Tatra Mt. Math. Publ. 34 (2006), 29–36 tm

Mathematical Publications

ON CONTINUITY CONCERNED WITH -DENSITY TOPOLOGIES

Małgorzata Filipczak — Małgorzata Terepeta

ABSTRACT. This paper is concerned with three kinds of topologies: the natural topology, density topology and ψ -density topology on the real line. We can consider different classes of continuous functions using these topologies on the domain and the range of functions. They can be compared with the classes of Baire 1, Baire*1 and Darboux functions.

Throughout the paper we will use the following notations: R will denote the set of real numbers, S—the σ-algebra of Lebesgue measurable subsets on R, m—the Lebesgue measure on R, I —the σ-ideal of sets of Lebesgue measure zero. If a set A is open (closed, nowhere dense, etc) in topology T , we will say that A is T -open (T -closed, T -nowhere dense, etc). For A ⊂ R let A^′ be its complement. Let C be a family of nondecreasing continuous functions ψ : (0, ∞) → (0, ∞) such that lim_{t→0+} ψ(t) = 0.

We say that x ∈ R is a ψ-density point of a measurable set A ⊂ R if lim h→0+ m ( A^′ ∩ [x − h, x + h] ) 2hψ(2h) = 0 .

A point x ∈ R is a right-hand ψ-density point of A ∈ S if and only if lim h→0+ m ( A^′ ∩ [x, x + h] ) 2hψ(2h) = 0 .

The left-hand case is treated in an analogous way.

For any A ∈ S we denote

Φ_ψ(A) = {x ∈ R : x is a ψ-density point of A} and Φ(A) = {x ∈ R: x is a density point of A } .

2000 M a t h e m a t i c s S u b j e c t C l a s s i f i c a t i o n: 54A10, 28A05.

K e y w o r d s: density point, ψ-density point, density topology, ψ-density topology, approximately continuous functions, ψ-approximately continuous function.

From [TW-B, Theorem 1.4] we obtain that the family T_ψ = {A ∈ S : A ⊂ Φ_ψ(A)} is a topology stronger than the natural topology and weaker than the density topology.

For any topologies T_a, T_b ⊂ 2^R let C_{ab} be the family of all continuous functions f : (R, T_a) → (R, T_b). First observe two easy properties.

Property 1. For any topologies T_a , T_b and T_c if T_b ⊂ T_c , then C_{ab} ⊃ C_{ac}

and C_{ba} ⊂ C_{ca} .

Property 2. For any pair of topologies T_a, T_b ⊂ 2^R if T_a ⊂ T_b , then C_{ab} ⊂ C_{aa} ∩ C_{bb} and C_{ba} ⊃ C_{aa} ∪ C_{bb} . Indeed, if f ∈ C_{ab} and V ∈ T_a , then V ∈ T_b and from the continuity of f we obtain f^{−1}(V ) ∈ T_a . So f ∈ C_{aa} . If f ∈ C_{ab} and V ∈ T_b , then from the continuity of f we obtain f^{−1}(V ) ∈ T_a ⊂ T_b . Hence f ∈ C_{bb} . The second inclusion is obvious.

In this way we obtain nine classes of continuous functions: C_{oo} , C_{od} , C_{oψ} , C_{do} , C_{dd} , C_{dψ} , C_{ψo} , C_{ψd} and C_{ψψ} . Some of them have been examined:

1. C_{oo} is the class of all ordinary continuous functions; 2. C_{dd} is the class of density continuous functions (for the results see [CL1], [CL2], [B], [O], [CLO1], [CLO2]);

3. C_{do} is the class of approximately continuous functions (see [GNN], [CLO2]);

4. C_{ψo} is the class of ψ-approximately continuous functions (see [F1], [TW-B], [W-B]).

We will consider some properties of functions from classes C_{oψ} , C_{ψd} and C_{ψψ} .

1. Classes C_{oψ} and C_{ψo}

Let Const stand for the class of all constant functions.

Theorem 3. C_{oψ} = C_{od} = Const.

P r o o f . The equality C_{od} = Const is proved in [CL2, Theorem 3.1]. We will prove that C_{oψ} = Const. Obviously Const ⊂ C_{oψ} .

Let f ∈ C_{oψ} and suppose that there exists a closed bounded interval I such that f is not constant on I . Put

M = sup_{x∈I} f(x) and m = inf_{x∈I} f(x) .

