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MODIFICATIONS AND EXTENSIONS OF THE

METHOD OF VIRTUAL NOISE IN CORRELATED

EXPERIMENTAL DESIGN

Andrej Pázman — Juraj Laca

ABSTRACT. We consider a random process (or field) y (x) = η (θ, x) + ε (x)
defined on a set X and having a covariance function C (x, z, β) parametrized by

β. The aim is to find an N-point design {x1, . . . , xN} ⊂ X without replications,
and such that θ and β will be estimated (locally) optimally. For that purpose
one can use the method of virtual noise, which consists of adding to each y (x)
for computational purposes a supplementary independent noise εξ (x) , which is
a white noise with variances at each x ∈ X depending on a design measure ξ

We can approach the optimal design by iterative changes of ξ. We extend the
method to the case that also β is estimated, and we present alternative, simpler
expressions for the variance of the virtual noise.

1. Introduction

We consider a random process (random field){
y(x); x ∈ X} (1)

with mean E
[
y(x)

]
= η(x, θ) and with a covariance function C (x1, x2, β), which

are parametrized by vector parameters θ ∈ Θ ⊂ R
p, β ∈ B ⊂ R

q. Since repli-
cations of observations in a correlated random process are usually not possible,
a design is simply a subset of X , A = {x1, . . . , xN}, with #A = N = the sample
size.

The set X will be finite (if not, we have to approximate it by a finite net),
and the matrix C (X , β) =

{
C(x, z, β)

}
x,z∈X is supposed to be nonsingular.

Consequently, for every design A ⊂ X the matrix C(A, β) =
{
C(x, z, β)

}
x,z∈A

is nonsingular as well.
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In the case when the model is linear, i.e., η(x, θ) = fT (x)θ, and the covariance
function is known, the design problem has been studied in several papers, (cf.
a survey on earlier papers in [4], for some recent results see [7]). The “method
of virtual noise” has been presented in the MODA conference 1998, and used
algorithmically in [2], [3]. Here we reconsider this method and extend it to the
case of unknown β.

The main idea of the method is that instead of (1) we consider, purely for
computational purposes, a “virtual random process”{

yξ(x) = y(x) + εξ(x); x ∈ X}. (2)

The added “virtual noise” εξ(x) is supposed to be distributed N (0, σ2
ξ(x)

)
, un-

correlated, and not depending on y(x). Its variance at x, denoted by σ2
ξ (x),

depends on the value ξ(x) of a “design measure” ξ, which by definition can be
any probability measure on X . The influence of the virtual noise is the following.
We suppose that the process yξ(x) is observed at each point of X . If at some
x ∈ X the variance σ2

ξ (x) is very large, then in fact we receive from yξ(x) no
information about θ or β. On the opposite, if σ2

ξ (x) = 0, then yξ(x) equals to
y(x) (a.s.). In the other points, where 0 < σ2

ξ (x) < ∞, the variable yξ(x) retains
a part of the information which could be obtained from y(x). In particular, if
σ2

ξ (x) = 0 for x ∈ A and σ2
ξ (x) = ∞ for x /∈ A, then the measure ξ gives the

same effect in model (2), as the design A in the original process (1). So we can
optimize ξ instead of optimizing A. The skill of the method is to choose σ2

ξ (x) so
that the optimal ξ in (2) corresponds as far as possible to the optimal design A
with #A = N in (1). The advantage of the method of virtual noise is that we can
use standard “continuous algorithms”, like the gradient algorithm, to compute
the optimal design. Another advantage is the universality of the method: In the
algorithm we just have to compute derivatives of the criteria function, and we
do not need to enter into the structure of the model.

2. The information matrix and the optimality criteria

For normal errors the Fisher information matrix under the design A in model
(1) is equal to

M (A; θ, β) = Eθ

{
−∂ ln g(y|θ,β)

∂θ∂θT −∂ ln g(y|θ,β)
∂θ∂βT

−∂ ln g(y|θ,β)
∂β∂θT −∂ ln g(y|θ,β)

∂β∂βT

}
=
(

MI (A; θ, β) 0

0 MII (A;β)

)
,
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where g
(
y | θ, β

)
is the normal density of the vector of observations on A,

fθ(x) =
∂η(x, θ)

∂θ
,

MI(A; θ, β) =
∑

x,z∈X
fθ(x)

[
C−1(A, β)

]
x,z

fT
θ (z),

{
MII(A; β)

}
ij

=
1
2
tr

{
C−1(A, β)

∂C(A, β)
∂βi

C−1(A, β)
∂C(A, β)

∂βj

}
(cf e.g., [5] for details). Similarly, the Fisher information matrix M (ξ; θ, β) in
model (2) has block-diagonal components

MI (ξ; θ, β) =
∑

x,z∈X
fθ (x)

[
C−1 (ξ, β)

]
x,z

fT
θ (z) , (3)

{MII (ξ; β)}ij =
1
2
tr

{
C−1 (ξ, β)

∂C (X , β)
∂βi

C−1 (ξ, β)
∂C (X , β)

∂βj

}
, (4)

where C(ξ, β) = C(X , β) + diag
{
σ2

ξ (x); x ∈ X
}

.

