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We provide a possible way of constructing new kinds of 
manifolds which we will call Partially Negative Dimensional 
Product manifold (PNDP-manifold for short).
In particular a PNDP-manifold is an Einstein warped product 
manifold of special kind, where the base-manifold B is a 
Riemannian (or pseudo-Riemannian) product-manifold:

with                         an Einstein-manifold,  and the fiber-manifold
F is a derived-differential-manifold (i.e., F is the form: smooth 
manifold          + obstruction bundle, so it can admit negative 
dimension).
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We will treat an Einstein warped product manifold in this section 
of the paper, where we will introduce also the concept of 
negative dimensions. 
As "mathematical tool", for the fiber-manifold (F), we will use 
the derived geometry and about this we recall that if 

are two transversal submanifolds of codimension a and b
respectively, then their intersection C is again a submanifold, of 
codimension  a + b. The derived geometry explains how to 
remove the transversality condition and make sense out of a 
non-transversal intersection C as a derived smooth manifold of 
codimension  a + b.
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In particular, dimC = dimM - a - b, and  dimC can be negative. 
So the obtained dimensions, for obvious reasons, are not 
related to the usual geometry concept of "dimension", but they 
are "virtual dimensions“.

This aspect, gives the possibility to study the PNDP-manifolds, as 
well as from the differential geometric point of view, also (with 
the correct interpretation) from the speculative/applicative point 
of view.
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(where            is the base-manifold,           is the fiber-manifold), 
with                       , is Einstein if only if:

where and      are constants, d is the dimension of F,  
and        are, respectively, the Hessian, the Laplacian and the 
gradient of f  for  g, with                       a smooth positive function.
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Recapitulating, we used the Derived-geometry to define the fiber-
manifold, which explains how to remove the transversality 
condition and make sense of a non-transversal intersection and 
therefore admit the presence of negative dimensions. Since we 
consider the fiber-manifold  F as        adding a vector bundle of 
obstructions (then we work with the Riemannian geometry on F
working only on the underlying       , such that all the Riemannian 
geometry operations made on  are considered as defined on F), 
then the classical construction for the warped product manifold is 
the same; we consider the vertical vector fields U, V , as lift of 
vector fields of F the development of the formulas remains the 
same; X, Y are lift from B, they are horizontal and so constant on 
fibers, then for example V [X; Y ] = 0, and we continue to consider 
the inner product between a vector field on B with one on F as 
zero .
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We obtain an Einstein warped product manifold 
because from the geometric point of view the fiber-manifold is 
but taking into account that the manifold obtained has the fiber-
manifold with negative dimensions, then the outcome manifold is 
(n + (d - rank(E)))-dimensional manifold.

Another important observation is that we consider  because, 
from a speculative point of view (which we will consider shortly), 
negative dimensional space is used only to make the PNDP-
manifold dimension “virtual” smaller than the base-manifold 
dimension. Therefore for this purpose we consider it in the 
simplest possible form, but we can also consider any manifolds 
with flat-connections.
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Trivial Example
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Second Part:
Possible Speculative Interpretation Of The Types Of PNDP Manifolds

PREMISE: We assume that negative quantities exist in nature, 
and here we consider the possible existence of “virtual” negative 
spatial dimensions, i.e., that for some reason of an intrinsic 
nature or for some initial situation, some of these dimensions 
behave in a way that we can mathematically describe them as 
"virtual" negative, which implies, from our speculative point of 
view, that they interact with other dimensions. 
However, the fact remains that PNDP varieties could be used to 
describe anything in nature that has to do with negative 
quantities.
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From the speculative point of view, in this session we consider three 
kinds of PNDP-manifolds:

Type I) the (n;-n)-PNDP manifold that has overall, zero-dimension 
(dimM = dimB+dimF = n+(-n) = 0).
The speculative result may be interpreted as an "invisible" manifold 
but made up of two manifolds with n and -n dimensions, respectively, 
then we try to consider it as a kind of "point-like manifold" (zero-
dimension), but with "hidden" dimensions, and
Type II) the (n;-d)-PNDP manifold, where n (the base-manifold 
dimension) is different from d (with d a positive integer number and 
the fiber-manifold dimension is m = -d) such that dim = n + (-d) > 0. 
The particular speculative feature of this manifold is that it appears as 
another Einstein-manifold with (n + (-d))-dimension.
Type III) it is like the Type II, but dim = n + (-d) < 0. It has the 
speculative feature of being considered, through our special 
projection, like ||(n -d)||-th desuspension of a point.
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The "virtual dimensions" are not related to the usual concept of dimension in 
Riemannian geometry, therefore our interpretation tries, through the 
product, to consider that the "virtual“ negative dimensions of the fiber-
manifold "hide" the positive dimensions of the base-manifold, making the 
PNDP-manifold “appear” as if the desuspensions had been performed.
In practice, the derived-manifold F has “negative” dimensions, which are far 
from the usual geometric concept of "dimension". Being that with the 
“warped product" we have to consider both the dimension of F (virtual) and 
the dimension of B, (which is a Riemannian or pseudo-Riemannian manifold 
and therefore its dimension is in perfect relation with the usual concept of 
"dimension"), the obtained virtual dimension of our PNDP-manifold is 
equivalent to the dimension of the base-manifold  B with the dimension of 
the underlying manifold (         ) subtracted, and we obtain that the result will 
be smaller than the dimension of B. 
From the speculative point of view, we want to consider the dimensions 
obtained for the PNDP-manifold by interpreting that when the dimensions of 
B come into "contact" with the dimensions of F, the latter interact "hiding" 
the dimensions of B. This means that the PNPD-manifold will "visually 
appear" as if some sort of desuspension has been performed on B, thus with 
hidden extra dimensions that we cannot see.
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As we have mentioned in some previous slides, we try to consider  the 
relation between the dimensions of the PNDP-manifold and the usual 
geometric concept of "dimension“  as desuspensions interpreted by our 
special projections, and for this reason, since each “negative” dimension 
can act equally on each positive dimension, so as not to be faced with 
the choice of which projection of B to consider,  we must "orient" the 
result of the projections to what reflects certain characteristics and to do 
this we have in our favor the fact that B is expressed as a Riemannian 
product-manifold:                                                     
such that      is an Einstein manifold with the same dimension and the 
same constant  of the PNDP-manifold, and  therefore      will be the 
result of the projection we are going to consider when dim = n + (-d) > 0, 
then the solutions to build the PNDP-manifold will be provided by the 
system (1*). When dim = n + (-d) = 0 (so, the solutions to build the PNDP-
manifold will be provided by the system (1**)), the result will be a 
dimensionless manifold (zero dimension manifold), i.e., our projection 
will provide a point-like manifold, while when dim = n + (-d) < 0 (also in 
this case the solutions to build the PNDP-manifold will be provided by 
the system (1**)), the result of the projection will be equivalent to the 
desuspensions of one point.
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Desuspensions as Special projections:
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In this example, the Einstein-manifold is a Riemannian product 
between three Einstein-manifolds,       =                     , but does not 
necessarily have to be a product-manifold.
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Part Three:
Some possible speculative applications

Among the possible applications we are working on, one of them
concerns the Financial Market, where a PNDP-manifold can be used
to describe the behavior of the Financial Market influenced by a
ghost field called Dark Volatility.
This volatility is not fixed in any relevant economic parameter, it is a
sort of negative dimension that greatly influences the behavior of the
real market.
With this approach we can describe the financial market as a PNDP-
manifold, in which the fiber-manifold corresponds to Dark Volatility,
and the influence that the latter exerts, determines the market
structure as an "emerging" manifold through our special projection.
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Here a speculative vision of a PNDP-manifold with a "virtual" positive
dimension. From a speculative point of view, through our special
projection, the PNDP-manifold appears as -manifold, i.e., the
Financial Market that "emerges" due to the influence of Dark
Volatility. So, the rest of the PNDP-manifold, which represents the
interaction with Dark Volatility, remains hidden. Always with this
approach we also describe two important phenomena called
“Clustering" and “Panic“, and furthermore we show, for example,
that in the situation called "Ricci-flat scenario“ (i.e., market in
equilibrium) Dark Volatility, within certain limits, does not influence
the state of market equilibrium.



PNDP-manifolds & Cosmology

Another important application, from a geometric/topological point of 
view, concerns Cosmology.
It is in fact possible to use the PNDP approach to interpret concepts 
such as space-time, wormhole, black hole, dark matter, quantum 
fluctuation, strings, etc... even in the “point-like” version.