ON CONTINUITY CONCERNED WITH ψ -DENSITY TOPOLOGIES

From Property 1 we know that f ∈ C_{oo} , so (m, M) ⊂ f(I). There exists a sequence {y_n}_{n∈N} such that lim_{n→∞} y_n = M and y_n ∈ (m, M) for any n ∈ N. Since Y = {y_n : n ∈ N} is countable, it is T_ψ -closed. For any n ∈ N there exists w_n ∈ f^{−1} ( {y_n} ) ∩ I . The sequence {w_n}_{n∈N} is bounded, so there exists a convergent subsequence {w_nk}_{k∈N} of the sequence {w_n}_{n∈N} . By w_0 denote a limit lim_{k→∞} w_nk . Obviously lim_{k→∞} f(w_nk) = M . The set f^{−1}(Y ), as an inverse image of T_ψ-closed set Y , is closed in natural topology on R. Therefore w_0 ∈ f^{−1}(Y ). On the other hand, M /∈ Y , so w_0 /∈ f^{−1}(Y ) what gives a contradiction.

We would like to remind some information on ψ-approximately continuous functions. Let ψ ∈ C and f : (R, T_ψ) → (R, T_o) be continuous. As T_o ⊂ T_ψ ⊂ T_d we obtain C_{oo} ⊂ C_{ψo} ⊂ C_{do} . From [F1, Property 5] we know that there are functions ψ_1, ψ_2 ∈ C such that C_{ψ1o} ⊊ C_{ψo} ⊊ C_{ψ2o} . Hence C_{oo} ⊊ C_{ψo} ⊊ C_{do} . In [W, Theorem 3,6] it is shown that every approximately continuous function is Darboux-Baire one, so C_{ψo} ⊊ DB_1 . Moreover, in [W-B, Theorem 9] it is proved that the family C_{ψo} is not contained in the class of Baire^∗ 1 functions.

It is easy to check (compare Theorem 1.4.7 in [E]) that

Theorem 4. Let ψ ∈ C . If f, g are ψ-approximately continuous functions,

then f +g , f −g , f ·g , max(f, g) and min(f, g) are ψ-approximately continuous. If f is a ψ-approximately continuous function and f(x) ≠ 0 for x ∈ X , then 1/f is ψ-approximately continuous.

Theorem 5. Let ψ ∈ C . If f_n ∈ C_{ψo} for any n ∈ N and a sequence {f_n}_{n∈N}

uniformly converges to f , then f ∈ C_{ψo} .

Theorem 6. If f ∈ C_{ψo} and g ∈ C_{oo} , then g ∘ f ∈ C_{ψo} .

2. Classes C_{ψψ}

Fix a function ψ from the family C . We will consider continuous functions f : (R, T_ψ) → (R, T_ψ). Such functions will be called ψ-continuous. Of course, Const ⊊ C_{ψψ} ⊂ C_{ψo} ⊊ DB_1 .

Hence any function from C_{ψψ} is measurable. Example 7. (Compare [CLO3, Example 1].) There exists a function f ∈ C_{oo} \ C_{ψψ} .

There exists an interval set A =^∞ ⋃ n=1 [a_n, b_n], b_{n+1} < a_n < b_n , lim_{n→∞} b_n = 0,

such that lim_{h→0+} m ( A^′ ∩ (0, h) ) 2hψ(2h) = 0. Let {y_n}_{n∈N} be a sequence strictly decreasing to zero. We put

f(x) = y_n for x ∈ [a_n, b_n] , n ∈ N , 0 for x 6 0 , linear for x ∈ [b_{n+1}, a_n] , n ∈ N .

The function f is continuous at every point x ≠ 0 as piecewise linear function. f is continuous at x = 0 because lim_{n→∞} f(y_n) = 0 = f(0). We will show that f /∈ C_{ψψ} . From the construction of A we have that x = 0 is its ψ-density point and 0 /∈ A, so A is not a T_ψ-closed set. The set {y_n}_{n∈N} is T_ψ -closed and f^{−1}({y_n}) = A. Therefore f /∈ C_{ψψ} .

Since C_{oo} ⊂ C_{ψo} , it follows that C_{ψψ} ⊊ C_{ψo} .