When the variances Var [y(x)] are small for each x, then the mean square
error matrix of the MLE for θ, β is approximately equal to the inverse of the
information matrix, even when the number of observations is small (cf. [5]).
So we take optimality criteria as functions of the information matrix, i.e., in
the form Φ

[
M (A; θ, β)

]
, or Φ

[
M (ξ; θ, β)

]
. Here Φ[M ] = − ln det(M ), for D-

optimality, Φ[M ] = tr(M−1) for A-optimality, etc. In general, we shall consider
only functions Φ which are antimonotone, M ≥ M∗ ⇒ Φ[M ] ≤ Φ[M∗], and
which have a gradient

{∇Φ[M ]
}

ij
= ∂Φ[M ]

∂Mij
at each nonsingular M . Notice that

M ≥ M∗ means uT Mu ≥ uT M∗u, for every u.
We consider minimization of Φ

[
M (A; θ, β)

]
or Φ

[
M (ξ; θ, β)

]
for a fixed (hy-

pothetical) θ, β (local optimality). Therefore in the rest of the paper we shall
usually omit to write the symbols for θ and β.

3. Alternatives for σ2
ξ (x)

We denote ξmax = maxx∈X ξ(x) for any design measure ξ. Take a number
δ ∈

(
0, 1

N − 1
N+1

)
.

Alternative 1:

σ2
ξ (x) = ln

max
{
ξmax − 1

N + δ, δ
}

max
{
ξ (x) − 1

N + δ, 0
} .

127
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Properties of this choice for σ2
ξ (x) are indicated in [6]. Here we give more details.

Alternative 2:

σ2
ξ (x) =

(
ξ(x) − 1

N

)2
max

{
ξ(x) − 1

N + δ, 0
} .

Alternative 3:

σ2
ξ (x) = ρ ln

1/N

min {ξ(x), 1/N}
with a tuning parameter ρ > 0. We could find in [2] that this is a limit form of
alternative 1, after some smoothing.
Alternative 4:

σ2
ξ (x) = ρ

(
ξ (x) − 1

N

)2
ξ(x)

which is evidently a simplification of the alternative 2. Again ρ > 0 is a tuning
parameter.

����������� 1	 All four alternatives have the following properties:

P1: If ξ (x) = 0, then σ2
ξ (x) = ∞.

P2: If ξmax = 1
N and ξ (x) = ξmax, then σ2

ξ (x) = 0.
The alternatives 1 and 2 have supplementary properties:

P3: If ξmax ≤ 1
N

− δ, then σ2
ξ (x) = ∞ for every x ∈ X .

P4: If ξmax > 1
N − δ, then the set Bξ =

{
x ∈ X : ξ (x) > 1

N − δ
}

has at least
one and at most N points, and σ2

ξ (x) < ∞ in these points. In all other
points of X we have σ2

ξ (x) = ∞.

As a consequence, for the alternatives 1 and 2 we have

MI(ξ) ≤ MI(Bξ), MII(ξ) ≤ MII(Bξ), (5)

for every design measure ξ.

P r o o f. Properties P1-P4 follow from the definitions of σ2
ξ (x). The number of

points in Bξ is limited by N , since
∑

x∈X ξ (x) = 1 and δ < 1
N − 1

N+1 .
If ξmax ≤ 1

N − δ, according to P3 and Lemma 2 in Appendix we have
C−1 (ξ) = 0, hence MI (ξ) = MII (ξ) = 0. On the other hand, in the case that
ξmax > 1

N − δ, P4 implies that σ2
ξ (x) = ∞ when x /∈ Bξ.

Therefore, according to Lemma 2 we have

C−1 (ξ) =
( [

C(ξ | Bξ)
]−1 0

0 0

)
,
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where C (ξ | Bξ) is the submatrix of C (ξ) with rows and columns correspond-
ing to the points of the set Bξ, and, according to Lemma 1 in Appendix, the
inequalities (5) hold. �

For any design A ⊂ X , #A = N we denote ξA (x) = 1
N if x ∈ A, ξA(x) = 0

if x /∈ A. As a consequence of Proposition we have the following theorem.


