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NEUTRAL DIFFERENCE SYSTEM AND
ITS NONOSCILLATORY SOLUTIONS

JANA PASACKOVA

University of Economics, Prague, CZECH REPUBLIC

ABSTRACT. The paper deals with a system of four nonlinear difference equa-
tions where the first equation is of a neutral type. We study nonoscillatory so-
lutions of the system and we present sufficient conditions for the system to have
weak property B.

1. Introduction

In this paper, we study a four-dimensional system of this form

ATy + ppTn—o) = An f1 (Yn) ,
Ay, = By fa (2n)
Azp = Gy, f3 (wn),
Awy, = Dy, fa (2+,),

where n € Ny = {ng,no +1,...}, no is a positive integer, o is a nonnegative
integer, {A,}, {Bn}, {C}, {Dy} are positive real sequences defined for n € Ny.
A is the forward difference operator given by Ax,, = x,+1 — xp.

The sequence v: N — N satisfies

(S)

lim 7, = cc. (H1)

n—oo
The sequence {p,} is a sequence of the real numbers and it satisfies

lim p, = P, where |P| < 1. (H2)

n—o0
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Functions f;: R — R for ¢ = 1,...,4 satisfy

#EM, uweR\{0}, MeR and M >0. (H3)

By a solution of the system (S) we mean a vector sequence (z,y, z, w) which
satisfies the system (S) for n € Ny. We study nonoscillatory solutions. Therefore,
the first important terms are oscillatory and nonoscillatory solutions. The com-
ponent x is said to be nonoscillatory if there exists ny > ng such that x,, >0
(respectively x,, < 0) for all n > n;. The component z is said to be oscilla-
tory if for any n; > ng there exists n > ny such that x, 112, < 0. A solution
of system (S) is said to be nonoscillatory (respectively oscillatory) if all of its
components r, y, z, w are nonoscillatory (respectively oscillatory).

DEFINITION 1. The system (S) has weak property B if every nonoscillatory
solution of (S) satisfies

Tpzp >0 and yw, >0 for large n. (1)

DEFINITION 2. The system (S) has property B if any of its solutions is either
oscillatory or either satisfies

lim |z,| = lim |y,| = lim |z,| = lim |w,| = oo, (2)
n—00 n—00 n—00 n—00
or
lim z, = lim y, = lim 2, = lim w, =0. (3)
n—oo n—0o0 n—oo n—0o0

Strongly monotone solutions are solutions satisfying () and z,y, > 0. While
solutions satisfying ([Il) and z,y, < 0 are called Kneser solutions. Property B
is defined in accordance with those for the higher-order differential equations or
for the system of differential equations, see [9] and references therein.

2. Summary of previous results

This paper continues in our previous research, see [7], [8]. We studied the
weak property B and the property B in both papers.
In [7], we investigate the system (S), where 0 < p,, < 1 and

oo oo o0
ZAn:oo, ZBn:oo, ZC’n:oo. (CF)
n=ng n=ng n=ng
We say that the system (S) is in the canonical form when conditions (CE)
are satisfied. In [7], we established sufficient conditions for the system in the
canonical form to have property B. The main theorem from this paper is the
following.
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THEOREM 1 (|7, Theorem 3]). Assume limp,, = P, 0 < P <1, (CEH) and

A ( S5 (Z c>> . n

i=ng Jj=no k=ng l=no

In addition, if

i=ng Jj=mno

holds, then the system (S) has property B.

The conditions (CE]) and (B]) ensure that (S) has weak property B and the con-
dition (@) helps to ensure that all nonoscillatory solutions satisfy the asymptotic
properties.

In [8], we investigated oscillatory and nonoscillatory solutions of (S) and we
established sufficient conditions for the system to have strongly monotone solu-
tions or Kneser solutions. We found sufficient conditions for the system to have
property B as well. Unlike [7], in [8] we studied (S) without any conditions for
sequences {4, },{B,} and {C,,} which led to the large number of conditions
for (S) to have weak property B or property B. The main theorems are the
following.

THEOREM 2 ([8, Theorem 8]). Let

o] Yi—o—1
o'y a)=x ©
i=mng Jj=no

and

i=ng Jj=mno

hold. In addition, if

I
8

-
oo

N~—

> Bi|> G
i=ng =i

and

o i—1
2G| XD

i:no j:no

I
8

-
=)

N~—

hold, then the system (S) has weak property B.
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THEOREM 3 ([8, Theorem 9]). Let [@)-@) and @) hold. In addition, if

i:no j:no

and

i:no

hold, then the system (S) has property B.

Since we have found it very complicated, we try to find some simplification
of these conditions. For example, if only > A,, = oo. Thus, the aim of this paper
is to extend results from these papers.