Lemma 8. ([F2, Proposition 7]) Let ψ ∈ C and

lim inf x→0+ ψ(αx) ψ(x) > 0 for any α ∈ R_+ . (1)

If A ∈ T_ψ , then αA ∈ T_ψ .

Corollary 9. Suppose that the condition (1) is satisfied.

a) If f is a linear function, then f ∈ C_{ψψ} .

b) If f is linear on intervals (a, b] and [b, c), then f is ψ-continuous at any point of the interval (a, c).

P r o o f . Suppose that f(x) = mx + n and m ≠ 0. Let V ∈ T_ψ . From Lemma 8 and the fact that T_ψ is invariant under translation we obtain that f^{−1}(V ) =^1_m (V − n) ∈ T_ψ and f ∈ C_{ψψ} . If m = 0, then f ∈ Const ⊂ C_{ψψ} .

Now suppose that f_1(x) = m_1x + n_1 , f_2(x) = m_2x + n_2 and f_1 | |_{(a,b]} = f | |_{(a,b]} and f_2 | |_{[b,c)} = f | |_{[b,c)} . We can assume that m_1 ≠ 0 and m_2 ≠ 0. To show that f is ψ-continuous at a point x_0 ∈ (a, b) we should check that for any V ∈ T_ψ including f(x_0) there exists a T_ψ-open neighbourhood U of a point x_0 such that f(U) ⊂ V . Let V ∈ T_ψ and f(x_0) ∈ V . It is apparent that

ON CONTINUITY CONCERNED WITH ψ -DENSITY TOPOLOGIES

x_0 ∈^1_{m1} (V −n_1)∩(a, b) ∈ T_ψ . In the same way we obtain that f is ψ-continuous at any point x_0 from (b, c).

Now, let V ∈ T_ψ and f(b) ∈ V . The set U_1 = f^{−1}_1 (V ) ∈ T_ψ and b is a lefthand ψ-density point of U_1 . Moreover, U_2 = f^{−1}_2 (V ) ∈ T_ψ and b is a right-hand ψ-density point of U_2 . Hence U_1 ∩ (a, b) ∈ T_ψ and U_2 ∩ (b, c) ∈ T_ψ and the set U = ( U_1 ∩ (a, b) ) ∪ ( U_2 ∩ (b, c) ) ∪ {b} is open in T_ψ .

Corollary 10. Suppose that condition (1) is satisfied. If f ∈ C_{ψψ} , then kf ∈ C_{ψψ} for any k ∈ R. Let us notice that if lim inf_{x→0+} ψ(αx) ψ(x) = 0, then a function f(x) =^1_α x is not ψ-continuous (see [F2, Proposition 5]).

Example 11. (Compare [CLO3, Example 2].) There exists a function f ∈ C_{ψψ} \ C_{oo} .

Let ψ ∈ C be a function fulfilling condition (1) and A =^∞ ⋃ n=1 (a_n, b_n) ⊂ (0, ∞)

be an interval set such that lim_{h→0+} m ( A ∩ (0, h) ) 2hψ(2h) = 0. We put

f(x) = 0 for x /∈ A , 1 for x =^an^{+b}n_2 , n ∈ N , linear for x ∈ [ a_n,^an^{+b}n_2 ] ∪ [_an_{+b}n 2 , b_n ] , n ∈ N . Such a function does not belong to the class C_{oo} , because it is not continuous at x_0 = 0. Observe that f ∈ C_{ψψ} . For x ∈ (−∞, 0) the function f is ψ-continuous at x because it is constant. For x ∈ (0, ∞) it is ψ-continuous at x according to Corollary 9. We shall show that f is ψ-continuous at x_0 = 0. Let V be any set such that f(x_0) = 0 ∈ V . We take U = A^′ . Then U ∈ T_ψ and f(U) = {0} ∈ V . Therefore f is ψ-continuous at x_0 = 0. Hence f ∈ C_{ψψ} \ C_{oo} . Example 12. There exists a function f which is ψ-approximately continuous, however it is neither continuous nor ψ-continuous.

