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ABSTRACT. In this paper, sufficient conditions to guarantee the square in-
tegrability of all solutions and the asymptotic stability of the zero solution of
a non-autonomous third-order neutral delay differential equation are established.
An example is given to illustrate the main results.

1. Introduction

In this paper, we discuss three classic questions on the behavior of solutions
of differential equations, namely, their boundedness, stability, and square inte-
grability. In particular, we examine the uniform asymptotic stability of solutions
of the third order nonlinear neutral delay differential equation

[a(t) + (e — 7))+ a(t) (Q(a(0)a' (1)) +
o(t) (R(2(0)a' (1)) + e(0) (a(t - 7)) =0, (1.1)

as well as the boundedness and square integrability of solutions of the corre-
sponding forced equation

/

[z(t) + Ba(t — T)]W—I— a(t) (Q (x(t))m’(t)) +
b(t) (R(@(®)a' )+ f (2t = 7)) =h().  (1:2)
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Here g8 and 7 are constants with 0 < g < 1 and 7 > 0, the functions a, b,
c: [0,00) = [0,00), @, R: R — [0,00), h: [0,00) — R, and f: R — R are
continuous, and z f(z) > 0 for x # 0.

For second order equations, determining the asymptotic stability and square
integrability of solutions has been a very active area of research over the years;
see, for example, the monographs [3] and [4]. These properties have received far
less attention for third order equations; some early well-known results on special
cases of equation (1)) can be found in Ezeilo [12], Hara [19], and the classic
work of Reissig, Sansone, and Conti [25]. More recent results have ap-
peared in the monograph of Padhi and Pati [23] and the papers Ademola
and Arawomo [I], Baculikovad and Dzurina [2], Bartusek and
Graef[5], [6], Dosld [9], Graefetal [I3]{I7], Mihali kovd and Kosti-

kovd [20], Omeike [2I], Oudjedi 22], Qian [24], Remili et al. [26]-38],
Tian et al. [39], Tung¢ [40]-[45], and Zhang and Yu [46].

By a solution of (IT]) or (I2]) we mean a continuous function z: [t;,00) — R
such that x(t) + Bz(t — 1) € C3([ts,00),R) and which satisfies the equation
on [t;,00).

2. Asymptotic stability

We shall make use of the following assumptions on the functions appearing
in the equations. Assume that there are positive constants ag, a1, cg, b1, qo, q1,
ro, 71, L, 6, d, M, n, and J such that the following conditions are satisfied:

(H1) 0<ap<a(t) <apand 0<co <et) <b(t) < by

(Ha) 0<go < Q) <¢qrand 1 <rp < R(z) <1y

(Hs) 6(1+5) <d < aogo and —L < V/(t) < () <0;

H4) f(0) =0, @ > M >0 for x # 0, f’ is continuous and f'(z) < ¢ for all z;
(Hs) 3da/()Q(x) — co(d — (1+ 5)8) + &2 (r + 118 +08) < =1 < 0;

(He) Blarqa —d) +b1Bri(1+B) — (2 — B)(aogo — d) < 0;

(Hr) [T2(1Q (W) + R (w)])du < J < +oc.

Our main result on the asymptotic stability of the zero solution of equation
(LT) is contained in the following theorem.

—

THEOREM 2.1. Assume that conditions (Hy )—(Hz) hold. Then, the zero solution
of equation ([ILT) is uniformly asymptotically stable if

. 2n (2= B)(apgo — d) — B(a1q1 — d) — b1 fr1(1 + )
T<mm{b15(1+ﬁ+2d)’ br5(1+ B) }

Proof. For convenience, we introduce the notation

01() = (Qe)) = @ (@0)2' (1), ba(t) = (R(a(0))) = R (a(t))' (1),
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and
X(t) = x(t) + Bx(t — 7).
Then,
X'(t)y=Y({t)=y(t)+ Byt —7) and X"(t)=Z(t) = 2(t) + Bz(t — 7).
We will write equation (L) as the equivalent system:

a'(t) = y(t),
y'(t) = 2(1),
Z'(t) = —a(t)Q(x)z(t) — a()Q'(x)y*(t) — b(t) R(x)y(t) (2.1)

