Tatra Mt. Math. Publ. 34 (2006), 135–139 tm

Mathematical Publications

ON THE CARDINALITY SIZE OF THE HOMEOMORPHIC DENSITY TYPE TOPOLOGIES

Jacek Hejduk

ABSTRACT. The paper deals with the density type topologies generated by a nondecreasing and unbounded sequence of positive reals. The cardinality of family of the homeomorphic topological spaces equipped with such density type topologies is discussed.

Let ℓ be the standard Lebesgue measure in R and L the family of all Lebesgue measurable sets. By N we shall denote the set of all positive integers and by S the family of all unbounded and nondecreasing sequences of positive numbers. If {s_n}_{n∈N} ∈ S, we shall denote ⟨s⟩ = {s_n}_{n∈N} .

Definition 1. We shall say that x ∈ R is a density point of a set A ∈ L

with respect to a sequence ⟨s⟩ ∈ S (⟨s⟩-density point in short) if lim_{n→∞} ℓ ( A ∩ [x −^1_{sn} , x +^1_{sn} ] ) 2 s_n = 1 .

Reminding the concept of an ordinary density point it is worth observing (see [CLO]) that a point x ∈ R is a density point of a set A ∈ L if lim_{n→∞} ℓ ( A ∩ [x −^1_n , x +^1_n ] ) 2 n = 1 .

It is clear that x is ⟨s⟩-density point of a set A ∈ L if and only if 0 is ⟨s⟩-density point of the set A − x = {y : y = a − x, a ∈ A}. Let ⟨s⟩ ∈ S, A ∈ L. Putting

Φ_{⟨s⟩}(A) = { x ∈ R: x is a ⟨s⟩-density point of A } we get that the operator Φ_{⟨s⟩} : L → L is the lower density operator (see [FH]).

2000 M a t h e m a t i c s S u b j e c t C l a s s i f i c a t i o n: Primary 54A10, 54C10; Secondary 26A24, 54C05.

K e y w o r d s: density point, density topology, homeomorphism.

JACEK HEJDUK

Let T_{⟨s⟩} = { A ∈ L : A ⊂ Φ_{⟨s⟩}(A) } . Then the family T_{⟨s⟩} forms a topology on the real line. If ⟨s⟩ = {n}_{n∈N} then T_{⟨s⟩} is of course the classical density topology denoted by T_d . It is clear that T_d ⊂ T_{⟨s⟩} for every ⟨s⟩ ∈ S . Many interesting properties of ⟨s⟩-density topologies are presented in [FH], [FFH], [FHW], [L]. We shall recall some of them to continue further considerations.

Theorem 1. ([FH]) Let ⟨s⟩ ∈ S . Then

T_{⟨s⟩} = T_d iff lim inf_{n→∞} s_n s_{n+1} > 0 . Let S_0 = {⟨s⟩ ∈ S : lim inf_{n→∞}^{sn}_{sn+1} = 0}.

Theorem 2. ([FH]) If ⟨s⟩, ⟨t⟩ ∈ S_0 and lim_{n→∞}^{sn}_{tn} = α ∈ (0, ∞) then T_{⟨s⟩} = T_{⟨t⟩}

if and only if α = 1.

Let us fix ⟨s⟩, ⟨t⟩ ∈ S, then ∀_n 2N^∃kn!^{tn ∈ (skn , skn+1] .} The following theorem describes a more general situation than that in Theorem 2.

Theorem 3. ([FFH]) The following conditions are equivalent:

(i) for an arbitrary increasing sequence {n_i}_{i∈N} of positive integers

lim inf i→∞ t_{ni} s_{kni} < ∞ or lim inf_{i→∞} s_{kni+1} t_{ni} = 1 ,

(ii) T_{⟨s⟩} ⊂ T_{⟨t⟩} . Let T = { T_{⟨s⟩} : ⟨s⟩ ∈ S } . The following theorem expresses the size of the family T . Namely, we have

Theorem 4. ([FH]) card T = –.

In [FFH] the problem of homeomorphism between topological spaces ( R, T_{⟨s⟩} ) and ( R, T_{⟨t⟩} ) for ⟨t⟩, ⟨s⟩ ∈ S was investigated. The following results were established.

Theorem 5. ([FHW]) Let ⟨s⟩, ⟨t⟩ ∈ S . If T_{⟨s⟩} \ T_{⟨t⟩} ≠ ∅ and T_{⟨t⟩} \ T_{⟨s⟩} ≠ ∅

then the topological spaces (R, T_{⟨s⟩}) and (R, T_{⟨t⟩}) are not homeomorphic.

ON THE CARDINALITY SIZE OF THE HOMEOMORPHIC DENSITY TYPE TOPOLOGIES

Theorem 6. ([FFH]) Let ⟨s⟩ ∈ S_0 . Then the topological spaces^(R, T_{⟨s⟩}^) and

(R, T_d) are not homeomorphic.