Let {t_n}_{n∈N} be an arbitrary sequence of positive numbers strictly decreasing to zero. Let us take an interval set A =^∞ ⋃ n=1 (a_n, b_n) such that we have lim h→0+ m ( A^′ ∩ [−h, h] ) 2hψ(2h) = 0 and [a_n, b_n] ⊂ (t_{n+1}, t_n). Let B be an interval set

B =^∞ ⋃ n=1 (c_n, d_n) such that lim_{h→0+} m ( B ∩ [−h, h] ) 2hψ(2h) = 0 and [c_n, d_n] ⊂ (a_n, b_n)

(compare [F1, Proposition 1]). We define a function f :

f(x) = 0 for x 6 0 and x = a_n, n ∈ N , 1 n for x ∈ (a_n, b_n) \ (c_n, d_n), n ∈ N , 1 for x =^cn^{+d}n_2 , n ∈ N , linear for the remaining x .

The function f is continuous (so ψ-approximately continuous) at any point x ≠ 0. It is not continuous at x = 0 as lim_{n→∞} f

(_cn_{+d}n 2 ) = 1 ≠ f(0). It is ψ-approximately continuous at x = 0 because there exists a measurable set E = (−∞, t_1) \ B such that x = 0 is its ψ-density point and f | |_E is continuous at x = 0 ([W-B, Theorem 10]).

The function f is ψ-continuous at any x ≠ 0 but it is not ψ-continuous at x = 0. The set

{_1 n } n∈N is T_ψ-closed as a set of measure zero. The inverse image of this set is not T_ψ -closed, because x = 0 is its ψ-density point and 0 /∈ f^{−1} ( {^1_n } ) .

3. Classes C_{ψd}

Let ψ ∈ C . By Property 2, C_{ψd} ⊂ C_{ψψ} ∩ C_{dd} . Then, because functions from C_{dd} are measurable and DB^∗_1 ([CL2, Theorem 4.1]), every function from the family C_{ψd} is measurable and DB^∗_1 . On the other hand there does not exists an invertible function from that class.

Theorem 13. If f ∈ C_{ψd} then f is not a bijection.

P r o o f . Let f : (R, T_ψ) → (R, T_d) be a continuous function. Observe that an image of any set, open in natural topology T_o , is a measurable set. Let U ∈ T_o . The set U can be represented as a sum of denumerable family of open intervals I_n . Since f is a Darboux function, f(I_n) is an interval for any n ∈ N and f(U) = f (_∞ ⋃ n=1 I_n ) = ∞⋃ n=1 f(I_n) is a measurable set.

Suppose that there exists the inverse function f^{−1} : R → R. In [T, Theorem 4] there is constructed a set A, nowhere dense and perfect in natural topology T_o , such that m(A) > 0 and Int_ψ (A) = ∅. We will prove that m ( f(A) ) = 0. The set A is closed in T_o , so it is closed in T_ψ . Since Int_ψ(A) = ∅, A is nowhere dense in T_ψ . Therefore A^′ is dense in T_ψ . Moreover, A^′ ∈ T_o , so f(A^′ ) is a measurable set. Hence the set R \ f(A^′ ) = f(A) is measurable. Suppose that

ON CONTINUITY CONCERNED WITH ψ -DENSITY TOPOLOGIES m ( f(A) ) > 0. Then there is a nonempty set U ⊂ f(A) open in topology T_d .

Since f is continuous, f^{−1}(U) ∈ T_ψ . As A^′ is dense in T_ψ , then f^{−1}(U)∩A^′ ≠ ∅ and, consequently, U ∩ f(A^′ ) ≠ ∅. It is a contradiction, because U ⊂ f(A). This proves that m ( f(A) ) = 0.

It follows that the set f(A) and any subset B of f(A) is closed in T_d . Since f ∈ C_{ψd} , f^{−1}(B) is closed in T_ψ for any B ⊂ f(A). Any T_ψ -closed set is measurable. It is easy to see that for any C ⊂ A there exists B ⊂ f(A) such that f^{−1}(B) = C . But A contains a nonmeasurable set since m(A) > 0. This contradiction completes the proof.

Modifying the last proof we can prove the following

Theorem 14. If f ∈ C_{ψd} and a < b then f^|_{(a,b)} is not an injection.

P r o o f . Suppose that f ∈ C_{ψd} , a < b and f | |_{(a,b)} is an injection. Since

f ∈ C_{ψd} is a Darboux function, the image f ( (a, b) ) is an interval. By g denote the function f | |_{(a,b)} . Thus the function g : (a, b) → f((a, b)) is a bijection.

