Tatra Mt. Math. Publ. 34 (2006), 167–172 tm

Mathematical Publications

ON THE EXTENSION OF SOME FUNCTIONS TO Q_{s1} -FUNCTIONS AND ON THE SUMS OF TWO Q_{s1} -FUNCTIONS

Ewa Strońska

ABSTRACT. A function f : R^m → R satisfies the condition Q_{s1} at a point x ∈

R^m if for each real ε > 0 and for each set U ∋ x belonging to the density topology

there is an open set V such that ∅ ≠ U ∩ V ⊂ f�1 � (f(x) − ε, f(x) + ε)^� ∩ C(f),

where C(f) denotes the set of all continuity points of f . For a nonempty set

A ⊂ R^m it is proved that the Lebesgue measure λ^�cl(A)^� = 0 if and only if for

each λ-almost everywhere continuous function f : R^m → R there is a function g ∈ Q_{s1} such that f|_A = g|_A . Moreover, it is proved that every function f : R^m → R satisfying the condition λ � cl(D(f)) � = 0, where D(f) = R^m \ C(f), is the sum of two functions g, h : R^m → R with the condition Q_{s1} .

Let R, Z and N denote the set of all reals, the set of all integers and the set

of all positive integers respectively. Moreover, let R^m denote the m-dimensional product space R × · · ·× R with the standard metric and let λ (resp. λ_e ) denote the Lebesgue measure (resp. the outer Lebesgue measure) in R^m .

For each positive integer n ¿ 1 and for each system of integers k_1, . . . , k_m let P^n_{k1,...,km} = [ k_1 − 1 2^n , k_1 2^n ) × · · · × [ k_m − 1 2^n , k_m 2^n ) . Moreover, let

P_n = { P^n_{k1,...,km} : k_1, . . . , k_m ∈ Z } and let P = ⋃ n P_n . Observe that (1) if (k_1, . . . , k_m) ≠ (l_1, . . . , l_m) then P^n_{k1,...,km} ∩ P^n_{l1,...,lm} = ∅; (2) R^m =^⋃_{k1,...,km∈Z}P^n_{k1,...,km} ; (3) if n_1 > n_2 then for each system (k_1, . . . , k_m) there is a unique system (l_1, . . . , l_m) such that P^{n1}_{k1,...,km} ⊂ P^{n2}_{l1,...,lm} ; 2000 M a t h e m a t i c s S u b j e c t C l a s s i f i c a t i o n: 26A15, 54C08, 54C30. K e y w o r d s: continuity, strong quasicontinuity, density topology, sums of functions.

(4) for each point x ∈ R^m and for each positive integer n there is a unique system ( k_1(x), . . . , k_m(x) ) such that x ∈ P^n_{k1(}x_{),...,km(}x_) = P^n(x).

For a set A ⊂ R^m and a point x ∈ R^m denote by

d_u(A, x) = lim sup_{n→∞} λ_e ( A ∩ P^n(x) ) λ ( P^n(x) ) ( resp. d_l(A, x) = lim inf_{n→∞} λ_e ( A ∩ P^n(x) ) λ ( P^n(x) ) )

the upper (resp. lower) density of a set A ⊂ R at a point x (compare [1]).

A point x ∈ R^m is called a density point of a set A ⊂ R^m if there exists a λ-measurable (i.e., measurable in the sense of Lebesgue) set B ⊂ A such that d_l(B, x) = 1. The family

T_d = { A ⊂ R^m : A is λ-measurable and d_l(A, x) = 1 for x ∈ A^}

is a topology called the density topology ([1], [2], [8], [10]).

Moreover, let T_e be the Euclidean topology in R^m and let C(f) denotes the set of all points at each f : R^m → R is continuous.

We will say that a function f : R^m → R satisfies the condition Q_{s1} or that f is s_1-strongly quasicontinuous at a point x ∈ R^m (or f ∈ Q_{s1} (x)) if for every set A ∈ T_d containing x and for every real ε > 0 there is a nonempty open set U such that f^{−1} ( (f(x)−ε, f(x)+ε) ) ∩C(f) ⊃ U ∩A ≠ ∅ ([9], and compare [3]).

If f ∈ Q_{s1} (x) for each point x ∈ R^m then we will write f ∈ Q_{s1} . We will say that a function f : R^m → R satisfies the condition S_1 (f ∈ S_1 ) if for every nonempty set A ∈ T_d there is an open set U such that C(f) ⊃ U ∩ A ≠ ∅ ([9], and compare [3]).

