Tatra Mt. Math. Publ. 34 (2006), 93–105 tm

Mathematical Publications

ON GRAPH QUASI-CONTINUOUS FUNCTIONS

Aneta Mikucka

ABSTRACT. In the paper [Z. Grande: Sur les fonctions A-continues, Demonstratio Math. 11 (1978), 519–526] a concept of graph continuous functions was introduced. An idea of graph quasi-continuous functions and their properties was investigated in [A. Mikucka: Graph quasi-continuity, Demonstratio Math. 36 (2003), 483–494]. In this paper different properties of these functions are studied.

Let X be a topological space, (Y, P) a uniform one and P a family of pseudometrics on Y inducing the uniformity. In this paper by G(f) we denote the graph of a function f : X → (Y, P) and the symbol G(f) denotes the closure of G(f) in a topological space (X × Y , T_X × T_P ). The letters ▲, ⋚, ⋛ stand for the set of natural, rational and real numbers, respectively.

A set A ⊂ X is said to be:

– semi-open if A ⊂ Int A , [11]; – semi-closed if X \ A is semi-open, [4]; – pre-open if A ⊂ Int A, [2];

– semi-neighbourhood of x_0 if A is semi-open and x_0 ∈ A.

Lemma 1. ([12])

(a) Each nowhere dense set is semi-closed.

(b) If a set W is semi-open and dense, a set A is dense, then the set W ∩ A is dense.

A function f : X → Y is said to be:

– graph continuous if there exists a continuous function g such that G(g) ⊂ G(f) , [8];

– graph quasi-continuous if there exists a quasi-continuous function g : X → Y such that G(g) ⊂ G(f) , [12];

– quasi-continuous (almost quasi-continuous) at x_0 ∈ X if for each ϱ ∈ P , ε > 0, and for each neighbourhood U of x_0 there exists a non-empty

2000 M a t h e m a t i c s S u b j e c t C l a s s i f i c a t i o n: 54C10. K e y w o r d s: graph quasi-continuity, quasi-continuity, cliquishness.

ANETA MIKUCKA

open (pre-open) set U_1 ⊂ U such that ϱ ( f(x), f(x_0 ) ) < ε for each

x ∈ U_1 , [14] ([15]);

– cliquish at x_0 if for each ϱ ∈ P , ε > 0, and for each neighbourhood

U ⊂ X of x_0 there exists a non-empty open set U_1 ⊂ U such that ϱ ( f(x_1), f(x_2) ) < ε for each x_1, x_2 ∈ U_1 , [6].

A function f is called quasi-continuous (almost quasi-continuous, cliquish) if it

has this property at each point.

If ϱ ∈ P and ε > 0, we denote: A(f, g, ϱ, ε) = { x ∈ X : ϱ ( f(x), g(x) ) < ε } , B(f, g, ϱ, ε) = { x ∈ X : ϱ ( f(x), g(x) ) ¿ ε^} , K(y, ϱ, ε) = { z ∈ Y : ϱ(y, z) < ε } . Now, we give a characterization of the graph quasi-continuity:

Theorem 1. Let X be a topological space, (Y, P) a uniform one and

f, g : X → Y . If g is quasi-continuous, then the following conditions are equiv-

alent:

(a) G(g) ⊂ G(f) ;

(b) the set A(f, g, ϱ, ε) is dense in X for each ϱ ∈ P and for each ε > 0.

P r o o f . (a)⇒(b). Let us fix ϱ ∈ P , ε > 0, a non-empty open set U ⊂ X ,

and x_0 ∈ U . By quasi-continuity of g at x_0 there exists a non-empty open set

U_1 ⊂ U and ϱ ( g(x_0), g(x) ) <^ε_3 for each x ∈ U_1 . We choose ( x_1, g(x_1) ) ∈ G(g) such that x_1 ∈ U_1 . As G(g) ⊂ G(f) , we have (U_1 × K ( g(x_1), ϱ,^ε_3 ) ) ∩ G(f) ≠ ∅. So there exists x_2 ∈ U_1 satisfying the inequality ϱ ( g(x_1), f(x_2) ) <^ε_3 .