Repeating a construction presented in [T, Theorem 4] we obtain a set A ⊂ (a, b) perfect and nowhere dense in natural topology T_o , such that m(A) > 0 and Int_ψ(A) = ∅. We will show that m ( g(A) ) = 0.

The complement A^′ of a set A is an open set in T_o , Hence A^′ ∩ (a, b) ∈ T_o and as g is a Darboux function, we obtain (like in the previous proof) that g(A^′) is a measurable set. Let us suppose that the set g(A) = f ( (a, b) ) \ g(A^′) has positive measure. Therefore there is a nonempty set U ⊂ g(A) open in topology T_d . Since f ∈ C_{ψd} , f^{−1}(U) is a nonempty T_ψ -open set and ∅ ≠ f^{−1}(U) ∩ (a, b) ∈ T_ψ .

The set A^′ is dense in the space (R, T_ψ), so there exists a point x ∈ A^′ ∩ f^{−1}(U) ∩ (a, b). It follows that g(x) ∈ g(A^′) and g(x) ∈ U what contradicts our assumption that U ⊂ g(A). This proves that m ( g(A) ) = 0. Therefore every subset of g(A) is measurable meanwhile A contains a nonmeasurable set as a set of positive measure. This contradiction completes the proof.

We do not know if there exists a nonconstant function in C_{ψd} .

REFERENCES

[B] BURKE, M. : Some remarks on density-continuity functions, Real Anal. Exchange 14 (1988–89), 235–242.

[CL1] CIESIELSKI, K.—LARSON, L. : The space of density-continuity functions, Acta Math. Acad. Sci. Hung. 58 (1991), 289–296.

[CL2] CIESIELSKI, K.—LARSON, L. : Various continuities with the density, I-density and ordinary topology on R, Real Anal. Exchange 17 (1991–92), 183–210.

[CLO1] CIESIELSKI, K.—LARSON, L.—OSTASZEWSKI, K. : Density continuity versus continuity, Forum Math. 2 (1990), 265–275.

[CLO2] CIESIELSKI, K.—LARSON, L.—OSTASZEWSKI, K. : I-density continuous functions, Mem. Amer. Math. Soc., Vol. 515, American Math. Soc., Providence, 1994, p. 133.

[CLO3] CIESIELSKI, K.—LARSON, L.—OSTASZEWSKI, K. : Four continuities on the real line, unpublished notes of 1988.

[E] ENGELKING, R. : General Topology, PWN, Warszawa, 1989.

[F1] FILIPCZAK, M. : Families of ψ-approximate continuous functions, Tatra Mt. Math.

Publ. 28 (2004), 219–225.

[F2] FILIPCZAK, M. : σ-ideals, topologies and multiplication, Bull. Soc. Sci., Lett. Łódź Ser. Rech. Déform. 52 (2002), 11–16.

[GNN] GOFFMAN, C.—NEUGEBAUER, C. J.—NISHIURA, T. : Density topology and approximate continuity, Duke Math. J. 28 (1961), 497–506.

[O] OSTASZEWSKI, K. : Continuity in the density topology, Real Anal. Exchange 7 (1981–82), 259–270.

[T] TAYLOR, S. J. : On strengthening of the Lebesgue density theorem, Fund. Math. 46 (1959), 305–315.

[TW-B] TEREPETA, M.—WAGNER-BOJAKOWSKA, E. : ψ-density topologies, Rend. Circ.

Mat. Palermo 48 (1999), 451–476.

[W] WILCZYŃSKI, W. : Density topologies, in: Handbook of Measure Theory (E. Pap, ed.), Elsevier, North-Holland, Amsterdam, 2002, 675–702.

[W-B] WAGNER-BOJAKOWSKA, E. : Remarks on ψ-density topology, Atti Sem. Mat. Fis.

Univ. Modena 49 (2001), 79–87.

Received March 24, 2004 Małgorzata Filipczak Institute of Mathematics Łódź University ul. Stefana Banacha 22 PL–90-238 Łódź POLAND E-mail: malfil@imul.uni.lodz.pl.

Małgorzata Terepeta Center of Mathematics and Physics Łódź Technical University al. Politechniki 11 PL–90-924 Łódź POLAND E-mail: ttrp@poczta.onet.pl