—WVMM+wy?@@M@@

Define a Lyapunov functional U (t, z,y, Z) such that U(¢,0) = 0 and

U = exp ( /(|91(s)| + 162(s)]) ds) v, (2.2)

t

v:v0+vl+u/ (s)ds+0/ s)ds+/\// w) duds, (2.3)

t—7 —7 t+s

I

where

and

Vo = deft)F () + c()Y (01 (x) + 20Dy

Z2(t) + dyZ(t) + %da(t)Q(m)gﬁ

and K, i, o and A are constants to be suitably selected below.
First, we shall show that V() defined by (23)) is positive definite. From (Hy)
and (H3), we have

Vi == (2% + 2dyZ + da(t)Q(z)y?)

l\DlH[\DIH

=5 ((Z + dy? + dy? (a(t)Q(x) - d)) = Vir.
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In the same way, it follows that

do®QE) (1 ¥ 1 (@) ~dY 0 _
. <y+a<t>Q<x>Z>+2< a(HQ() )Z — e
Then

1 1
1 5 11+ 5 /12

‘/1:

= i(Z +dy)? + ida(t)@(w) (y + ﬁz)

1 2 1 a ) — d) 72
+ 7d(aHQ() - d)y* + 74(1@)@@)( (HQ(x) —d)Z
- d(apqo — d) 4 (aoqo — d) 72

- 4 daiq

From this inequality we see that there is a positive constant ky such that
Vi > ko(y* + Z7),
where ko = min{ 4 (aoqo — d), ﬁ (aogo — d) }. From (Hy) and (Hj), we obtain

Vo = deft)Pa) + WORE e O 5 gy Wy cll) o

> dc(t)/x <1 - #) f(u)du + ? (R(x) - %) y?
0

> §,F(z) + %O(TO —1)Y?
where §; = dcg(1 — £). Observe that by (Hj), we have
f2( )

2

> M2,

which implies that
2

F(a) 2 52 2(0) 2 5=%(0)

Since
t

a/ ()d8+u/ d3+)\// u)duds > 0,

t—7 —7 t+s
it follows that
V > k(2% + 9y + 2% +Y?), (2.4)
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where ky = min{k, M;fl , L (ro — 1)}. By (Hy), we have
U>ko(Z% + 9> + 22 +Y?) (2.5)
for some constant ko > 0. It is not difficult to see that
Wz, y,Z) =ko(Z* +y* +2° +Y?) =0 ifandonlyif z=y=2=0, (2.6)
and

U>ky(Z% 42+ 22+ Y2 =W(z,y,Z) >0 if (z,y,Z) #0. (2.7)

The derivative of the functional V along the trajectories of the system (2.1])
is given by

Vi=H(t z,y)+ %Ula'(t)Q(I)y2 + Be(t)yy(t — 1) f'(x) + b(t) BR(x)y(t — 7)z
+ b(t)B2R(x)y(t —71)z(t—7) — ay2(t —7)
—db(t)R(z)y? + c(t)y>f' (z) + oy + Iy?
+ (d— a®)Q(x))2%(t) + pz*(t) + B(d — a(t)Q(x)) 22(t — T) — pz*(t — 7)
= [0R5)ds 4 elt) (= + Bx(t = ) + d) [ £ ((5))y(s) ds + 0V 2),

T

where
0(%,2) = "o,y - Zda(t)p) (5 ~ a(0)s ()97
and
H(t,z,y) = dc (t)F(z) + ()Y f(x) + b/(t)f(x)y%
Notice that
Y0, 2) < oY + L0010 + D + 2)
<w(|L ()] +10200)]) (v* + Y? + Z7),

with w = 1 max{by, a1 (1 + d)}.

If ¢(t) =0, then H(t,z,y) = Mf(x)}ﬂ <0.If ¢(t) <0, then H(t,x,y) can
be written as

H(t,.’I},y) = dCI(t)Hl(t,{I},y),

b'(t)R(z) c'(t) ’ (t) o
)+ S Y won )~ wm )

where

H1(t,$,y> =
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From (Hs), we have 0 < b’Eg <1, so

Hl(t,x,y)ZF(I)—2—1df2(x)20/m<1—g> w) du >—/f )du > 0.

It follows immediately that
H(ta T,y) = dc,<t)H1 (t, z,y) <0.