�����
 1	 For all 4 alternatives we have

MI (ξA) = MI (A) , MII (ξA) = MII (A)

for every A such that #A = N .
For the alternatives 1 and 2 we have

μ ∈ arg min
ξ

Φ
[
M (ξ)

]
(6)

if and only if μ = ξA, where

A ∈ arg min
B, #B≤N

Φ
[
M (B)

]
, (7)

i.e., the original task of experimental design (7) is equivalent to the modified task
(6).

Although the alternatives 1 and 2 give exact solutions of the original design
problem, they still can not be used, since derivatives can be computed only after
some complicated smoothing (cf. [2]). On the other hand, for the alternatives
3 and 4 the problems (7) and (6) are not strictly equivalent. However, if ρ is
very large, then σ2

ξ (x) is very large, “almost” ∞ if x /∈ Bξ. As a consequence,
the design Bξ, having no more than N points, is dominating any design ξ if ρ
is sufficiently large (in principle, another ρ for each ξ), and the solution of the
problem (7) can be approached by the solution of the problem (6). The choice
of ρ is a question of skill: if ρ is too large, then we can obtain false local minima,
because the solved problem of minimization is nonconvex.

4. The derivatives and the gradient algorithm

We consider only the alternatives 3 and 4. We shall use the notation ξλ =
(1 − λ) ξ +λμ, where ξ, μ are fixed design measures, and λ ∈ (0, 1). We consider
the Gâteaux derivatives (in the point ξ and in the direction of μ)

∂Φ
[
M (ξλ)

]
∂λ

|0+= lim
λ↘0

Φ
[
M (ξλ)

]− Φ
[
M (ξ)

]
λ
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and similarly, we define
[
∂σ2

ξλ
(x)/∂λ

]
0+ . For the alternative 3 we have

∂σ2
ξλ

(x)
∂λ

|0+= ρ

[
1 − μ(x)

ξ(x)

]
if ξ(x) < 1

N , or if ξ(x) = 1
N and μ(x) ≤ 1

N , and
[
∂σ2

ξλ
(x)/∂λ

]
0+ = 0 for all

other values of ξ (x) and μ (x). For the alternative 4 we have

∂σ2
ξλ

(x)
∂λ

|0+= ρ

[
1 −

(
1

Nξ (x)

)2
] [

μ(x)− ξ(x)
]
.


�����
 2	 We can write
∂Φ
[
M (ξλ)

]
∂λ

|0+=
∑
u∈X

[
dI(u, ξ) + dII(u, ξ)

]∂σ2
ξλ

(u)
∂λ

|0+ ,

where

dI(u, ξ) = −aT
ξ (u)∇IΦ

[
M (ξ)

]
aξ(u),

dII(u, ξ) = −tr
{
∇IIΦ

[
M (ξ)

]
A(u, ξ)

}
,

aξ(u) ∈ R
p,

aξ(u) =
∑
z∈X

{
C−1(ξ)

}
u,z

f(z),

A(u, ξ) ∈ R
q×q,{

A(u, ξ)
}

ij
=
{
C−1(ξ)

}
u,.

∂C(X )
∂βi

C−1(ξ)
∂C(X )

∂βj

{
C−1(ξ)

}
.,u

and ∇IΦ
[
M (ξ)

]
and ∇IIΦ

[
M (ξ)

]
are the p×p and the q×q diagonal submatrices

of the (p + q)× (p + q) gradient matrix ∇Φ
[
M (ξ)

]
. If Φ is convex, then for any

u ∈ X and any design measure ξ we have dI(u, ξ) ≥ 0, dII(u, ξ) ≥ 0.

P r o o f. Since M (ξ) is a block-diagonal matrix, we can write

∂Φ
[
M (ξλ)

]
∂λ

|0+

= tr

{
∇IΦ

[
M (ξ)

]∂MI(ξλ)
∂λ

|0+

}
+ tr

{
∇IIΦ

[
M (ξ)

]∂MII(ξλ)
∂λ

|0+

}
and the required expressions are obtained by taking the derivatives and using
that

[
∂C−1(ξλ)/∂λ

]
0+ = −C−1(ξλ)

[
∂C(ξλ)/∂λ

]
0+C−1(ξλ). If Φ[M ] is convex,

then ∇Φ[M ], hence also ∇IΦ[M ] and ∇IIΦ[M ] are nonpositive definite (cf. [3]).
So dI(u, ξ) ≥ 0. Further, from the eigenvalue decomposition we have C−1(ξ)
=
∑

k ck vkvT
k with ck ≥ 0, vk ∈ R

#(X ).
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Hence

dII (u, ξ) = −
∑

k

ckhT (u, k, ξ)∇IIΦ
[
M (ξ)

]
h(u, k, ξ) ≥ 0

with
{h(u, k, ξ)}i =

{
C−1(ξ)

}
u.