Evidently the sum of two functions f, g : R^m → R belonging to S_1 satisfies also the condition S_1 and Q_{s1} ⊂ S_1 .

Observe that if a function f : R^m → R satisfies the condition S_1 , then f is λ-almost everywhere continuous ([9], and compare [4]).

Let C_{ae} denote the family of all λ-almost everywhere continuous functions

f : R^m → R.

We use the following lemma in the proofs of main results.

Lemma 1. ([9]) Let B ⊂ R^m be a nonempty closed set of λ-measure zero,

let E ⊂ B be a nonempty closed set and let U be an open set containing E . Then there exists a sequence of pairwise disjoint sets K_n ⊂ U \ B (n = 1, 2, . . . ) which are the unions of cubes from P and such that

(1) the family of closures of these cubes is P-locally finite at each point

y ∈ R^m \ E , i.e., for each point y ∈ R^m \ E there is a cube P ∈ P such

that y ∈ P and the family of all cubes from this family which intersect P is finite;

(2) the closures of these cubes are pairwise disjoint and contained in U \ B ;

ON EXTENSION TO Q_{s1} -FUNCTIONS AND ON SUMS OF TWO Q_{s1} -FUNCTIONS

(3) for every increasing sequence (n_k) of positive integers and for every point x ∈ E the upper density d_u (_∞ ⋃ k=1 K_{nk} , x ) = 1, and

(4) the sequence ( cl(K_n) ) of closures of sets K_n (n = 1, 2, . . . ) converges to the set E in the sense of Hausdorff metric.

The conditions Q_{s1} and S_1 , which are investigated in this article, are suitable to conditions A_3 and A_5 considered by Z. G r a n d e [5] for functions f : R → R. In [5] the author investigates also families Φ_{Ai} (i = 3, 5) of all nonempty sets

A ⊂ R such that for every almost everywhere continuous functions g : R → R

there is a function f : R → R having property A_i such that f|_A = g|_A , and proves that a nonempty set A ⊂ R belongs to Φ_{A3} = Φ_{A5} if and only if λ ( cl(A) ) = 0.

Let Φ_{Qs1} (Φ_{S1} ) be the family of all nonempty sets A ⊂ R^m such that for every function g ∈ C_{ae} there is a function f ∈ Q_{s1} (f ∈ S_1 , respectively) such that f|_A = g|_A .

Theorem 1. The equality Φ_{Qs1} = Φ_{S1} is true. Moreover, a nonempty set A ⊂ R^m belongs to Φ_{Qs1} if and only if λ^(cl(A)^) = 0.

P r o o f . Since Q_{s1} ⊂ S_1 , we have Φ_{Qs1} ⊂ Φ_{S1} . First we show that if A ∈ Φ_{S1} then λ ( cl(A) ) = 0. Let A ⊂ R^m be a set such that λ ( cl(A) ) > 0. There is a countable set A_1 ⊂ A such that cl(A_1) = cl(A).

Then the set M = { x ∈ cl(A) : d_l ( cl(A), x ) = 1 } ∈ T_d and it is nonempty. Let N = {a_1, a_2, . . . , a_n, . . . } ⊂ M \ A_1 be a countable set dense in M and let g : R^m → R be defined as follows g(x) = {_1

n for x = a_n , n ¿ 1 , 0 otherwise on R^m .

Then D(g) = N and λ ( D(g) ) = 0. Thus g ∈ C_{ae} .

Next, we assume that there exists a function f : R^m → R belonging to S_1 and such that f|_A = g|_A .

The set A_1 ⊂ A and f(A_1) = g(A_1) = {0}, so we have f(u) = 0 at almost all points u ∈ cl(A). Consequently N ⊂ D(f).

Since f ∈ S_1 and the nonempty set M ∈ T_d there is an open set O such that ∅ ≠ O ∩ M ⊂ C(f) . (∗) But the set N is dense in M , so we obtain a contradiction with (∗). So, for each set A ∈ Φ_{S1} we have λ ( cl(A) ) = 0.

Now, we will show that Φ_{S1} ⊂ Φ_{Qs1}. Let A ∈ Φ_{S1} be a nonempty set and let g ∈ C_{ae} .

By Lemma 1, for B = E = cl(A) and U = R^m there exists a sequence of pairwise disjoint sets K_n ⊂ R^m \ cl(A) (n = 1, 2, . . . ), which are the unions of cubes from P and satisfies conditions (1)–(4) from Lemma 1.

