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ON A REPRESENTATION OF OBSERVABLES
IN D-POSETS OF FUZZY SETS

FERDINAND CHOVANEC — FRANTISEK KOPKA

1. Introduction

The functional calculus for observables in fuzzy quantum spaces is based on
a representation of these-observables by a suitable observable and by suitable
Borel measurable-functions [1].

F. Képka 'é/uggested how to build up the probability theory on the so-called
D-poset of/fuzzy sets [3].

Let F'|be a family of fuzzy sets (i.e. a family of real functions defined on a -
nonempty'set X with their values in the interval [0, 1] ). We say that there is a
difference d\éﬁvned on the family F', if there is just one element from F' for any
frg€F, f<g,wedenoteit g\ f, such that the following conditions hold

(1) g\f<g;

@) g\(g\f)=Ff;

(3) if f<g<h,then h\g<h\f and (h\ f)\(h\g) =g\ /.
A D-poset of fuzzy sets is a family F' of fuzzy sets such that

(4) there exists a difference on F :

(5) if 1z(¢) =1 for every t € X, then 1, € F;

(6) if {falnen C F, fu / f,then fEF.

An observable on a D-poset F' is a mapping = : B(R) — F with the following
properties:

(M) =R)=1; ; ,
(8) if {An}nen C B(R), An /A, then z(A,) / z(A);
(9) if A,B e B(R), AC B, then z(B\ A) = z(B) \ z(4),
where B(R) is the Borel o -algebra of the real line R. In particular, for f € F,
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the mapping z5: B(R) — F defined by

1., if {0,1}nE={0,1},

£, i {0,1}nE=1{1},
B)=\ L\f i {0,1}nE={0},

0;, if {0,1}NnE=0,

is an observable on F' called the indicator of the element f.

A set R(z) = {z(E): E € B(R)} is said to be a range of an observable z. The
range of an observable on a D-poset is not closed with respect to the difference of
its elements, in general. Indeed, if f be the constant function identically equal
to 0.8 (i.e. f = 0.8;), then the range R(zy) = {1,,0.8;,0.2,,0,} does not
contain the difference of 0.8, and 0.2, .

2. Representation of observables

LEMMA 1. Let z be an observable on F'. Then the following assertions are
true.

2(AU B)\ 2(B) = 2(A)\ (AN B) for all A, B € B(R).

If z(A) = 1,, then (z(A)\ z(B)) € R(z) and moreover (AN B) =
z(B) for any B € B(R).

If z(B) =0, then (z(4) \ z(B)) € R(z) and moreover (AU B) =
z(A) for any A € B(R).

If z(A) < =(B), then z(B)\ z(4) < z(B\ A)

()
(i)

(iif)

(iv)

LEMMA 2. Let z: B(R) — F be an observable on F and let T: R — R be
a Borel measurable mapping. Then the mapping y: B(R) — F defined by the
formula y(E) = z(T~Y(E)), E € B(R), is also an observable (and we write

y=zoT ')

DEFINITION 1. Let = be an observable on F and let G be a subset of
the range R(z). We say that the observable z has a V -property on G, if
for every two Borel sets A, B, A C B, and for every element ¢ € G such
that z(A4) € ¢ < z(B), there exists a Borel set C such that 2(C) = ¢ and
ACCCB.
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EXAMPLE 1. Let z,y be two observables on F' defined via

L if 1,2,3€E,
(3/4);, if 1,3€¢E and 2¢E or 2,8€E and 1¢EFE,

z(E)=¢ (1/2);, if 1,2€E and 3¢E or 3¢ E and 1,2¢E,
(1/4)z, if 1€E and 2,3¢E or 2€E and 1,3¢E,
0, if 1,2,3¢E,

and'

1z, if a,bc,d€F,

(3/4);, if abjceF and d¢F,
y(F)=19 (1/2)s, if a,beF and ¢d¢F,

(1/4);, #f a€F and b, dgF,

0z, if*a,bc,d¢ F,

where a,b,c,d are mutually different elements from the set {4,5,6,7}. The
observable z has not the V -property on the range R(z) and the observable y
has the V -property on the range R(y).

LEMMA 3. Let = be an observable such that the following implication holds:
K z(A) < z(B), then (AU B) = z(B) and z(A N B) = z(A). Then. the
observable z has the V -property on the range R(z).

Proof. Let A,B € B(R), A € B and ¢ € R(z) such that z(4) <
¢ < z(B). Then there exists a set C; € B(R) such that ¢ = z(C;). Put
C = AU(BNC,). Since (BNCy) = 2(C1) = ¢, we get z(C) = z(AU(BNCy)) =
z(BﬂCl)=c It is clear that ACC C B. a

LEMMA 4. Let = be an observable with the V -property on R(z). If z(4) <
z(B), then (z(B)\ z(4)) € R(z).

Proof. We have 2(A) < z(B) < z(AUB). The V -property of the observ-
able z implies the existence of a set B; € B(R) such that A C B; C AUB and
z(B) = z(B1), moreover, z(B) \ z(4) = z(B,) \ z(4) = 2(B; \ A) € R(=z).

THEOREM 1. Let z and y be two observables such that the following condi-
tions hold:

(i) R(z) S R(y);

(ii) the observable y has the V -property on R(z).
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Then there exists a Borel measurable function T: R —'R such that z(E) =
y(T~Y(E)) for every E € B(R). :

Proof. The proof of this theorem is analogous to the proof of the Theorem
4 in [4]. It is based on two steps:
1. Let @ be the set of all (mutually different) rational numbers. We construct
(by mathematical induction) a sequence {A,}nen C B(R) such that

a) z((—o0,7:)) = y(Ai) for any r; € Q;
b) if ri,r; €Q, r; < 7;, then A; C Aj;
c) ) An=0.

n€EN
2. We define the real function T': R — R by the formula

0, if teR\ U 4n,
n€eN
inf{r;eQ:te4;}, if te | A., teR.
i neN

Let y,z1,%2,...,Z,, 1 > 2, be observables on P suf:h that
0 U R@:) < Rw);
(ii) the observable y has the V -property on Lnj R(zi).
Then the observable z defined by the formula -
s=yo(fit it tfa), where m=yof,

is called the sum of observables z1,...,z, and we write z =z, +Zo+ -+ &n.

We can define various other “functions” of observables in a similar manner,
for example, the difference or the product. Besides, the representation theorem
enables to introduce a so called joint observable and prove, for example, the
weak law of large numbers [2].
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