[∂C(X )/∂βi] vk .

�

The gradient algorithm and examples. We start with the design measure
ξo, which is uniform on X , and at the nth step we take ξn+1 = (1 − λn) +
λnμn, say with λn = 1/ (n + 1). The correcting measure μn is taken so that the
directional derivative of Φ at ξn and in the direction of μn is minimized. Since
this derivative is linear in μn, we can take for μn the Dirac measure at some xn

which is a solution of

xn ∈ arg min
x∈X

{[
dI(x, ξn) + dII(x, ξn)

][
∂σ2

ξλ
(x)/∂λ

]
0+

}
.

We stop the algorithm when the design ξn is stabilized and ξn is distributed
uniformly on some set A with #A = N . If not, we change the tuning parameter ρ,
and restart again.

We see that
[
dI (x, ξ)+dII (x, ξ)

]
measures the importance of the point x∈ X

when the design ξ is considered. In the particular case of the linear model with
homoscedastic uncorrelated observations we obtain the well known important
expression

[
dI (x, ξ) + dII (x, ξ)

]
= −fT (x)∇Φ

[
M (ξ)

]
f(x).

We used the alternatives 3 and 4 to compute all examples of linear models
presented in [2] again, and we also computed the locally optimum D-optimal
design in the model with η (θ, x) = θ1 + θ2x, C (x, z, β) = β1 exp {−β2x},
X = {1, 2, . . . , 20}, N = 5, in the locality of β1 = 10, β2 = 0.1 or of β1 = 1,
β2 = 1. We found the algorithm very fast, but different values of ρ must be
checked. If ρ is too small, the algorithm does not converge, if it’s too large, false
minima are detected. It is also more difficult to use the algorithm when the net
X on the interval < 0, 20 > is very dense.

Appendix

��

� 1	 Let Δ be a p.s.d. matrix. Denote M∗
I (C) =

∑
x∈X

f (x)
[
C−1

]
x,z

fT (z),

M∗
II (C) = 1

2 tr
{
C−1 ∂C(X ,β)

∂β C−1 ∂C(X ,β)
∂βT

}
for any p.d. matrix C. We have

M∗
I [C + Δ] ≤ M∗

I [C] , M∗
II [C + Δ] ≤ M∗

II [C] .
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P r o o f. We have [C + Δ] ≥ C ⇒ [C + Δ]−1 ≤ C−1 (cf. [1]), which implies the
first inequality. Further, for any vector u

uT M∗
II [C + Δ] u =

1
2
tr
{

[C + Δ]−1
Q [C + Δ]−1

Q
}
,

where Q =
∑
i

ui
∂C(A,β)

∂βi
. Since C, Δ are symmetric, and C is positive definite,

there is a nonsingular matrix U such that UT CU = I, UT ΔU = diag {λi} with
λi ≥ 0 (cf. [1], beginning of Section 21.14). Hence

2uT M∗
II [C + Δ] u =

∑
i

1
1 + λi

{
UT Q [C + Δ]−1

QU
}

ii

≤
∑

i

{
UTQC−1QU

}
ii

= 2uT M∗
II [C] u.

�

��

� 2	 Let C be a symmetric p.d. t× t matrix and take Δ(k) = diag
{
λi (k) ;

i = 1, . . . , t
} ≥ 0, such that lim

k→∞
λi (k) = λi < ∞ ; i = 1, . . . , s, lim

k→∞
λi (k)

= ∞; i = s + 1, . . . , t. Then

lim
k→∞

[
C + Δ(k)

]−1 =

( [
{Ci,j + λiδij}i,j=1,...,s

]−1

0
0 0

)
.

P r o o f. Consider a decomposition into blocks

C + Δ(k) =
(

A b
bT c (k)

)
,

where c (k) = Ct,t + λt (k) ∈ R. According to [1], Theorem 8.5.11 we have

[
C + Δ (k)

]−1 =

(
Q−1 −Q−1b/c (k)

−bT Q−1/c (k) bT Q−1b/c2 (k)

)
,

where Q = A−bbT /c (k). Take the limit λt (k) → ∞, but let λ1 (k) , . . . , λt−1 (k)
be fixed. We obtain

[
C + Δ(k)

]−1 →k→∞

(
A−1 0
0 0

)
.

Since A is the (t − 1)× (t − 1) submatrix of C +Δ (k), we proceed by induction.
�
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