From above it follows that ϱ ( f(x_2), g(x_2)

) 6 ϱ^(f(x_2), g(x_1)^)+ϱ^(g(x_1), g(x_0)^)+ ϱ ( g(x_0), g(x_2) ) < ε. We conclude that x_2 ∈ A(f, g, ϱ, ε) ∩ U , and finally the set

A(f, g, ϱ, ε) is dense in X .

(b)⇒(a). Let us take ϱ ∈ P , ε > 0, ( x_0, g(x_0) ) ∈ G(g) and a neighbourhood U × K ( g(x_0), ϱ,^ε_2 ) of ( x_0, g(x_0) ) . The quasi-continuity of g at x_0 gives that

there exists a non-empty open set U_1 ⊂ U such that ϱ ( g(x_0), g(x) ) <^ε_2 for each

x ∈ U_1 . According to the definition of the set A ( f, g, ϱ,^ε_2 ) , we can find x_1 ∈ U_1

with ϱ ( f(x_1), g(x_1) ) <^ε_2 . According to the above we have ϱ ( g(x_0), f(x_1) ) 6 ϱ ( g(x_0), g(x_1) ) + ϱ ( g(x_1), f(x_1 ) ) < ε. Hence ( x_0, g(x_0) ) ∈ G(f) . This gives an

inclusion G(g) ⊂ G(f) and the proof is completed.

Theorem 2. Let X be a topological space, (Y, P) a uniform one and

f, g : X → Y . If g is quasi-continuous, then the following conditions are equiv-

alent:

(a) G(g) ⊂ G(f) and f is cliquish;

ON GRAPH QUASI-CONTINUOUS FUNCTIONS

(b) the set B(f, g, ϱ, ε) is nowhere dense in X for each ϱ ∈ P and for each ε > 0. P r o o f . (a)⇒(b). Let ϱ ∈ P , ε > 0, a non-empty open set U ⊂ X , and x_0 ∈ U . As f is cliquish, there exists a non-empty open set U_1 ⊂ U such that ϱ ( f(x_1), f(x_2 ) ) <^ε_3 for each x_1, x_2 ∈ U_1 . Suppose that U_1 ∩ B(f, g, ϱ, ε) ≠ ∅.

So there exists x_1 ∈ U_1 satisfying the condition ϱ ( f(x_1), g(x_1)

) ¿ ε . (1)

By a quasi-continuity of g at x_1 there exists a non-empty open set U_2 ⊂ U_1 such that ϱ ( g(x_1), g(x) ) <^ε_3 for each x ∈ U_2 . Theorem 1 now yields that the set A ( f, g, ϱ,^ε_3 ) is dense in X . So we can find x_2 ∈ U_2 with ϱ ( f(x_2), g(x_2) ) <^ε_3 .

Then we obtain ϱ ( g(x_1), f(x_1)

) 6 ϱ^(g(x_1), g(x_2)^) + ϱ^(g(x_2), f(x_2)^) + ϱ^(f(x_2),

f(x_1) ) < ε. This contradicts (1), so the set B(f, g, ϱ, ε) is nowhere dense in X .

(b)⇒(a). Let us fix ϱ ∈ P , ε > 0, a point x_0 ∈ U and a neighbourhood U of x_0 . Because g is quasi-continuous at x_0 there exists a non-empty open set U_1 ⊂ U such that ϱ ( g(x), g(x_0) ) <^ε_4 for each x ∈ U_1 . As B ( f, g, ϱ,^ε_4 ) is nowhere dense, we can find a non-empty open set U_2 ⊂ U_1 such that ϱ ( f(x), g(x) ) < ε 4 for each x ∈ U_2 . Finally, we take x_1, x_2 ∈ U_2 . This leads to the condition ϱ ( f(x_1), f(x_2)

) 6 ϱ^(f(x_1), g(x_1)^) + ϱ^(g(x_1), g(x_0)^) + ϱ^(g(x_0), g(x_2)^) + ϱ ( g(x_2), f(x_2) ) < ε. It means that f is cliquish. Because B(f, g, ϱ, ε) is nowhere dense, the set X \ B(f, g, ϱ, ε) = A(f, g, ϱ, ε) is dense in X . In virtue of Theorem 1 we obtain G(g) ⊂ G(f) and the proof is completed.

The following example shows that the assumption of the cliquishness of f in Theorem 2 cannot be omitted.

