Tatra Mt. Math. Publ. 34 (2006), 173–177 tm

Mathematical Publications

WHEN THE DERIVATIVES OF SOLUTIONS OF THE CAUCHY’S PROBLEM ARE (S) -CONTINUOUS?

Zbigniew Grande

ABSTRACT. Some conditions implying that the derivatives of solutions of the Cauchy’s problem y^0 (x) = f � x, y(x) � , with an initial condition y(x0) = y0 , are (S)-continuous or (S)-path continuous are presented.

Let R be the set of all reals, let Y be a separable Banach space and let R×Y

be the product space.

In [2] the following theorem has been proved.

Theorem 1. Let D ⊂ R × Y be a nonempty open set and let f : D → Y be

a locally bounded function such that

(a) for all points x ∈ R and y ∈ Y with (x, y) ∈ D and for each positive real η there is a real δ > 0 for which I ( (x, y), δ ) = (x − δ , x + δ) × K(y, δ) ⊂ D, where K(y, δ) = { u ∈ Y : ||u − y|| < δ } , and ‖ f(t, u) − f(t, y) ‖ < η for (t, u) ∈ I ( (x, y), δ ) . If the sections f^u(t) = f(t, u), where t ∈ R, u ∈ Y and (t, u) ∈ D , are derivatives then for each continuous function g : I → Y with a nonempty open domain I ⊂ R and the graph Gr(g) ⊂ D , the Carathéodory superposition h(x) = f ( x, g(x) ) , x ∈ I , is a derivative, i.e., for each x ∈ I the equality

lim_{h→0} 1 h x+h∫ x h(t) dt = h(x) is true (the integral is in the sense of Bochner).

From this (compare [2, Remark 4]) it follows

2000 M a t h e m a t i c s S u b j e c t C l a s s i f i c a t i o n: 26A05, 26A15.

K e y w o r d s: (S)-continuity, (S)-path continuity, Cauchy’s problem, derivative, differential equation.

ZBIGNIEW GRANDE

Corollary 1. Let D ⊂ R × Y be a nonempty open set and let f : D → Y

be a locally bounded function satisfying condition (a) from Theorem 1. If the sections f^u(t) = f(t, u), where t ∈ R, u ∈ Y and (t, u) ∈ D , are derivatives, and an absolutely continuous function g : I → Y defined on open interval I satisfies the Cauchy’s problem

y^′(t) = f ( t, y(t) ) , y(x) = y (∗) almost everywhere on I , then g satisfies (∗) everywhere on I . So, every Carathéodory’s solution of (∗) is a solution (in the ordinary sense) of this equation.

From this, by Theorem 1 from [1], p. 7 (compare [2, Theorem 5] and [3, Theorem 6]), it follows

Theorem 2. Let D ⊂ R × R^m be a nonempty open set and let f : D → R^m

be a locally bounded function satisfying condition (a) from Theorem 1. If the sections f^u(t) = f(t, u), where t ∈ R, u ∈ R^m and (t, u) ∈ D , are derivatives, then for each point (x, y) ∈ D there is a differentiable solution y : I → R^m of the Cauchy’s problem

y^′(t) = f ( t, y(t) ) , y(x) = y . (∗) Another conclusion from Corollary 1 and Pianigiani’s theorem from [5] on the existence of a solution of the Cauchy’s problem (∗) is shown in Theorem 8 of [2] or in Theorem 8 of [3].

In this article I introduce some additional conditions concerning the sections f^u which imply that derivatives of solutions of (∗) are (S)-continuous with respect to a local system S .

We start with the following definitions [6, p. 3 and p. 70].

Definition 1. By a local system we mean a family S of subsets of R such

that at each point x ∈ R there is given a nonempty collection of sets S(x) ⊂ S with the following properties: (i) {x} /∈ S(x), (ii) if A ∈ S(x) then x ∈ A, (iii) if A_1 ∈ S(x) and A_2 ⊃ A_1 then A_2 ∈ S(x), (iv) if A ∈ S(x) and δ > 0 then A ∩ (x − δ , x + δ) ∈ S(x).

Definition 2. Let S be a local system, let I ⊂ R be a nonempty open set

and let ϕ : I → Y be a function. We say that ϕ is (S)-continuous at the point x provided that for every η > 0 { t ∈ I : ‖ϕ(t) − ϕ(x)‖ < η } ∈ S(x) .

WHEN DERIVATIVES OF SOLUTIONS OF CAUCHY’S PROBLEM ARE (S)-CONTINUOUS?

Definition 3. Let S be a local system in R and let I ⊂ R be a nonempty

open set. A function ϕ : I → Y is (S)-path continuous at the point x if there is

a set A ∈ S(x) such that lim A∋t→x ϕ(t) = ϕ(x) . Observe that (compare [6, p. 27]) the (S)-path continuity of ϕ at x implies

the (S)-continuity of ϕ. The converse, however, need not happen (see [6, p. 27

and p. 29, Th. (14.3)]).

Theorem 3. Let D ⊂ R × Y be a nonempty open set and let f : D → Y

be a locally bounded function satisfying condition (a) from Theorem 1. If S is

a local system in R and if the sections f^u(t) = f(t, u), where t ∈ R, u ∈ Y

and (t, u) ∈ D , are (S)-continuous (resp. (S)-path continuous), then for each

continuous function g : I → Y with a nonempty open domain I ⊂ R and the

graph Gr(g) ⊂ D , the Carathéodory superposition h(x) = f ( x, g(x) ) , x ∈ I , is (S)-continuous (resp. (S)-path continuous).