Hence, on combining the two cases for ¢/(t), we have H(t,z,y) < 0 for all ¢ > 0,
x, and y.
From condition (Hy) and applying the fact that 2uv < u? + v?, we obtain

¢
/f s)ds < %z + g/ 2(5) ds, (2.8)

¢ 5 5 ¢
Bz(t — T)/f/ (z(s))y(s)ds < %zz(t —-7)+ 75 /yz(s) ds, (2.9)

and
oT )
dy /f y(s)ds < 5 dy2 + ?d /yz(s) ds. (2.10)
t—1

Applying conditions (H;) and (Hs) and using (Z.8)—(2.10), we have

V< (%da’(t)@(w) —bt) (dR(x) _ <1+ 2) b(t>> to+ ibl +AT> 2(1)

(t)
[ (2— 5)(006102— d) — Bbiry n %Tbl> 2(1)
blfrl (1+8)+ 66261 - 0) yi(t—7)

—d) + b1 3%
2

5(01% — +B%b1> 22(t o 7_)
)

i
u
i

ye

t
do
b1+5 b+ b1 - /\> /gﬁ(s)ds

t—r

w([61(t)] + [62(8)]) (v* + Y + 2°).
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Let ﬁ((llql — d) + b1T152 + ﬁ(STbl by
= A= 1 d
I 5 : - (1+5+d)
and b
o= 1ﬁ(7“1+57“1+5)
Then,

V< (%da'(t)@(z) — e <d _ <1 + §>5>
+

b15<T1+5T1+5)+%(1+ﬁ+2d)> ()

( a1 — +¢Mhﬂ+ﬁ)(2—MWMmﬂD+h&0+ﬁDf®
(|91 )| + |62(t >(y2+Y2+22)

<

DN | —

(mmmdwbﬁnu+ﬂ><2meo(n+m&u+ﬂQ%w

2
From 24), [Z2), and taking 1 = &, we see that

%U = exp (—k%/(lel(s) + [62(3))) ds) (%V 3 w(\el(t)\k: \92(15)|)V)

t1

+ < N+ m(1+5+2d)> 2(t )+w<|91(t)| + |92(t)|> (y* +Y?+2%).

< % (5(@1@11 —d) +b18ri(1+B) — (2= B)(aoqo — d) + bro7(1 + 5)) 22(1)

4 (— bl;% B+ 2d)) P(0).

Therefore, from (Hs) and (Hg) there exists a positive constant N such that

U < =N (y*(t) + 2%(1) , (2.11)
provided that
T<min{ 2n ’ (2 = B)(aogo — d) — Blarqa —d)—b157“1(1+ﬁ)}.
10(1+ 5 +2d) b16(1 4 B)

Finally, it follows that

U'(z,y,2) =0 ifandonly if z=y=2=0, (2.12)
and

U'(x,y,2) <0 for (x,y,2) # 0. (2.13)

87



JOHN R. GRAEF — LINDA D. OUDJEDI — MOUSSADEK REMILI

From the properties of the Lyapunov function U, namely (ZI), (Z0), (Z71),
(212), and (2I3]), we see that the zero solution of the system (2.1)) is uniformly

asymptotically stable (see [7], [18]), and this completes the proof of the theorem.
O

3. Boundedness of solutions of (L.2)

To study the boundedness of solutions of the forced equation (L2), we will
write it as the system

2'(t) = y(t),
y'(t) = 2(t),
Z'(t) = —a(t)Q(z)2(t) — a(t)Q'(w)yf(t) —b(t)R(z)y(t) (3.1)

— c(t)f(x(t)) + h(t) + c(t)/f’(x(s))y(s) ds.

Our main theorem in this section is as follows.

THEOREM 3.1. Assume that the conditions of Theorem 21l are satisfied and
there is a positive constant D1 such that

Then there exists a positive constant D such that any solution x(t) of (BJ)
satisfies
[z() <D, [y®| <D, and |Z(t)| < D. (3.2)
Proof. Differentiating (Z3) along the solutions of system (B1]), we obtain
Ven = Ve + M) (dy + Z).
Since VG/ZI]) <0, it follows that
Vi < Kalh()l(lyl + 120).
where Ky = max {d, 1}. Now the inequality (2] and the fact that |p| < p? 4+ 1 imply
Ven < Ka|h(t)| (v + 2% +2)
< K [h(8)] V(#) +2K2 |h(t)] - (3.3)