Example 1. Let ⋛ be the space of real numbers with the natural topology and f, g : ⋛ → ⋛ be defined by: f(x) = 1 for x ∈ ⋚, f(x) = 2 for x ∈ ⋛ \ ⋚ and g(x) = 1 for each x ∈ ⋛. Then G(g) ⊂ G(f) holds but the set B(f, g, ϱ, ε) = ⋛ \ ⋚ is not nowhere dense in ⋛.

Theorem 3. Let X be a topological space and (Y, P) a Hausdorff uniform

one. If f : X → Y is cliquish, then there exists a unique continuous function g : X → Y such that G(g) ⊂ G(f) .

The proof is exactly as in case if Y is a metric space, [18].

Theorem 4. Let X be a topological space and (Y, P) a Hausdorff uniform

one. If f : X → Y is cliquish, g : X → Y is continuous, h : X → Y is almost quasi-continuous and G(g) ∪ G(h) ⊂ G(f) , then g = h.

P r o o f . Suppose that g ≠ h. Then there exists x_0 ∈ X such that g(x_0) ≠ h(x_0). We can find a pseudometric ϱ ∈ P and ε > 0 with the property ϱ ( g(x_0), h(x_0)

) ¿ ε . (2)

ANETA MIKUCKA

By the continuity of g at x_0 there exists a neighbourhood U of x_0 such that ϱ ( g(x_0), g(x) ) <^ε_4 for each x ∈ U . Because h is almost quasi-continuous at x_0 there exists a non-empty pre-open set U_1 ⊂ U such that ϱ ( h(x_0), h(x) ) <^ε_4 for each x ∈ U_1 . In virtue of Theorem 2 the set B ( f, g, ϱ,^ε_4 ) is nowhere dense in X . So we can find a non-empty open set U_2 ⊂ U ∩Int U_1 with ϱ ( f(x), g(x) ) <^ε_4 for each x ∈ U_2 . The set U_1 ∩ U_2 is non-empty, so let us take x_1 ∈ U_1 ∩ U_2 . Since G(h) ⊂ G(f) we can find x_2 ∈ U_2 such that ϱ ( h(x_1), f(x_2 ) ) <^ε_4 . Finally we have ϱ ( g(x_0), h(x_0)

) 6 ϱ^(g(x_0), g(x_2)^) + ϱ^(g(x_2), f(x_2 )^) + ϱ ( f(x_2), h(x_1) ) + ϱ ( h(x_1), h(x_0) ) < ε . This contradicts (2), which means that g(x_0) = h(x_0), and in consequence, g = h. The proof is completed.

In Theorem 3, the continuity of g cannot be replaced with the quasicontinuity, as it is shown in [12]. In the next theorem we will show that if we have additional assumptions then in G(f) there exists a unique graph of quasi-continuous function.

Definition 1. ([5]) A topological space X is said to be extremally discon-

nected if the closure of each open set U ⊂ X is open.

Lemma 2. A topological space X is extremally disconnected if and only if for

each non-empty open set U, V ⊂ X we have: U ∩ V = U ∩ V .

The simple proof is omitted.

Lemma 3. A topological space X is extremally disconnected if and only if a

set A ∩ B is semi-open for each semi-open sets A, B ⊂ X .

P r o o f . Assume that X is extremally disconnected. We take semi-open sets A, B ⊂ X . So, A ⊂ Int A and B ⊂ Int B . By Lemma 2 we have Int(A ∩ B) = Int A ∩ Int B = Int A ∩ Int B ⊃ A ∩ B . It means that A ∩ B is semi-open. Now, assume that A ∩ B is semi-open for semi-open sets A, B ⊂ X . We take open sets A, B ⊂ X . The sets A, B are semi-open, so by assumption, the set A ∩ B is semi-open. Thus we have A ∩ B ⊂ Int (A ∩ B). So we have

A ∩ B ⊂ Int(A ∩ B) = Int A ∩ Int B = Int(A ∩ Int B) ⊂ Int(A ∩ Int B) =

Int(A ∩ Int B) ⊂ Int(A ∩ B) = Int (A ∩ B) ⊂ A ∩ B . The inverse inclusion is evident, so we have A ∩ B = A ∩ B . It means that X is extremally disconnected.