P r o o f . Fix a point x ∈ I and a positive real η . Since f satisfies the

condition (a), there is a real δ > 0 such that I (( x, g(x) ) , δ ) ⊂ D and ‖ f(t, u) − f ( t, g(x) )‖ < η 3 for (t, u) ∈ I (( x, g(x) ) , δ ) . By the continuity of the function g at x there is a real r ∈ (0, δ) such that g ( (x − r, x + r) ) ⊂ K ( g(x), δ ) . Since the section f^{g(x)} is (S)-continuous, the

set A = { t ∈ I : ‖ f ( t, g(x) ) − f ( x, g(x) )‖ <^η_3 } ∈ S(x). So, the set B =

A ∩ (x − r, x + r) ∈ S(x) and for t ∈ B we have ‖ h(t) − h(x) ‖ = ‖ f ( t, g(t) ) − f ( x, g(x) )‖ 6^‖f^(t, g(t)^) − f^(t, g(x)^{)‖} +^‖f^(t, g(x)^) − f^(x, g(x)^{)‖} 6^η_3 +^η_3 < η . Consequently h is (S)-continuous at x and in the case of (S)-continuity of h

the proof is completed.

For the proof of the alternative case observe that the section f^{g(x)} is (S)-path

continuous and there is a set Z ∈ S(x) such that lim Z∋t→x f ( t, g(x) ) = f ( x, g(x) ) . Let r_1 ∈ (0, r) be such that ‖ f ( t, g(x) ) − f ( x, g(x) ‖ < η 3 for t ∈ A = Z ∩ (x − r_1, x + r_1) .

ZBIGNIEW GRANDE

For t ∈ A we have ‖ h(t) − h(x) ‖ = ‖ f ( t, g(t) ) − f ( x, g(x) )‖ 6^‖f^(t, g(t)^) − f^(t, g(x)^{)‖} +^‖f^(t, g(x)^) − f^(x, g(x)^{)‖} 6^η_3 +^η_3 < η . Consequently lim Z∋t→x h(t) = h(x) , h is (S)-path continuous at x and the proof is completed.

From Corollary 1 and Theorem 3 it follows

Theorem 4. Let D ⊂ R × Y be a nonempty open set and let f : D → Y be a

locally bounded function satisfying condition (a) from Theorem 1. If S is a local system in R and if the sections f^u(t) = f(t, u), where t ∈ R, u ∈ Y and (t, u) ∈ D , are (S)-continuous derivatives (resp. (S)-path continuous derivatives) then each Carathéodory’s solution g : I → Y of the Cauchy’s problem

y^′(t) = f ( t, y(t) ) , y(x) = y , (∗) is a differentiable solution of this problem, whose derivative g^′ is (S)-continuous (resp. (S)-path continuous).

P r o o f . If an absolutely continuous function g : I → Y satisfies equation (∗) almost everywhere, then by Corollary 1 it is a differentiable solution of (∗) in the ordinary sense. From Theorem 3 it follows that the derivative g^′(t) = f ( t, g(t) ) is (S)-continuous (resp. (S)-path continuous).

In particular from Theorems 2 and 4 it follows:

Theorem 5. Let D ⊂ R × R^m be a nonempty open set and let f : D → R^m

be a locally bounded function satisfying condition (a) from Theorem 1. If S is a local system in R and if the sections f^u(t) = f(t, u), where t ∈ R, u ∈

R^m and (t, u) ∈ D , are (S)-continuous derivatives (resp. (S)-path continuous

derivatives) then for each point (x, y) ∈ D there is a differentiable solution g : I → R^m of the Cauchy’s problem

y^′(t) = f ( t, y(t) ) , y(x) = y , (∗) whose derivative g^′ is (S)-continuous (resp. (S)-path continuous).

REFERENCES

[1] FILIPPOV, A. F. : Differential Equations with Discontinuous Right-Hand, Nauka, Moscow, 1985. (In Russian)

WHEN DERIVATIVES OF SOLUTIONS OF CAUCHY’S PROBLEM ARE (S)-CONTINUOUS?

[2] GRANDE, Z. : A theorem about Carathéodory’s superposition, Math. Slovaca 42 (1992), 443–449.

[3] GRANDE, Z : On the Carathéodory superposition, Real Anal. Exchange 19 (1993–1994), 256–265.

[4] KOŁODZIEJ, W. : Analiza Matematyczna, PWN Warszawa, 1986. [5] PIANIGIANI, G. : Existence of solutions for ordinary differential equations in Banach spaces, Bull. Polish Acad. Sci. Mat. Astron. Phys. 23 (1975), 853–857.

[6] THOMSON, B. S. : Real Functions. Lectures Notes in Math., Vol. 1170, Springer-Verlag, Berlin, 1980.

Received May 10, 2005 Institute of Mathematics Kazimierz Wielki University Plac Weyssenhoffa 11 PL–85-072 Bydgoszcz POLAND E-mail: imath@ab-byd.edu.pl grande@ukw.edu.pl