Tatra Mt. Math. Publ. 34 (2006), 107–111 tm

Mathematical Publications

THE MEASURABILITY OF THE PRODUCT OF ARITHMETIC PROGRESSIONS

Milan Paštéka

ABSTRACT. This paper deals with arithmetic progressions and measurability in the sense of Buck.

1. Introduction

Let N denote the set of nonnegative integers. Put for a ∈ N and A ⊆ N a · A = {a · n : n ∈ A}, a + A = {a + n : n ∈ A}. Then for a, m ∈ N, m ≥ 1, the set a + mN is the arithmetic progression with the difference m and the first element a.

We recall the concept of an asymptotic density. If A ⊆ N and the limit d(A) = lim_{n→∞} 1 n card ( A ∩ {0, . . . , n} ) exists then d(A) is called the asymptotic density of A. It is well-known that d(a + mN) =^1_m , m ≥ 1 (cf. [T]).

In the paper [ST] the asymptotic density of the product (a_1 + m_1 N) (a_2 + m_2 N), (a_1, m_1) = 1, (a_2, m_2) = 1, was studied, where for two A_1, A_2 ⊆ N we put A_1 · A_2 = {n_1 · n_2 : n_1 ∈ A_1 ∧ n_2 ∈ A_2}.

For a survey of the asymptotic density we refer to the monograph [T]. In 1946 in the paper [BUC] another type of density was introduced. Let D_0 denote the system of all finite unions of arithmetic progressions. Then each set from D_0 has the asymptotic density. Let A ⊆ N, put

μ^∗(A) = inf { d(S) : a ⊆ S ∧ S ∈ D_0 } . Then the value μ^∗(A) is called the measure density of A. Now put

D_μ =^{A ⊆ N : μ^∗(A) + μ^∗(N \ A) = 1^}.

2000 M a t h e m a t i c s S u b j e c t C l a s s i f i c a t i o n: primary 11K38; secondary 11K99. K e y w o r d s: measure density, arithmetic progression.

Supported by the grant VEGA 2/4138/04.

MILAN PAŠTÉKA

Then we have

i) D_μ is an algebra of sets.

ii) The restriction μ = μ^∗ | |Dμ is a finitely additive probability measure

on D_μ .

iii) If A ⊆ N then μ^∗(A) = 0 ⇒ A ∈ D_μ .

(See [BUC]).

The algebra D_μ is called an algebra of measurable sets and each set A ∈ D_μ is called an measurable set. It is well-known that every measurable set A has the asymptotic density and d(A) = μ(A).

Remark that there exists a lot of examples of the sets having the asymptotic density which are not measurable. The aim of this paper is to improve the results from [ST] in the sense of measurability.

Measurability of the product of arithmetic progressions

Inspired by the proof of [ST] we give the first lemma:

Lemma 1. Let A ∈ D_μ and μ(A) = 1. Let B_1 ∈ D_μ and B_2 ⊆ N. If B_1 ∩ A =

B_2 ∩ A, then B_2 ∈ D_μ and μ(B_2) = μ(B_1).

This lemma follows immediately from ii) and iii).

Now we shall need the following statement proved in [PAS]: Let A ∈ N and p be a prime. Put A_p = {a ∈ A : p | a ∧ p^2 - a}. Then it holds

Lemma A. (Corollary 2 of [PAS]) Let {p_i} be such a sequence of primes that ∑ p^{−1}_i = ∞. Then for every A ⊆ N we have ( ∀_i : μ^∗(A_{pi} ) = 0 ) =⇒ A ∈ D_μ ∧ μ(A) = 0 .

Lemma 2. Let B ∈ D_μ and μ(B) = 1. Let {p_i} be such a sequence of primes

that^∞ ∑ i=1 p^{−1}_i = ∞. Put A =^∞ ⋃ i=1 p_iB . Then A ∈ D_μ and μ(A) = 1.

P r o o f . Consider (N\ A)_{pi} . Let n ∈ (N\ A)_{pi} . Then n /∈ A and n = p_i · m, (m, p_i) = 1. If m ∈ B , then n ∈ p_iB and so n ∈ A—a contradiction. Thus

m ∈ N \ B , this yields (N \ A)_{pi} ⊆ p_i(N \ B), therefore μ^((N \ A)_{pi}^) = 0. From

Lemma A now we have that μ(N \ A) = 0, and the assertion follows.