Let (w_n) be a one-to-one sequence of all rationals and let (N_i) be a sequence of pairwise disjoint infinite subsets of N such that N =^∞ ⋃ i=1 N_i . Put f(x) = w_n for x ∈ K_i , where i ∈ N_n , n ¿ 1 , g(x) for x ∈ cl(A) , 0 otherwise on R^m .

Then f = g on the set A. Moreover, for each point x ∈ R^m \ cl(A) there exists an open set O ∋ x disjoint with cl(A) and such that the set of all positive integers n for which O ∩ K_n ≠ ∅ is empty or finite. Thus f ∈ Q_{s1} at each point

x ∈ R^m \ cl(A). The function f has also property Q_{s1} at all points x ∈ cl(A).

Indeed, fix a real ε > 0, a point x ∈ cl(A) and a set G ∈ T_d containing x. There exists a positive integer k with | |f(x) − w_k | | = | |g(x) − w_k | | < ε . Since

d_l(G, x) = 1 and d_u ( ⋃ j∈N_k K_j , x ) = 1 there is an open set G^′ ⊂ ⋃ j∈N_k K_j such that G^′ ∩ G ≠ ∅. For all points u ∈ G^′ ∩ G we have | |f(u) − f(x) | | = | |w_k − f(x) | | < ε and thus f ∈ Q_{s1} . Consequently A ∈ Φ_{Qs1} and the proof is finished.

ON EXTENSION TO Q_{s1} -FUNCTIONS AND ON SUMS OF TWO Q_{s1} -FUNCTIONS

Theorem 2. For a function f : R^m → R with λ^(cl(D(f))^) = 0 there are two

functions g, h ∈ Q_{s1} such that f = g + h.

P r o o f . We use Lemma 1. For B = E = cl ( D(f) ) and U = R^m there exists a sequence of pairwise disjoint sets K_n ⊂ R^m \ cl ( D(f) ) (n = 1, 2, . . . ) which are the unions of cubes from P and satisfying conditions (1)–(4) from Lemma 1.

Let (w_n) be a one-to-one sequence of all rationals and let N =^∞ ⋃ k=0 N_k , where

N_k , k = 0, 1, 2, . . . , are pairwise disjoint and infinite sets. Observe that for each positive integer k and for each point x ∈ cl ( D(f) ) we have the upper density d_u ( ⋃ i∈N_k K_i , x ) = 1 .

Define the functions g , h : R^m → R as follows

g(x) = w_n for x ∈ K_{2n−1} (n = 1, 2, . . .) , f(x) − w_n for x ∈ K_{2n} (n = 1, 2, . . .) , f(x) for x ∈ cl ( D(f) ) , 0 otherwise on R^m , and h(x) = f(x) − w_n for x ∈ K_{2n−1} (n = 1, 2, . . .) , w_n for x ∈ K_{2n} (n = 1, 2, . . .) , 0 for x ∈ cl ( D(f) ) , f(x) otherwise on R^m .

Since g, h ∈ Q_{s1} and f = g + h, the proof is finished.

REFERENCES

[1] BRUCKNER, A. M. : Differentiation of integrals, Amer. Math. Monthly 78 (1971), 1–54. [2] GOFFMAN, C.—NEUGEBAUER, C. J.—NISHIURA, T. : Density topology and approximate continuity, Duke Math. J. 28 (1961), 497–506.

[3] GRANDE, Z. : On some special notions of approximate quasi-continuity, Real Anal. Exchange 24 (1998–1999), 171–183.

[4] GRANDE, Z.—STROŃSKA, E. : On some properties connected with continuity and measurability, Tatra Mt. Math. Publ. 19 (2000), 117–125.

[5] GRANDE, Z. : Extending of some functions to the functions satisfying the condition (A3 ), Real Anal. Exchange 28 (2002–2003), 573–578.

[6] GRANDE, Z. : On the sums of functions satisfying the condition (s1 ), Real Anal. Exchange 28 (2002–2003), 41–54.

[7] NEUBRUNN, T. : Quasi-continuity, Real Anal. Exchange 14 (1988–1989), 259–306. [8] SAKS, S. : Theory of the Integral, Monografie Matematyczne, Warszawa, 1937. [9] STROŃSKA, E. : On some special notions of approximate quasicontinuity on R^m, Demonstratio Math. 38 (2005), 533–550.

[10] TALL, F. D. : The density topology, Pacific J. Math. 62 (1976), 275–284.

Received November 13, 2004 Institute of Mathematics Bydgoszcz Academy Pl. Weyssenhoffa 11 PL–85-072 Bydgoszcz POLAND E-mail: imath@ukw.edu.pl stronska@neostrada.pl