In this paper we shall present more results concerning the size of the sets of

topological spaces ( R, T_{⟨s⟩} ) , ⟨s⟩ ∈ S, which are homeomorphic between them-

selves or contrary, not homeomorphic. If the topological spaces ( R, T_{⟨s⟩} ) and ( R, T_{⟨t⟩} ) are homeomorphic, we shall use the notation ( R, T_{⟨s⟩} )_{Hom} ∼ ( R, T_{⟨t⟩} ) . If

not, we shall use the notation ¬ ( (R, T_{⟨s⟩})^{Hom}∼ ( R, T_{⟨t⟩}) ) . Theorem 7. For every sequence ⟨s⟩ ∈ S_0 there exists a set S_1 ⊂ S such that

(i) card S_1 = –, (ii) ∀_{⟨u⟩,⟨t⟩∈S1} ( ⟨u⟩ ≠ ⟨t⟩ =⇒ T_{⟨u⟩} ≠ T_{⟨t⟩} ) , (iii) ∀_{⟨t⟩∈S1} (R, T_{⟨s⟩})^{Hom}∼ (R, T_{⟨t⟩}). P r o o f . Let ⟨s⟩ ∈ S_0 and m ∈ (0, +∞). Then ⟨ms⟩ ∈ S_0 , where ⟨ms⟩ =

{ms_n}_{n∈N} . Putting S_1 = { ⟨ms⟩ : m ∈ (1, +∞) } we have that S_1 ⊂ S_0 and

card S_1 = –. Moreover, by Theorem 2, for every m_1, m_2 ∈ (1, +∞), if m_1 ≠

m_2 then T_{⟨m1s⟩} ≠ T_{⟨m2s⟩} . According to T_{⟨ms⟩} =^1_m T_{⟨s⟩} for m > 1 we get

that function h(x) =^1_m x guarantees the homeomorphism of topological spaces ( R, T_{⟨s⟩} ) and ( R, T_{⟨ms⟩} ) . Lemma 8. For every sequence ⟨s⟩ ∈ S_0 there exists a sequence ⟨t⟩ ∈ S_0 such that T_{⟨s⟩} \ T_{⟨t⟩} ≠ ∅ and T_{⟨t⟩} \ T_{⟨s⟩} ≠ ∅. P r o o f . Let ⟨s⟩ ∈ S_0 . Then lim inf_{n→∞}^{sn}_{sn+1} = 0. Let {s_{kn} }_{n∈N} be an increasing

sequence such that lim_{n→∞}^{skn}_{skn+1} = 0. Putting t_n = √s_{kn} · s_{kn+1} we see that

⟨t⟩ = {t_n}_{n∈N} ∈ S_0 . Applying Theorem 3 we show that T_{⟨s⟩} ⊈ T_{⟨t⟩} . It is clear

that s_{kn} < t_n < s_{kn+1} for n ∈ N. Also, lim inf_{n→∞}^{tn}_{skn} = ∞ and lim inf_{n→∞}^{skn+1}_{tn} = 0.

Thus T_{⟨s⟩} ⊈ T_{⟨t⟩} . Further, we prove that T_{⟨t⟩} ⊈ T_{⟨s⟩} . For every s_n > t_1 there

exists j_n ∈ N such that s_n ∈ (t_{jn} , t_{jn+1}⟩. As t_n < s_{kn+1} < t_{n+1} for n ∈ N

we have j_{kn+1} = n. Simultaneously lim inf_{n→∞}^{skn+1}_{tjkn+1} = lim inf_{n→∞}^{skn+1}_{tn} = ∞ and

lim inf n→∞ t_{jkn}+1+1 s_{kn}+1 = lim inf n→∞ t_n+1

s_{kn}+1 = lim inf n→∞ √_{skn+1 ·skn+1+1} s_{kn}+1·s_{kn}+1 ¿ lim infn→∞ √_{skn+1+1} s_{kn}+1 ¿

lim inf n→∞ √_{skn+1+1} s_{kn}+1 = ∞. Hence, by Theorem 3, we get T⟨t⟩ ⊈ T⟨s⟩ .

According to Theorem 4 we conclude

Corollary 9. ¬^((R, T_{⟨s⟩})^{Hom}∼ (R, T_{⟨t⟩})^).

JACEK HEJDUK

Theorem 10. For every sequence ⟨s⟩ ∈ S there exists a set S_2 ⊂ S such that

(i) card S_2 = –, (ii) ∀_{⟨u⟩,⟨t⟩∈S2} ( ⟨u⟩ ≠ ⟨t⟩ =⇒ T_{⟨u⟩} ≠ T_{⟨t⟩} ) , (iii) ∀_{⟨t⟩∈S2}¬ ( (R, T_{⟨s⟩})^{Hom}∼ (R, T_{⟨t⟩}) ) . P r o o f . 1^o Let us suppose that ⟨s⟩ ∈ S \ S_0 . Then, by Theorem 1, T_{⟨s⟩} = T_d . Since that card{T_{⟨s⟩} : s ∈ S_0} = – we conclude that there exists a set S_2 ⊂ S_0 such that card S_2 = – and for every ⟨s⟩, ⟨t⟩ ∈ S_2 if ⟨s⟩ ≠ ⟨t⟩, then T_{⟨s⟩} ≠ T_{⟨t⟩} . Applying Theorem 6, we get ¬ ( (R, T_d)^{Hom}∼ (R, T_{⟨t⟩}) ) for every ⟨t⟩ ∈ S_2 .