ON GRAPH QUASI-CONTINUOUS FUNCTIONS

Theorem 5. Let X be a topological space. Then the following conditions are

equivalent:

(a) X is an extremally disconnected space;

(b) for each Hausdorff uniform space (Y, P) and for each graph quasicontinuous and cliquish function f : X → Y there exists a unique quasicontinuous function g : X → Y such that G(g) ⊂ G(f) ;

(c) for each graph quasi-continuous and cliquish function f : X → [0, 1] there exists a unique quasi-continuous function g : X → [0, 1] such that G(g) ⊂ G(f) . P r o o f . (a)⇒(b). Suppose that there exist different functions g_1, g_2 satisfying inclusion G(g_1) ∪ G(g_2) ⊂ G(f) . Because g_1, g_2 are different there exists x_0 ∈ X for which g_1(x_0) ≠ g_2(x_0). If Y is a Hausdorff space we can find a pseudometric ϱ ∈ P and ε > 0 such that ϱ ( g_1(x_0), g_2(x_0)

) ¿ ε . (3)

Let us take a neighbourhood U of x_0 . The quasi-continuity of g_1 implies the existence of a semi-neighbourhood U_1 ⊂ U of x_0 such that ϱ ( g_1(x_0), g_1(x) ) <^ε_4 for each x ∈ U_1 . Moreover, by quasi-continuity of g_2 we can find a semineighbourhood U_2 ⊂ U such that ϱ ( g_2(x_0), g_2(x) ) <^ε_4 for each x ∈ U_2 .

According to Lemma 3, a set U_1 ∩ U_2 is semi-open. We put A = Int(U_1 ∩ U_2). It is evident that A is non-empty and open. By Theorem 2, the sets B ( f, g_1, ϱ,^ε_4 ) and B ( f, g_2, ϱ,^ε_4 ) are nowhere dense in X . So there exist nonempty open sets U_3 ⊂ A and U_4 ⊂ U_3 such that ϱ ( g_1(x), f(x) ) <^ε_4 for each x ∈ U_3 and ϱ ( g_2(x), f(x) ) <^ε_4 for each x ∈ U_4 . Hence for each x ∈ U_4 we have ϱ ( g_1(x_0), g_2(x_0)

) 6 ϱ^(g_1(x_0), g_1(x)^) + ϱ^(g_1(x), f(x)^) + ϱ^(f(x), g_2(x)^) + ϱ ( g_2(x), g_2(x_0) ) < ε. This contradicts (3), which means that g_1(x_0) = g_2(x_0), and in consequence, functions g_1 and g_2 are equal.

The implication (b) ⇒(c) is evident.

(c)⇒(a). Suppose that X is not extremally disconnected. So there exists a non-empty open set U ⊂ X such that U is not open. We define f : X → [0, 1] as follows: f(x) = 0 for x ∈ Int U, 1 2 for x ∈ U \ Int U , 1 for x ∈ X \ U. Let us remark that f is cliquish. Moreover, G(f) = ( Int U ×{0} ) ∪ ( (U \Int U)× {_1 2 }) ∪ ( X \ U × {1} ) . Now, we define functions g_1, g_2 : X → [0, 1] as follows:

ANETA MIKUCKA

g_1(x) = 0 for x ∈ Int U , g_1(x) = 1 otherwise and g_2(x) = 0 for x ∈ U , g_2(x) = 1 otherwise. Hence G(g_1) = ( Int U × {0} ) ∪ ( (X \ Int U ) × {1} ) and G(g_2) = (U × {0}) ∪ ( (X \ U ) × {1} ) . Because U = Int U we have the inclusion G(g_1) ∪ G(g_2) ⊂ G(f) . The functions g_1, g_2 are quasi-continuous so f is graph quasi-continuous. As the functions g_1, g_2 are different, we get the contradiction to (c), which finishes the proof.

Let (X, T ) be a topological space. We denote:

T_q = {U \ H : U ∈ T , H is of first category} ([9]) ,

T_α = {U \ H : U ∈ T , H is nowhere dense} ([16]) .

Lemma 4.

(a) ([7]) Let (X, T ) be a Baire space and Y a regular one. A function f : (X, T ) → Y is quasi-continuous if and only if f : (X, T_q ) → Y is quasi-continuous.