The first motivation for our previous papers was our paper “Nonoscillatory
solutions of the four-dimensional difference system”, see [2]. In this paper we
investigated asymptotic properties of nonoscillatory solutions of the system (S*).
It is the system (S) without a neutral term (i.e., p, = 0), with power functions
instead of functions f; and with ~,, = n 4 7, which is the most common form of
the sequence v L
Az, = A, y'ga

1
Ay, = B, Z/f,

1
Azn = Cn w;;’

8
Aw, = Dy ), ;.

By using the notation

1 1 1
A, =an* B,=b," C,=c,” D,=d,,
the system (S*) can be written as a fourth-order nonlinear difference equation

of the form
-

A (cn (A <bn (A(an(mn)a))ﬁ))

Thus, if functions f; are invertible, then the system (S) can be easily rewrit-
ten as a fourth-order nonlinear neutral difference equation, similarly as (E).
Equations with quasi-differences have been widely studied in the literature; for
example see [3]-[6], [11], [12].

In [6], they studied property A which means that they investigated oscillatory
properties of solutions of the fourth-order difference equations. Their approach is
based on studying the four-dimensional difference system, where {D,,} is a neg-
ative real sequence, instead of the considered equation.

) —dpxd . = 0. (E)
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Difference equations with a neutral term have been studied, for example, in
[10], [I3]. In [10], they established conditions under which for every real constant
there exists a solution of considered equation convergent to this constant. The
investigated equation is of the m-order, where m > 2.

In [I3], they studied nonoscillatory solutions of a fourth-order nonlinear neu-
tral difference equations of the form

A <anA<bnA(an(xn — pnxn_f)))> + f(n,xpn—s) =0. (12)

They defined an asymptotically zero solution as a minimal solution and asymp-
totically @, n solution as a maximal solution, where

n—1 1 k—1 1 j—1 1
=2 =2 572 o
k=N % j=N "7 i=N "

Then they have found the necessary and sufficient conditions for the equation
to have a minimal and a maximal solution.

THEOREM 4 ([I3] Theorem 1]). Assume that the operator of the difference equa-
tion ([I2) is in the canonical form and conditions

xf(n,x) >0 forall #0, neN and Zp,—<oo (13)

hold. Let =t

forn > 3. Then [I2) has an eventually positive solution x, which converges to
zero.

THEOREM 5 ([I3], Theorem 3]). Assume that the operator of the difference equa-
tion [I2) is in the canonical form, conditions [I3)) hold and f is a nondecreas-
ing function in the second argument. Then a necessary and sufficient condition
for 12 to have solution x,, satisfying

Tn

=B #0

lim
n,N
s that

> 1F (n,CQun)| < o0
n=1

for some integer N > 1 and some nonzero constant C'.
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Another direction which can be investigated are the bounded and unbounded
solutions. A solution of a system is said to be bounded if all its components are
bounded, otherwise, it is called unbounded. The bounded and unbounded solu-
tions of a four-dimensional system with a neutral term have been studied in [IJ.
They investigated system (S) with 7, = n — 7. They presented sufficient condi-
tions for solutions of the system to be bounded or unbounded. The conditions
depend on the type of nonoscillatory solutions.

In proofs of our theorems, we use the change of summation which is described
by the following remark.

Remark 1 (Change of summation). Let {X,,} and {Y,} be positive real
sequences defined for n € Ny. Then

iX,— i:YJ =oo if and only if iY, in = 00.
j=i

i:no j:no i:no

3. Nonoscillatory solutions and their
asymptotic properties

The system (S) has property B if any of its nonoscillatory solutions satisfy
special asymptotic properties. Therefore, we start with the classification of all
possible types of nonoscillatory solutions. Throughout the paper, we can focus
on solutions whose first component is eventually positive for large n. Since the
system (S) has a solution (x,y, z,w), then it has the solution (—x, —y, —z, —w)
as well.

We use the notation
Sn = Tn + PnTn—o, (14)

where n € Np.

The following lemma establishes the relation between the sequences {s,} and
{z,}. By (2) and (), the boundedness of z implies the boundedness of s.
The opposite implication was proved in [§8, Lemma 2] for |P| < 1. Therefore we
present the following lemma without the proof.

LEMMA 1. Let {x,} be eventually positive sequence and {p,} satisfies (H2l),
n € No. Let {s,} be the sequence defined by ([I4)). Then {x,} is bounded if and
only if {sn} is bounded.
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If we assume nonoscillatory solutions with eventually positive x, then any
nonoscillatory solution (z,y, z,w) of (S) is one of the following types:

type (a) =, >0 y, >0 2z,>0 w,>0 forlargen,
b) n, >0 yn>0 2z,>0 w, <0 forlargen,
type (¢) zn >0 Yy, <0 2,>0 w,<O0 forlargen,
type (d) 2, >0 9y, <0 2,<0 w,<O0 forlargen,

type (f) zn >0 yp, >0 2,<0 w, >0 forlargen,

(
(
(

type () zn >0 yp, >0 2,<0 w,<O0 forlargen,
(

type (g) 2o >0 y, <0 2,<0 w,>0 forlargen,
(

type (h) z, >0 y, <0 2z,>0 w, >0 forlargen.

