Tatra Mt. Math. Publ. 34 (2006), 179–181 tm

Mathematical Publications

ON THE CONVERGENCE OF SEQUENCES OF (A; B) -QUASICONTINUOUS FUNCTIONS

Zbigniew Grande

ABSTRACT. A set-theoretical generalization of well-known theorem on the cliquishness of the limit of a pointwise convergent sequence of quasicontinuous functions from Baire topological space to a metric space is formulated and proved in this article.

If (X, T_X ) is a topological space and (Y, ρ) is a metric space then a function f : X → Y is said to be quasicontinuous (resp. cliquish) at a point x ∈ X if for every set U ∈ T_X containing x and for each positive real η there is a nonempty set V ∈ T_X contained in U such that f(V ) ⊂ K ( f(x), η ) = { t ∈ Y : ρ ( t, f(x) ) < η } (resp. diam ( f(V ) ) = sup { ρ ( f(t), f(u) ) : t, u ∈ V } < η ) ([4]).

It is well known ([4], [1]) that if (X, T_X ) is a Baire space, then the limits of sequences of quasicontinuous functions from X to Y are cliquish. On the other hand, if X = Q is the set of all rationals, Y = R, ρ(x, y) = |x−y| and T_X is the topology generated by the metric ρ, then for arbitrary disjoint decomposition

Q = A ∪ B with dense sets A, B ⊂ X the function f(x) = { 0 for x ∈ A , 1 for x ∈ B ,

is the limit of a sequence of continuous functions from X to Y , but it is not cliquish.

In this article I formulate and prove a generalized set-theoretical version of the above theorem.

Let Z be a nonempty set and let A and B be nonempty families of nonempty subsets of Z . A function f : Z → Y is said to be (A, B)-quasicontinuous (resp. (A, B)-cliquish) at a point z ∈ Z if for each set A ∈ A containing z and for every real η > 0 there is a set B ∈ B contained in A such that f(B) ⊂ K ( f(z), η ) (resp. the diameter diam ( f(B) ) < η ). 2000 M a t h e m a t i c s S u b j e c t C l a s s i f i c a t i o n: 54C05, 54C08.

K e y w o r d s: (A; B)-quasicontinuity, (A; B)-cliquishness, sequence of functions, pointwise convergence.

ZBIGNIEW GRANDE

Suppose that the families A and B satisfy the following condition:

(a) for each set A ∈ A and for each sequence of sets (A_n) with A =

1_⋃ n=1 A_n there is an index k and a set E ∈ A such that E ⊂ A and for each set H ∈ B contained in E and for each (A, B)-quasicontinuous function f : Z → Y , if f(A_k ∩ H) is contained in a closed ball K ⊂ Y , then f(H) ⊂ K . Theorem 1. Suppose that a nonempty set Z and families A and B satisfy the

condition (a). If a sequence (g_n) of (A, B)-quasicontinuous functions g_n : Z → Y pointwise converges to a function g , then g is (A, B)-cliquish.

P r o o f . Fix a point x_0 , a set A ∈ A containing x_0 and a positive real η . Since lim_n!1 g_n = g , for each point z ∈ A there is an index k(z) such that ρ ( g_n(z), g(z) ) < η 8 for n ¿ k(z) .

For k ¿ 1 let A_k = { z ∈ A : ρ ( g_n(z), g(z) ) < η 8 for n ¿ k } . Since A = 1_⋃ k=1 A_k , by condition (a) there is an index m and a set E ⊂ A belonging to A such that for each set H ∈ B contained in E and for each (A, B)-quasicontinuous function f : Z → Y , if f(H ∩ A_m) is contained in a closed ball K , then f(H) ⊂ K .