(b) ([16]) Let (X, T ) be a topological space and Y a uniform one. A function f : (X, T ) → Y is quasi-continuous if and only if f : (X, T_α) → Y is quasi-continuous.

Theorem 6. Let (X, T ) be a Baire space and (Y, P) a uniform one.

(a) If a function f : (X, T_q ) → Y is graph quasi-continuous then f : (X, T ) → Y is graph quasi-continuous.

(b) If a function f : (X, T ) → Y is graph quasi-continuous and cliquish then f : (X, T_q ) → Y is graph quasi-continuous.

P r o o f . (a) Assume that f : (X, T_q ) → Y is graph quasi-continuous. Then there exists a quasi-continuous function g : (X, T_q ) → Y such that G(g) ⊂ G(f)^q . By Lemma 4 (a) the function g : (X, T ) → Y is quasi-continuous, too. Since G(f)^q ⊂ G(f) , it follows that G(g) ⊂ G(f) . It means that f : (X, T ) → Y is graph quasi-continuous.

(b) Assume that f : (X, T ) → Y is graph quasi-continuous and cliquish. Then there exists a quasi-continuous function g such that G(g) ⊂ G(f) . Let ϱ ∈ P and ε > 0. According to Theorem 2 the set A(f, g, ϱ, ε) is dense in X and semi-open. Let us take a non-empty set U \ H ∈ T_q , so U ∈ T , H is of the first category in X . Then the set U ∩ A(f, g, ϱ, ε) is non-empty and semi-open. Because X is a Baire space then U ∩ A(f, g, ϱ, ε) is of the second category. So ( U ∩ A(f, g, ϱ, ε) ) \ H ≠ ∅. Hence (U \ H) ∩ A(f, g, ϱ, ε) ≠ ∅. It means that the set A(f, g, ϱ, ε) is dense in (X, T_q ). With respect to Lemma 4 (a) the function g : (X, T_q ) → Y is quasi-continuous, too. Then f : (X, T_q ) → Y is graph quasicontinuous.

ON GRAPH QUASI-CONTINUOUS FUNCTIONS

Theorem 7. Let (X, T ) be a topological space and (Y, P) be a uniform one.

A function f : (X, T ) → Y is graph quasi-continuous if and only if a function f : (X, T_α) → Y is graph quasi-continuous.

P r o o f . Assume that f : (X, T ) → Y is graph quasi-continuous. Let us take a non-empty set U \ H ∈ T_α , so U ∈ T , H is nowhere dense in X . Let us remark that U ∩(X \H) is non-empty and open in (X, T ). Assuming on f there exists a quasi-continuous function g : (X, T ) → Y such that G(g) ⊂ G(f) . Let ϱ ∈ P and ε > 0. By Theorem 1 the set A(f, g, ϱ, ε) is dense in (X, T ). So we have ( U ∩ (X \ H) ) ∩ A(f, g, ϱ, ε) ≠ ∅ since the set ( U ∩ (X \ H) ) ∩ A(f, g, ϱ, ε) is non-empty. It means that the set A(f, g, ϱ, ε) is dense in (X, T_α). According to Lemma 4 (b) the function g : (X, T_α) → Y is quasi-continuous, too, so by Theorem 1, the function f : (X, T_α) → Y is graph quasi-continuous. The proof of the second part is the same as in Theorem 6 (a), we only use Lemma 4 (b).

In [13] it is shown that the uniform convergence preserves neither graph continuity nor graph quasi-continuity. However, if we have additional assumptions, the quasi-uniform convergence preserves the graph quasi-continuity.

Definition 2. Let X be a topological space, (Y, P) a uniform one, and let

Σ denote a directed set. A net {f_σ}_{σ∈Σ} , f_σ : X → Y , is called quasi-uniformly convergent to some f : X → Y at x_0 if for each ϱ ∈ P , ε > 0 there exists σ_0 ∈ Σ such that for each σ ¿ σ_0 there exists a neighbourhood U_σ such that for each x ∈ U_σ we have ϱ ( f_σ (x), f(x) ) < ε. Theorem 8. Let X be an extremally disconnected space and (Y, P) a com-

plete uniform one. If the net {f_σ}_{σ∈Σ} of cliquish functions f_σ : X → Y , σ ∈ Σ, is quasi-uniformly convergent to f : X → Y , functions g_σ : X → Y are quasicontinuous and G(g_σ) ⊂ G(f_σ) for σ ∈ Σ, then:

(a) the net {g_σ}_{σ∈Σ} is pointwise convergent to g : X → Y ;

(b) G(g) ⊂ G(f) ;

(c) the function g is quasi-continuous.