For example, we are studying the M-Theory in which a PNDP-manifold 
is considered as an "emergent space", topologically equivalent to a 
string, i.e., we introduce the innovative concept of string as a result of 
the interaction between dimensions of space-time (one positive 
dimension and one, which we mathematically define as, "virtual" 
negative dimension), and these interactions make the "emerging" 
object unstable, that is vibrating/floating.

26



27

A (2- 1)- PNDP is shown, i.e.,                                      .     
From the interaction between the positive and “virtual” 

negative dimensions, a line interval “emerges”, 
topologically equivalent to a string.

This approach also modifies the way in which strings can vibrate, 
because it is necessary to consider the "influence" that the 
interacting dimensions exert, for example, by altering the structure 
of a CY-manifold.

So, the string, emerging from interactions (energy exchanges) 
between dimensions, can also be considered a "fragment of 
energy“.
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Unification between PNDP-strings and Dark Matter

34



35



36



37



38

Braneworld
The study of D-branes introduced the concept of the brane world and thus the
braneworld cosmology, because string theory implies that the Universe has more
dimensions than we expect, and we have to find a reason why the extra dimensions are
not apparent. One possibility would be that the visible Universe is in fact a very large
D-brane extending over three spatial dimensions.
We can introduce a new way to understand the braneworld using the theory of 
“emergent” spaces (or PNDP-Theory) and specifically what we call "emerging
braneworld" using a geometric/topological approach and to do this we have used 
PNDP-manifolds.

From approach, the universe is composed of the union of what we can call "primordial 
universes" in which in each of them there was either only an open string, or a single 
closed string:
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these "primordial universes" joined together in order to create 3 spatial dimensions 
perpendicular to them, in this way, the union of "primordial universes" can lead to the 
configuration of three possible universes, those that in [7] have been called "universes 
(AA)", "universes (BB)" and "universes (AB)".
Here we are interested in a universe of type (AB), i.e., with both open and closed strings.
This type of universe can be written as:

since (AB) is a union of innumerable primordial universes (A) and (B), then will contain
innumerable strings of both types. Being that we are in the context of strings, we replace

with                 where       is a linear interval of  with string length, so the two
types of interactions will therefore be the following:
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The figure shows the interaction that generates a closed string. 
Extra dimensions like little torus curled up with a negative "virtual" dimension. The 
energetic interaction between the torus and the negative dimension brings out the closed 
string. 
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In the figure a D-brane with represented closed strings and open strings with a focus on 
how they are generated: Interaction A and Interaction B.
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Point-like Universe

It is possible to consider point-like universes in which to induce
the presence of wormholes or black holes, for example:
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Here the PNDP-manifold is used as an "invisible" connection between the input and 
output of the wormhole. We assume that a PNDP-manifold in which the 2-dimensional 
base B is a Mobius strip.

PNDP-manifold, non-orientable wormhole and "information" time travel.
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The dashed part in the figure shows the "PNDP Mobius 
strip" which "emerges" point-like, so it would be invisible
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PNDP - Quantum Fluctuation

The construction of a point-like wormhole could be analyzed to interpret some
phenomena known as "quantum fluctuation" and the fact that a pair of "virtual" particles 
(particle / antiparticle) can suddenly appear and disappear from nowhere, one might think as 
if at the subatomic level there were such "hidden" wormholes in which the "interactions" 
between the positive and the "virtual" negative dimensions, which constitute it (PNDP point-
like wormhole), are perceived, upon entry or exit, as "virtual“ fluctuating states of energy.
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In (a) it was represented the (1+1) wormhole, which we consider it created by a PNDP in 
a point-like version. 
The curve  represents the entrance, while the curve represents the exit. 
In (b) a vacuum place in space-time is represented.
In (c) pairs of virtual particles are represented, particle-anti particle that annihilate. 
So (b) and (c) represent the phenomenon known as quantum fluctuation, i.e. 
fluctuations in the energy of the vacuum that suddenly generate particle-antiparticle 
pairs that annihilate. 
Here we assume that this could be generated by (a), i.e. the interactions between the 
dimensions that generate the wormhole point like, are perceived, in the entry and exit
areas, as virtual energy fluctuations, as in (d).
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Some Questions: 

• What are these energies of interaction?

• How can we describe them mathematically?

• How does the interaction affect the vibration of a string?

• Can dark energy be made up of these interacting energies?
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TradConclusions
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