Integrating from t; =ty + 7 to t, we obtain
t

V(t) — V(t) < 21 / Ih(s)] ds + K / V(s) [h(s)] ds,

tl tl
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or t
V(t) <V(t)+2K2D1 + KQ/V(S) |h(s)]| ds.

ty

Applying Gronwall’s inequality, it follows that

V(t) < (V(tl) —|—2K2D1) exp KQ/VL(SM ds| < Do, (34)

i.e., V(t) is bounded. In view of (Z4]), this implies the conclusion of the theorem
holds. O

COROLLARY 3.2. Under the conditions of Theorem[21, the zero solution of equa-
tion ([ILJ) is globally uniformly asymptotically stable.

Proof. By Theorem 2] the zero solution of equation ([I.T) is uniformly asymp-
totically stable, and by Theorem [B.Il all solutions are bounded. The conclusion
then follows by the well-known LaSalle’s invariance principle. O

4. Square integrability of solutions

In this section, we are concerned with the square integrability of solutions
of equation ([2)). Our main result in this direction is contained in the following
theorem.

THEOREM 4.1. In addition to the assumptions of Theorem[31, assume that

b
(Ig) coM — 1Tm >0,

+oo
(I3) /|a’(s)|ds < A.

Then all solutions of equation [(L2) and their derivatives belong to L*[t1, +00).
Proof. Define W(t) by t
W(t) = U(t) +6/(22(s) +2(s)) ds, (4.1)
t1

where € > 0 is a constant to be specified later. By differentiating W(t) and using

ZII), B3), and the fact that

t

exp |~ [+ 1Ba(s)ds | <1

t1
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we obtain
W'(t) < (e = N)(2%(t) + y*(t)) + (K2V(t) + 2K3) |h(t)].
Choosing € < N, from ([B.4]) we obtain
W'(t) < Ka|h(t)], (4.2)

where Ky = KDy + 2K, Integrating (£2) from ¢; = to + 7 to t and using
condition (I;) of Theorem Bl we have
t
W(t) — W(t1) :/W’(s) ds < K4D;.

t1

Now,
Ut) = W(t),
SO
W(t) < K4Dy + Ul(ty).
Hence, by (1)), t
/(y2(s) + 22(8)) ds < M,
t1
which implies the existence of positive constants o and oy such that
t t
/w”2(s) ds :/22(5) ds < o9
t1 t1
and
t t

/x’2(s) ds :/y2(s) ds < oy.

tq ty
To prove that fttl 22(s) ds < oo, multiply (L2) by z(t — 7) to obtain
x(t —7)a" (t) + Bx(t — )" (t — T)
+a(t)Q(x)x(t — 1) 2(t) + a(t)Q' (x)x(t — )z (t)

+0(t)R(z)x(t — 1) 2'(t) + c(t)z(t — T)f(x(t — T))
=zx(t—71)h(t). (4.3)

90



STABILITY, BOUNDEDNESS AND SQUARE INTEGRABILITY

Integrating (£3)) from ¢; to ¢, we have
¢
/c(s)x(s —7)f(2(s — 7)) ds = L1 (t) + La(t) + Ls(t), (4.4)
t1

where
t

Li(t) = /(x(s —1)2"(s) + Bx(s — 7)z" (s — 7)) ds,

ty
t

Lo(t) = /(a(s)Q(m(s))x(s —1)2"(s) + a(s)Q’ (z(s)) 2" (s)z(s — 7)
+b(s)R(x(s))a(s — T)x'(s)) ds,
Ls(t) = /h(s)x(s —7)ds.

Integrating by parts
t

Li(t) = My(t) — M;(ty1) +/x'(8 —71)x" (s)ds

< M) = Ma(ta) + [ 5 (a5 = )+ 22 (5)) s,
t1
where
My(t) = —x(t—7)X"(t) + gxlz(t - 7).
Now,
t t—1 t1

/x’2(s —7)ds :/x’2(u) du </x'2(u) du+ o0y <03+ 0y for some o3 > 0.
t1 tO tD
In view of ([3.2)), we see that

3
|My(t) — M,y (t,)| < D? (75 + 1) + |My(ty)| for all t>t;.