P r o o f . (a) Let ϱ ∈ P , ε > 0, and let x_0 ∈ X . First, we show that {g_σ}_{σ∈Σ} is the Cauchy net. As the net {f_σ}_{σ∈Σ} is quasi-uniformly convergent to f at x_0 , we have the existence of σ_0 ∈ Σ such that for σ ¿ σ_0 there exists a neighbourhood U_σ of x_0 with the property ϱ ( f_σ(x), f(x) ) <^ε_7 for each x ∈ U_σ .

Let us take σ_1, σ_2 ¿ σ_0 , then a set U_σ = U_{σ1} ∩ U_{σ2} is a neighbourhood of x_0 . Due to the quasi-continuity of g_{σ1} at x_0 we can choose a semi-neighbourhood U_1 ⊂ U_σ of x_0 such that ϱ ( g_{σ1} (x_0), g_{σ1} (x) ) <^ε_7 for each x ∈ U_1 . Moreover, g_{σ2} is quasi-continuous at x_0 so we can choose a semi-neighbourhood U_2 ⊂ U_σ of x_0 such that ϱ ( g_{σ2} (x_0), g_{σ2} (x) ) <^ε_7 for each x ∈ U_2 . Assuming X , the set

ANETA MIKUCKA

U_1 ∩U_2 is semi-open. We put A = Int(U_1 ∩U_2). Then A is non-empty and open.

The function f_{σ1} is cliquish which yields to the existence of a non-empty open

set W ⊂ A such that for x_1, x_2 ∈ W we have ϱ ( f_{σ1}(x_1), f_{σ1}(x_2) ) <^ε_7 . The sets

A(f_{σ1} , g_{σ1} , ϱ,^ε_7 ) and A(f_{σ2} , g_{σ2} , ϱ,^ε_7 ) are dense in X by Theorem 1, there exist

x_1, x_2 ∈ W and we have: ϱ ( f_{σ1}(x_1), g_{σ1}(x_1) ) <^ε_7 and ϱ ( f_{σ2} (x_2), g_{σ2} (x_2) ) <^ε_7 .

From the above it follows that ϱ ( g_{σ1}(x_0), g_{σ2}(x_0)

) 6 ϱ^(g_{σ1}(x_0), g_{σ1}(x_1)^) + ϱ^(g_{σ1}(x_1), f_{σ1}(x_1)^) + ϱ ( f_{σ1}(x_1), f_{σ1}(x_2) ) + ϱ ( f_{σ1}(x_2), f(x_2 ) ) + ϱ ( f(x_2), f_{σ2} (x_2) ) + ϱ ( f_{σ2} (x_2), g_{σ2} (x_2) ) + ϱ ( g_{σ2} (x_2), g_{σ2}(x_0) ) < ε . Hence { g_σ(x_0) } σ∈Σ is the Cauchy net. If Y is complete, then { g_σ(x_0) } σ∈Σ is convergent to g(x_0). Finally we can say the net {g_σ}_{σ∈Σ} is pointwise convergent

to some function g .

(b) We next claim that G(g) ⊂ G(f) . Let us fix ( x_0, g(x_0) ) ∈ G(g) and

a neighbourhood U × K ( g(x_0), ϱ, ε ) of this point. Since {f_σ}_{σ∈Σ} is quasi-

uniformly convergent at x_0 there exists σ_0 ∈ Σ such that for σ ¿ σ_0 we can

take a neighbourhood U_σ of x_0 with the property ϱ ( f_σ(x), f(x) ) <^ε_4 for each

x ∈ U_σ . The net { g_σ(x_0) } σ∈Σ is convergent to g(x_0), so there exists σ_1 ∈ Σ

such that for σ ¿ σ_1 we have ϱ ( g_σ(x_0), g(x_0) ) <^ε_4 .

