Tatra Mt. Math. Publ. 34 (2006), 113–117 tm

Mathematical Publications

CONNECTIVITY PROPERTY OF MULTIVALUED MAPS

Joanna Czarnowska

ABSTRACT. The main purpose of the paper is to extend Fast theorem for a real function onto the multivalued maps case.

Theorem. (Fast) Let f : R× R → R be a real function. There exists a

function u : I → R such that for any y ∈ R the function f y + u has Darboux property.

1. Preliminaries

Let R denote the set of real numbers, I an interval contained in R. For a

set A ⊂ I , cl(A) denotes its closure in natural topology. For a non-empty set

A ⊂ R and a number ε > 0 we denote K_ε(A) = {x : there exists y ∈ A such

that |x − y| < ε}. By the vector sum A + B of sets A, B ⊂ R we mean the set {a + b : a ∈ A, b ∈ B}. For two sets A, B ⊂ R we define A < B (resp. A > B) ⇐⇒ x < y (resp. x > y) for any x ∈ A, y ∈ B . For M ⊂ X × Y , where X, Y ⊂ R, we write π(M) for the projection of M on the x-axis and M_x (M^y ) for a vertical (horizontal) x-section (y-section) through M .

In this paper F : I → R denotes a multivalued map F which assigns a nonempty subset F (x) ⊂ R to each point x ∈ I . By the graph of F we mean the set ⋃{ (x, y) : x ∈ I, y ∈ F (x) } . We make no distinction between a map and its graph. For sets A ⊂ I and B ⊂ R set

F (A) = ⋃{ F (x) : x ∈ A } , F^+(B) = { x ∈ I : F (x) ⊂ B } , F^−(B) = { x ∈ I : F (x) ∩ B ≠ ∅ } . 2000 M a t h e m a t i c s S u b j e c t C l a s s i f i c a t i o n: 26E25, 54C60. K e y w o r d s: connectivity, Darboux property.

Supported by the University of Gdańsk, grant BW 5100–5–0283–7

JOANNA CZARNOWSKA

F is weakly Lebesgue measurable if for any open set V the set F^−(V ) is Lebesgue measurable. F has Darboux property if the image F (E) is connected for any connected set E ⊂ I .

We say that a sequence of multivalued maps {F_n}_{n∈N} converges to F if for any x and any ε > 0 there exist k ∈ N, such that for n > k , F_n(x) ⊂ K_ε ( F (x) ) and F (x) ⊂ K_ε ( F_n(x) ) . If F : A → R, A ⊂ I , is any function or multivalued map, then by a multivalued extension of F we mean any multivalued map Φ : I → R, such that Φ|_A = F .

2. Generalization of Fast theorem

We introduce the following notation. M = { M ⊂ I × R: M is a continuum with non-degenerate projection π(M) } , P = {P ∈ M : P is a horizontal interval contained in I × R} , G = { M ⊂ I × R: M is the graph of a continuous function f : [a, b] → R, where [a, b] ⊂ I, a < b } . Definition 1. A multivalued map F : I → R has (C) property if F ∩ M ≠ ∅

for any M ∈ M.

Definition 2. A set P ⊂ I is c-dense in I if for any open set U ⊂ I the set

U ∩ P has the continuum cardinality.

Lemma 1. Let P ⊂ I be c-dense in I . There exists a function h : P → R such

that h ∩ M ≠ ∅ for any M ∈ M. Moreover, if F : P → R is any multivalued map for which h is a selector, then any multivalued extension of F has (C) property.

P r o o f . Since P is c-dense in I , it is a union of continuum many disjoint sets P_t dense in I , t ∈ T (S i e r p i ń s k i [7]). Since the cardinality of M is continuum, there exists a one-to-one function p : T → M. For t ∈ T and x ∈ [a_t, b_t] let us denote p(t) = M_t , π(M_t) = [a_t, b_t], a_t < b_t and y^t_x = inf(M_t)_x . Let us define the function h : P → R as follows h(x) = { y^t_x ; x ∈ P_t ∩ [a_t, b_t] , 0 ; x ∈ P \ ⋃ t∈T P_t ∩ [a_t, b_t] . Let us see that for any t ∈ T , π(h ∩ M_t) is dense in π(M_t). The same holds for any multivalued extension Φ : I → R of a multivalued map F , for which h is a selector.

The following theorem is a generalization of Fast theorem ([4]).

CONNECTIVITY PROPERTY OF MULTIVALUED MAPS

Theorem 1. Let F : I ×R → R be a multivalued map. There exists a function

u : I → R such that for any y ∈ R the multivalued map F^y +u has (C) property. If F is weakly Lebesgue measurable and has closed values, then u can be chosen Lebesgue measurable.

P r o o f . Let f : I × R → R be a selector from F . Let P ⊂ I be c-dense in I and of Lebesgue measure zero. Then P can be decomposed into continuum disjoint, non-empty subsets {P_α}_{α<Ω} , each of which is c-dense in I . Since P is of measure zero, then each set P_α is measurable. By Lemma (1), there exist functions h_α : P_α → R, α < Ω, for which any multivalued extension on I has (C) property. Define h : I → R by h(x) = { h_α(x) ; x ∈ P_α , c ; x ∈ I \ P , where c is any constant. Let {y_α}_{α<Ω} be an enumeration of R and define the function k : I → R by k(x) = { y_α ; x ∈ P_α , c ; x ∈ I \ P . Let us define u : I → R as follows u(x) = h(x) − f ( x, k(x) ) . For y ∈ R let us consider the multivalued map G(x) = F^y(x) + u(x). Then y = y_α , for some α < Ω and G(x) = F (x, y_α) + h_α(x) − f(x, y_α) for x ∈ P_α . Since 0 ∈ F (x, y_α) − f(x, y_α ), for any x ∈ P_α , then h_α is a selector of G|_Pff and by Lemma (1), G has (C) property.