Fix a point x ∈ E . From the (A, B)-quasicontinuity of the function g_m at x it follows the existence of a set M ⊂ E belonging to B such that g_m(M) ⊂ K ( g_m(x),^η_8 ) . For all points z ∈ M ∩ A_m and integers n ¿ m we have ρ ( g_n(z), g_m(x) ) 6 ρ^(g_n(z), g(z)^) + ρ^(g(z), g_m(z)^) + ρ^(g_m(z), g_m(x)^) < η 8 + η 8 + η 8 = 3η 8 . So, by (a) for n ¿ m we obtain g_n(M) ⊂ K = { y ∈ Y : ρ ( y, g_m(x) ) 6^{3η}_8^} .

Consequently,

g(M) ⊂ K and diam ( g(M) ) 6^{6η}_8 < η .

This finishes the proof.

Observe that if (Z, T_Z ) is a Baire topological space and A = B = T_Z \ {∅}, then the (A, B)-quasicontinuity is the usual quasicontinuity, the (A, B)-cliquishness is the usual cliquishness and in this case the condition (a) is satisfied.

ON THE CONVERGENCE OF SEQUENCES OF (A; B)-QUASICONTINUOUS FUNCTIONS

Remark 1. Suppose that Z is a nonempty set, I is a proper σ-ideal of subsets of Z , and let M ⊃ I is a σ-field of subsets of Z . Let A and B ⊂ A be families of subsets from M \ I such that Z = ⋃ A and for each set C /∈ I and each set A ∈ A containing C there is a set B ∈ B contained in A such that each set D ⊂ B \ C belonging to M is an element of I . Then condition (a) is satisfied.

P r o o f . Fix a set A ∈ A and a sequence (A_n) of subsets of A with A = 1⋃ n=1 A_n . Since the set A ∈ M \ I , there is a positive integer k such that

A_k /∈ I . Consequently, by our hypothesis there is a set B ∈ B such that B ⊂ A and each set D ⊂ B\A_k belonging to M is an element of I . Now, let f : Z → Y be a (A, B)-quasicontinuous function and let H ∈ B and a closed ball K ⊂ Y be such that H ⊂ B and f(H ∩ A_k) ⊂ K . Assume for a contradiction that there is a point w ∈ H with f(w) /∈ K . There is a real η > 0 such that K(f(w), η) ∩ K = ∅. Since w ∈ H ∈ A, from the (A, B)-quasicontinuity of f at w it follows the existence of a set H_1 ∈ B contained in H and such that f(H_1) ⊂ K(f(w), η) ⊂ Y \ K . But M ∋ H_1 ⊂ B \ A_k , so H_1 ∈ I . This implies a contradiction with the relation B ∩ I = ∅. This contradiction shows that f(H) ⊂ K and finishes the proof.

As a corollary from Remark 1 we obtain:

Corollary 1. Let (Z, T_Z ) be a Baire topological space and let B = T_Z \ {∅}.

Suppose that A ⊃ T_Z \{∅} is a family of nonempty subsets of Z with nonempty interiors. Then the condition (a) is satisfied.

P r o o f . It suffices to denote by I the σ-ideal of the first category subsets of Z and by M—the σ-field of all subsets of Z with the Baire property, and to apply Remark 1.

REFERENCES

[1] BORSÍK, J. : Quasiuniform limits of quasicontinuous functions, Math. Slovaca 42 (1992), 269–274.

[2] GRANDE, Z.—STROŃSKA, E. : On some properties connected with continuity and measurability, Tatra Mt. Math. Publ. 19 (2000), 117–125.

[3] KEMPISTY, S. : Sur les fonctions quasicontinues, Fund. Math. 19 (1932), 184–197. [4] NEUBRUNN, T. : Quasi-continuity, Real Anal. Exch. 14 (1988–1989), 259–306. [5] SIKORSKI, R. : Real Functions, PWN, Warsaw, 1957. (In Polish)

Received November 12, 2005 Institute of Mathematics Kazimierz Wielki University Plac Weyssenhoffa 11 PL–85-072 Bydgoszcz POLAND E-mail: imath@ab-byd.edu.pl grande@ukw.edu.pl