THE MEASURABILITY OF THE PRODUCT OF ARITHMETIC PROGRESSIONS

Lemma 3. Let {p^{(1)}_i }, . . . , {p^{(k)}_i } are such sequences of primes that ∞∑ i=1 1 p(^l)_i = ∞, for l = 1, . . . , k . Put A ⊆ N in the following way: n ∈ A ⇐⇒ n = p^{(1)}_{i1} · · · p^{(k)}_{ik} m , m ∈ N . Then A ∈ D_μ , and μ(A) = 1.

P r o o f . By the induction. If k = 1, then A = ∞⋃ i=1 p^{(1)}_i N ,

and the assertion follows from Lemma 2.

Let the statement holds for k − 1. Now, A can be represented as A = ∞⋃ i=1 p^{(k)}_i B , (1)

where n ∈ B ⇔ n = p^{(1)}_{i1} · · · p^{(k−1)}_{ik}�_1 · m, and from the induction assumption we have B ∈ D_μ and μ(B) = 1, and so Lemma 2 and (1) imply the assertion.

Theorem 1. Let m ∈ N, m ≥ 1 and a_1, . . . , a_k ∈ N and (a_i, m) = 1,

i = 1, . . . , k − 1. Put S = (a_1 + mN) · · · (a_{k−1} + mN) (a_k + mN) .

Then S ∈ D_μ and μ(S) =^1_m .

P r o o f . Clearly S ⊆ a_1a_2 · · · a_k + mN . (2) Let {p^{(j)}_i } be the sequence of all primes from a_j + mN, j = 1, . . . , k − 1. From the Dirichlet theorem (cf. [S–B], p. 388) we have^∞ ∑ i=1 1 p(^j)_i = ∞, j = 1, . . . , k − 1.

Let us define the set A as in Lemma 3. Assume that b ∈ (a_1 · · · a_k + mN) ∩ A , then b ≡ a_1 · · · a_k (mod m) and b = p^{(1)}_{i1} · · · p^{(k−1)}_{ik}�_1 · b^′ , thus p^{(1)}_{i1} · · · p^{(k−1)}_{ik}�_1 · b^′ ≡ a_1 · · · a_k (mod m) . (3)

MILAN PAŠTÉKA

For every j = 1, . . . , k − 1 we have p_{ij} ≡ a_j (mod m) and so (3) yields a_1 · · · a_{k−1}b^′ ≡ a_1 · · · a_k (mod m) .

For j = 1, . . . , k − 1 we have (a_j , m) = 1, and thus from the last congruence it follows b^′ ≡ a_k (mod m), and so b ∈ S . We have proved (a_1 · · · a_k + mN) ∩ A ⊆ S ∩ A . From (2) we obtain the other inclusion, thus S ∩ A = (a_1 · · · a_k + mN) ∩ A , and the assertion follows from Lemma 1.

Theorem 2. Let m_1, . . . , m_k be positive integers with the same primes in the

canonic representation. Let a_1, . . . , a_k be such positive integers that (a_j , m_j) = 1, j = 1, . . . , k . Then the set S = (a_1 + m_1 N) · · · (a_k + m_k N) is measurable.

P r o o f . Put m = [m_1, . . . , m_k]. Then (a_j , m) = 1, j = 1, . . . , k , and every a_j + m_j N can be represented in the form

a_j + m_j N = m mj −1 ⋃ k=0 b_{j,k} + mN , where b_{j,k} = a_j + k · m_j . Clearly (b_{j,k}, m) = 1. Thus the set S is a finite union of sets of the type as in Theorem 1, therefore i) yields S ∈ D_μ . Unfortunately, we are not able to guarantee that the “summands” from the last proof are disjoint, and so we cannot determine the value μ(S).

REFERENCES

[BUC] BUCK, R. C. : The measure theoretic approach to density, Amer. J. Math. 68 (1946), 560–580.

[PAS] PAŠTÉKA, M. : A note about the submeasures and Fermat last theorem, Ricerche Mat. XLIII (1994), 79–90.

[ST] STEIN, S. K. : The density of product of arithmetic progression, Fibonacci Quart. 11 (1973), 145–152.

[T] TENENBAUM, G. : Introduction to Analytic and Probabilistic Number Theory (C. B. Thomas, ed.), Cambridge Univ. Press, Cambridge, 1995.

THE MEASURABILITY OF THE PRODUCT OF ARITHMETIC PROGRESSIONS

[S–B] SHAFAREVICH-BOREVICH: Theory of Numbers, Nauka, Moscow, 1972.

Received October 5, 2004 Mathematical Institute Slovak Academy of Sciences Štefánikova 49 SK–814 73 Bratislava SLOVAKIA E-mail: pasteka@mat.savba.sk