Thus,

3 1
Li(t) < D* (76 + 1) + M)+ (0 + o1 +02) = i
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Similarly we have

t

Ly(t) = —/ (a(s)Q(z(s))x(s —7)2"(s) + a(s)Q' (x(s))z"*(s)x(s — )

ty

+ b(s)R(z(s))x(s — T)x’(s)> ds

t

= —a(t)Q(x(t))x(t —71)z'(t) + a(t)Q(x(t))/x’(s)x'(s —7)ds

ty

_ /t d(5)Q(x(s)) [ / o (w)a' (u — 7) du] ds

_ /t a(5)Q' (2(s)) ' (s) [ / o (w)a! (u—7) du] ds

t1

/b(s)R(m(s))x(s — 1)’ (s) ds + Ma(t1),

t1

where Ma(t1) = a(t1)Q(x(t1))x(ty — 7)2’(t1). Then

t

Lo(t) < a1 / (a'<s>||x'<s>||x<s — )+l (s)] [ / 2 () (u — 7) duD ds

t1 t1

+ al/(Q’ (z())a" ()ll2"(s)[ (s — 7))

ty

+ Q' (x(s)) ' (s)] [/x'(u)x'(u -7) du]) ds + bl%/xz(s —7)ds

n
+ T .%'/2(8) ds + |M2(t1)‘ + a1qi <D2 + o1 + 5)
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t
<aq <D2 +o01 + %) + [My(t)| + 1 <D2 +o1+ g>/|a'(s)| ds
2(t) , ¢ b ,
ta <D2 Yo+ g) /|Q’(u)| du + 17”/1:2(5 —7)ds + 17”01

z(t1) t1

<aiqq <D2 +o1+ g) + [Ma(t1)| + @1 (D2+ o1+ g) A
t
b b
g>J+ 177“101 + ITTI 2%(s — 1) ds.

t1

+a1(D2+01+

Also,

Ls(t) S/\x(s —7)||h(s)| ds < D/h(s) ds < Dy D.

From (£4) and condition (I3), we obtain
¢

cOM/x2(s —7)ds S/c(s)x(s —7)f(z(s —7))ds
t1 ty .
§K+b1% z2(s — 1) ds,
t1

where

K=10+ <D2+U1+g> (a1 + 1A+ arJ)

b
+ [Ma(t1)] + 177“101 + D1 D.

t
(CQM - bl%)/xz(s —7)ds < K,

t1

Observe that

from which it follows that
t
/x2(s—7')ds<oo for all ¢ >t;.

t1

Hence, f:ooﬁ(s) ds < oo, and this completes the proof of theorem.
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5. Example

As an example of our results, consider the forced third order non-autonomous
delay neutral differential equation

z(t) + 110 (t— 7)] " (% arctant + g) <<2 B r19[:2> x,>/
() () )
+ (H% + 1) (gx(t —T)+ g fE;(tT_)T)) _ sint

I
(5.1)
It is easy to see that for all t > ¢;:
1 13
6:a0§a(t):—arctant+7§7:a1,
v
1 1 1
/
= — < —
®) Tl+t2 7’
l—co<elt) = —— +1<b(t)= —— +1<2>—p
Co=AYE R TS 242~ 2 P
1
qo > Q(x) 1+x2 ~ qi1,
1
1<R =1 -
(.'L') +3+.’I}273 1,
3 (£) 3 _ 5
— =M< —~ = - th d < - =9
5 - 2+1+x2 with z#0 an (x)|_2 ,
105 1
5<1+§>:4—0<d<6:a0q0 for ﬁ:E and d =25,
blTl 3
M- -2 159
€o 2 2 ’
1 48
§da'(t)Q(x)fco(df (1 + §>6)+175(r1+r15+6) < ~100 <0 for d=5,

ﬁ(alql—d)-l—blﬁrl(l—l—ﬁ)—(Q—ﬁ)(aoqo—d)S—% <0 for d=5,

/|a \ds-—/1+2<—|—oo,

t1

/h<s>|ds</ :

7 < +oo,
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and

+oo

/ (1Q'(w)] + R (w)]) du < J < +oo.

—0o0

All the conditions of Theorem 1] are satisfied, so every solution of (51I) and

their derivatives are bounded and belong to L?[t;, +00). In addition, if h(t) = 0,
then the zero solution of (B.1]) is uniformly asymptotically stable.

(1]

(10]
(11]
(12]

(13]

(14]
(15]

(16]
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