If F is weakly Lebesgue measurable and has closed values, then f can be Lebesgue measurable (K u r a t o w s k i , N a r d z e w s k i [6]). If in definition of h we use c as the number, for which the section f(x, c) is Lebesgue measurable function then u will be Lebesgue measurable, since u(x) = c−f(x, c) for x ∉ P .

Point 1. Let F be the subfamily of M defined by properties

(1) it contains family P of horizontal intervals, (2) if M ∈ F , C ⊂ M and C ∈ M, then C ∈ F .

Throughout the paper, by F we mean the subfamily of M for which the conditions (1) and (2) hold.

Definition 3. (C z a r n o w s k a [2]) A multivalued map F : I → R is

strongly F-connected if for any two distinct points x_1, x_2 ∈ I and any y_1 ∈

JOANNA CZARNOWSKA

F (x_1), there exists y_2 ∈ F (x_2) such that for any set M ∈ F , if π(M) = [x_1, x_2] and y_1 < M_{x1} and y_2 > M_{x2}

or y_1 > M_{x1} and y_2 < M_{x2} ,

then M ∩ F |_{(x1,x2)} ≠ ∅.

Using in particular F as the family P of horizontal intervals we obtain an intermediate value property for multivalued maps, which for maps with connected values is equivalent to those given by C e d e r ([1]).

If F has connected values then taking F as the family G we obtain the functional connectivity. For real functions the functional connectivity was defined by J a s t r z e b s k i and J e d r z e j e w s k i ([5]).

Remark 1. (C z a r n o w s k a , K w i e c i ń s k a [3]) Let F : I → R be a multivalued map with connected values. If F has the intermediate value property, then it has Darboux property.

Remark 2. (C z a r n o w s k a [2]) In the case when F = M and a map F : I → R has connected values and it is strongly F-connected, then its graph is connected.

Remark 3. If F : I → R has (C) property, then it is strongly F-connected for any family F ⊂ M.

From Theorem 1 and Remark 3 we get the following corollary.

Corollary 1. Let F : I × R → R be a multivalued map. There exists a

function u : I → R such that for any y ∈ R, the map F^y + u is strongly F-connected.

If F is weakly Lebesgue measurable and has closed values, then u can be chosen Lebesgue measurable.

Corollary 2. Any multivalued map G : I → R is the sum of two maps

with (C) property. If G is weakly Lebesgue measurable, then it is a sum of two weakly Lebesgue measurable maps with (C) property.

P r o o f . Let G : I → R be any multivalued map and set F (x, y) = { G(x) ; y ≠ 0 , 0 ; y = 0 .

By Theorem 1 there exists a function u such that F^y + u has (C) property, for each y ∈ R. It means, that G + u and u have (C) property and G is the sum of G + u and −u.

CONNECTIVITY PROPERTY OF MULTIVALUED MAPS

We shall show that if G is weakly Lebesgue measurable, then −u and G + u are measurable, too.

Remark 4. Any multivalued map F : I → R is a limit of a sequence of multivalued maps with (C) property.

If F is weakly Lebesgue measurable, then it is a limit of weakly Lebesgue measurable maps with (C) property.

P r o o f . Let {P_n}^∞_{n=1} be a sequence of disjoint c-dense in I sets whose

union is of^∞ ⋃ n=1 P_n = P , where P has Lebesgue measure zero. By Lemma 1,

there exist functions h_i : P_i → R, i ∈ N, whose multivalued extensions on I have (C) property. Let us define the sequence of multivalued maps with (C) property as follows

F_n(x) = F (x) ; x ∈ I \^∞ ⋃ i=n P_i , h_i(x) ; x ∈ P_i , i ¿ n . It is easy to see that {F_n}^∞_{n=1} converges to F . If F is weakly Lebesgue measurable then F_n are weakly Lebesgue measurable as well.

REFERENCES

[1] CEDER, J. G. : Characterization of Darboux selections, Rend. Circ. Mat. Palermo 30 (1981), 461–470.

[2] CZARNOWSKA, J. : F-connectivity and strong F-connectivity of multivalued maps, Real Anal. Exchange 26 (2000–2001), 559–580.

[3] CZARNOWSKA, J.—KWIECINSKA, G. : On the Darboux property of multivalued function, Demonstratio Math. 25 (1992), 193–199.

[4] FAST, H. : Une remarque sur la propriété de Weierstrass, Colloq. Math. 7 (1959), 75–77. [5] JASTRZE,BSKI, J. M.—JE,DRZEJEWSKI, J. M. : Functionally connected functions, Zeszyty Naukowe Politechniki Śla,skiej, Mat.-Fiz. 48 (1986), 73–79.

[6] KURATOWSKI, K.—RYLL-NARDZEWSKI, C. : A general theorem on selectors, Bull.

Acad. Pol. Sci. Math. Astron. Phys. 13 (1965), 397–403.

[7] SIERPIŃSKI, W. : Sur la decomposition des espaces metriques en ensembles disjoint, Fund.

Math. 36 (1949), 68–71.

Received October 30, 2004 Institute of Mathematics University of Gdańsk Wita Stwosza 57 PL–80-952 Gdańsk POLAND E-mail: jczarn@math.univ.gda.pl