If we assume some conditions that hold for sequences {4, }, {B,}, {C,} and
{D, }, we find that some of the solutions cannot exist.
In the following, we assume that

iBi<oo and iDi<oo.

i:no i:no

i:n()

LEMMA 2. Assume

Then any nonoscillatory solution (x,y, z,w) of the system (S) with eventually
positive x cannot be of type (d) or (g).

Proof. Assume that (z,y,z,w) is a solution of type (d) or (g). Since y, < 0
and z,, < 0 there exist n; € Ny such that y, < k < 0 for n > n; > ng. Using the
summation of the first equation of (S) we get

n—1 n—1 n—1
Sn—Sme =Y, Aift (i) S M Y A < ME Y A,
i=ng 1=ng i=ng
Passing n — oo we get that s, — —oo. Thus, s, is unbounded, by Lemma [I]
Z, is unbounded too. Since z,, > 0 and y, < 0, x is positive and decreasing
which gives a contradiction with the unboundedness of z. Therefore, the solution
cannot be of type (d) or (g). O

LEMMA 3. Assume
) i—1 o)
S eSS oS n]] =~ (16)
1=ng Jj=no k=j

Then any nonoscillatory solution (x,y,z,w) of the system (S) with eventually

positive x cannot be of type (b), (e), (f), (9), (h).
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Proof. Since Y B and ) D are convergent, the condition (If) implies that

ZC’ ZDk =oo and iC’i:oo.

Jj=no i=ng

Assume that there exist n; € Ny and a solution such that z, < 0, w, > 0
for n > ny > ng. From the fourth equation of (S) we have Aw,, > 0 and this
implies that there exists k& > 0 such that w,, > k for large n. Using (H3]) we have
fa(wy) > wy, > Mk. By the summation of the third equation of (S) we have

n—1 n—1
o= Cifs(w) > ME Y Ci. (17)

i:n() i:no

Passing n — oo, we get a contradiction with the fact that z,, < 0. This excludes
solutions of types (f) and (g).

Now, assume that (z,y,z,w) is a solution of type (h). Using the same ar-
gument and substituting (I7) into the summation of the second equation we
obtain

i—1
~Yno = Zsz z) >MZBzzzM2kZB 3¢

1=ng 1=ng 1=ng Jj=no

Since ) C' is divergent we get using the change of summation and by passing
n — oo a contradiction with a boundedness of y.

Assume that (z,y,z,w) is a solution of type (b). Since z is positive and
increasing, there exists ny € Ny such that x,, > [ > 0 for n > ny > ng. Using
the summation of the fourth equation of (S) we get

Thus, -

=n

Substituting this into the summation of the third equation of (S) we obtain

ZCf3w1<MZCw1§ M%ZC ZD . (18)

1TLO Zno Zno

Passing n — oo we get the contradiction with the boundedness of z.
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Finally, assume that (z,y, 2z, w) is a solution of type (e). Using the substitution
of (8] into the summation of the second equation we obtain

n—1 n—1 n—1 7—1 o)
Yo = Yno =D Bifs(z) SM Y Bizm <MY Bi| Y Cj|> D
k=j

i=ng i=ng i=ng Jj=mno

This gives the contradiction with the boundedness of y. (]

4. Weak property B

From the previous section, we get the following theorem.
THEOREM 6. Let the following conditions be satisfied:

iBi<oo and iD,—<oo,

i:no i:no

and ([IT), (IG) hold, then the system (S) has weak property B.

Proof. The conditions imply that solutions of type (b), (d), (e), (f), (g), (h)
do not exist. g

ExAMPLE 1. Assume the difference system

1 3
A (l‘n - E‘rn—1> = Zn “Yn s
1
Zn s
)

Ay, = —
Y nin+1

Az, =n(n+ 1w,

1
w= ————, (logy & — 1) .
Aw n(n—|—1)x (logs )
We have
1
A, =1, By=——,
4 n(n+1)
1
n: 17 Dn:7'
C, =n(n+1) Y P

Thus, Y Bp,>. D, are convergent. We can easily check that conditions (I5),
(I6) are satisfied. Therefore, the system ([El) has a weak property B. In fact, the
solution is

2m A
(x,y,z,w) = <2n7 ) 2n(n - 1)7 _>
n

n
and it is the solution of type (a).
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