of various type of uniformly distributed sequence in real case
is provided by the construction of numerous examples. In more abstract cases
the existence of such sequences should be provided by some arguments. In the
paper [H] there is constructed uniformly distributed sequence in compact metric
space. Motivated by this paper, using the same procedure we prove the following
property.

������� 2 There exists Buck’s uniformly distributed sequence of the elements
of M.
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P r o o f. The compactness of M provides that there exists a system

Sm =
{
Sj
m, j = 1, . . . , r(m)

}
, m = 1, 2 . . . , Sj

m �= ∅
of finite closed covers of M, having the following properties:

i) If n(Sm) = max
{
diam(Sj

m), j = 1, . . . , r(m)
}
,m = 1, 2, . . ., then

lim
m→∞n(Sm) = 0.

ii) For every m and i �= j there holds λ(Si
m ∩ Sj

m) = 0.

iii) If m≤n, then for every i≤r(n) there exists uniquely determined

j = j(i) ≤ r(m) such that Si
n ⊂ Sj

m.

iv) The indices in iii) are ordered in such a way that

i1 < i2 ⇒ j(i1) ≤ j(i2).

The property i) provides that every real valued continuous function defined onM

can be uniformly approximated by the linear combination of the functions χSj
m
,

j = 1, . . . , r(m) for suitable m.

The Van der Corput sequence defined by the power expansion of positive
integers (see [K-N], [PAS3]) is an example of the sequence of elements of in-
terval [0, 1] which is Buck’s uniformly distributed. Thus we can suppose that
such sequence exists in this interval. Let {γn} be a sequence Buck’s uniformly
distributed in [0, 1].

To each cover Sm we can associate the finite system of interval Ijm, j=1, . . .
. . . , r(m) such that

Ijm =

[
j−1∑
l=1

λ(Sl
m),

j∑
l=1

λ(Sl
m)

]
,

thus |Ijm| = λ(Sl
m) and this system is division of the interval [0, 1] and we can

suppose that the endpoints of Ikm, k = 1, . . . , r(m) do not coincide with the
elements of {γn}. Each number α ∈ [0, 1] which does not coincide with the
endpoints of the intervals Ikm, k = 1, . . . , r(m) belongs to exactly one interval

I
l(m)
m for every m = 1, 2, . . . , where l(m) := l(m,α) depends on α. Since for
every m = 1, 2, . . . we have

S
l(m+1)
m+1 ⊂ Sl(m)

m ,

the compactness of M guaranties that the set D(α) = ∩∞
m=1S

l(m)
m is non empty.

Consider now such sequence {xn} of elements of M that xn ∈ D(γn), n =
1, 2, . . . We prove that this sequence is Buck’s uniformly distributed. Let {kn} be
arbitrary uniformly distributed sequence of positive integers. Denote for H ⊂ M
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λ∗(H) = lim sup
N→∞

N∑
n=1

χH(xkn
),

λ∗(H) = lim inf
N→∞

N∑
n=1

χH(xkn
).

Let Z denote the system of all sets of the form ∪T
t=1S

it
m. Clearly

χ∪T
t=1S

it
m

≥ χ∪T
t=1I

it
m
.

Thus using the fact that the sequence {xkn
} is uniformly distributed in [0, 1]

we obtain that for every S ∈ Z we have λ∗(S) ≥ λ(S).

From the other side we consider that for every open set G there holds

λ(G) = sup
{
λ(S);S ⊂ G,S ∈ Z}

.

Thus for every closed set F and every ε > 0 there exists a set S′ ∈ Z that
S′ ⊂ M \ F and λ(S′) > λ(M \ F )− ε. This yields

λ∗(F ) ≤ 1− λ∗(S′) ≤ 1− λ(S′) < 1− λ(M \ F ) + ε = λ(F ) + ε.

Since ε is arbitrary we obtain λ∗(F ) ≤ λ(F ). Therefore for every S ∈ Z it holds
λ∗(S) = λ∗(S) = λ(S) and the assertion follows from v). �

We conclude with following remark. Let B be the set of all Buck’s uniformly
distributed sequences of elements of M. Since each such sequence is well dis-
tributed (see [K-N], [N]) we obtain directly from the result of [N], (see also [K-N]),
that λ∞(B) = 0, where λ∞ is the product measure on the space of all sequences
of elements of M.
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