2^o Let us suppose that ⟨s⟩ ∈ S_0 . By Corollary 9, there exists a sequence ⟨t⟩ ∈ S_0 such that ¬ ( (R, T_{⟨s⟩})^{Hom}∼ (R, T_{⟨t⟩}) ) . Let S_2 = { ⟨mt⟩ : m ∈ (1, +∞) } . Then card S_2 = –. If ⟨t_1⟩, ⟨t_2⟩ ∈ S_2 and ⟨t_1⟩ ≠ ⟨t_2⟩ then, by Theorem 2, we have that T_{⟨t1⟩} ≠ T_{⟨t2⟩} . Moreover, for an arbitrary sequence ⟨u⟩ ∈ S_2 we conclude that ¬ ( (R, T_{⟨s⟩})^{Hom}∼ (R, T_{⟨u⟩}) ) , otherwise we will obtain ( (R, T_{⟨s⟩})^{Hom}∼ (R, T_{⟨t⟩}) ) . Finally, we have the following theorem.

Theorem 11. There exists a set S_3 ⊂ S such that

1^o card S_3 = –, 2^o ∀_{⟨s⟩,⟨t⟩∈S3} ( ⟨s⟩ ≠ ⟨t⟩ =⇒ ¬ ( (R, T_{⟨s⟩})^{Hom}∼ (R, T_{⟨t⟩}) )) . P r o o f . Let ⟨s^α⟩ = {a^{αn!}}_{n∈N} , for a fix a > 1 and α > 0. We get that ⟨s^α⟩ ∈ S_0 for every α > 0. Let S_3 = {⟨s^α⟩ : α > 0}. Then card S_3 = –. We show that for every α, β > 0, if α ≠ β then T_{⟨s}α_⟩ \ T_{⟨s}β_⟩ ≠ ∅ and T_{⟨s}β_⟩ \ T_{⟨s}α_⟩ ≠ ∅. Let α < β . Then there exists n_0 ∈ N such that for every n > n_0 we have a^{αn!} < a^{βn!} < a^{α(n+1)!} . It is sufficient to take n_0 ∈ N such that n_0 ¿^β_α . Applying Theorem 3 we calculate lim_{n→∞}^{aβn!}_{aαn!} = ∞ and lim_{n→∞}^{aα(n+1)!}_{aβn!} = ∞. It implies that T_{⟨s}α_⟩ ⊈ T_{⟨s}β_⟩ . Similarly, we notice that there exists n_1 ∈ N such that for any n > n_1 we have a^{β(n−1)!} < a^{αn!} < a^{βn!} . In the same way, as above, applying Theorem 3, we get T_{⟨s}β_⟩ ⊈ T_{⟨s}α_⟩ .

Finally, Theorem 5 proves ¬ ( (R, T_{⟨s}α_⟩)^{Hom}∼ (R, T_{⟨s}β_⟩) ) for every α ≠ β .

ON THE CARDINALITY SIZE OF THE HOMEOMORPHIC DENSITY TYPE TOPOLOGIES

REFERENCES

[CLO] CIESIELSKI, K.—LARSON, L.—OSTASZEWSKI, K. : I-Density Continuous Functions, Mem. Amer. Math. Soc., Vol. 515, 1994.

[FFH] FILIPCZAK, M.—FILIPCZAK, T.—HEJDUK, J. : On the comparison of the density type topologies, Atti Sem. Mat. Fis. Univ. Modena 52 (2004), 1–11.

[FH] FILIPCZAK, M.—HEJDUK, J. : On topologies associated with the Lebesgue measure, Tatra Mt. Math. Publ. 28 (2004), 187–197.

[FHW] FILIPCZAK, M.—HEJDUK, J.—WILCZYŃSKI, W. : On homeomorphisms of the density type topologies, Preprint 2003/1, Łódź University.

[L] LORANTY, A. : On the generalization of the approximate continuity, Folia Math. 1 (2003), 59–63.

[W] WILCZYŃSKI, W. : Density topologies, in: Handbook of Measure Theory, Vol. I. and II., Chapter 15 (E. Pap, ed.), North Holland, Amsterdam, 2002, pp. 675–702.

Received December 1, 2004 Faculty of Mathematics University of Łódź ul. Stefana Banacha 22 PL–90-238 Łódź POLAND E-mail: hejduk@imul.uni.lodz.pl