By the property of the set Σ we can find σ_2 ∈ Σ such that σ_2 ¿ σ_0 and

σ_2 ¿ σ_1 . Let σ ¿ σ_2 . By quasi-continuity of g_σ at x_0 ∈ U_σ there exists a semi-

neighbourhood U_1 ⊂ U_σ of x_0 such that ϱ ( g_σ(x_0), g_σ(x) ) <^ε_4 for each x ∈ U_1 .

It may be concluded that there exists a non-empty open set U_2 = Int U_1∩U_σ ∩U .

Because G(g_σ) ⊂ G(f_σ ) then a set U_2 ∩ A(f_σ , g_σ, ϱ,^ε_4 ) is non-empty. Then there

exists x_1 ∈ U_2 for which ϱ ( g_σ(x_1), f_σ(x_1) ) <^ε_4 . According to the above we have ϱ ( f(x_1), g(x_0)

) 6 ϱ^(f(x_1), f_σ (x_1)^) + ϱ^(f_σ (x_1), g_σ(x_1)^) + ϱ^(g_σ(x_1), g_σ(x_0)^) + ϱ ( g_σ(x_0), g(x_0) ) < ε. We have shown that f(x_1) ∈ K ( g(x_0), ϱ, ε ) . In conse-

quence the set ( U ×K ( g(x_0), ϱ, ε) ) ∩G(f) is non-empty, so finally G(g) ⊂ G(f) .

(c) Let ϱ ∈ P, ε > 0 and x_0 ∈ X be established and let U ⊂ X be a

neighbourhood of x_0 . Since the net { g_σ(x_0) } σ∈Σ is convergent to g(x_0) by

(a), there exists σ_0 ∈ Σ such that for σ ¿ σ_0 we have ϱ ( g_σ(x_0), g(x_0) ) <^ε_5 .

As the net {f_σ}_{σ∈Σ} is quasi-uniformly convergent to f at x_0 we have the

existence of σ_1 ∈ Σ such that for σ ¿ σ_1 we can find a neighbourhood U_σ

of x_0 such that ϱ ( f_σ(x), f(x) ) <^ε_5 for each x ∈ U_σ . By the property of the

set Σ we have σ_2 ∈ Σ such that σ_2 ¿ σ_0 and σ_2 ¿ σ_1 . Let σ ¿ σ_2 . We

define W = U ∩ U_σ , a neighbourhood of x_0 . The quasi-continuity of g_σ implies

the existence of a non-empty semi-open set U_1 ⊂ W satisfying the following

ON GRAPH QUASI-CONTINUOUS FUNCTIONS

condition ϱ ( g_σ(x), g_σ(x_0) ) <^ε_5 for each x ∈ U_1 . The set B(f_σ , g_σ, ϱ,^ε_5 ) is nowhere dense, so there exists a non-empty open set U_2 ⊂ Int U_1 such that U_2 ⊂ A(f_σ , g_σ, ϱ,^ε_5 ). Let x ∈ U_2 . Since G(g) ⊂ G(f) there exists x_1 ∈ U_2 such that ϱ ( f(x_1), g(x) ) <^ε_5 .

We obtain ϱ ( g(x_0), g(x) ) 6 ϱ^(g(x_0), g_σ(x_0)^) + ϱ^(g_σ(x_0), g_σ(x_1)^) + ϱ^(g_σ(x_1),

f_σ(x_1) ) + ϱ ( f_σ(x_1), f(x_1 ) ) + ϱ ( f(x_1), g(x) ) < ε. It means that g is quasicontinuous and the proof is completed.

Lemma 5. Let X be a topological space and (Y, P) a uniform one. If the net

{f_σ}_{σ∈Σ} of cliquish functions f_σ : X → Y is quasi-uniformly convergent to some f : X → Y , then f is cliquish.

P r o o f . Let ϱ ∈ P, ε > 0 and x_0 ∈ X be established and let U ⊂ X be a neighbourhood of x_0 . Since the net {f_σ}_{σ∈Σ} is quasi-uniformly convergent to f there exists σ_0 ∈ Σ such that for σ ¿ σ_0 there exists a neighbourhood U_σ of x_0 such that ϱ ( f_σ (x), f(x) ) <^ε_3 for each x ∈ U_σ . We take σ ¿ σ_0 . The function f_σ is cliquish, so there exists a non-empty open set U_1 ⊂ U ∩ U_σ such that ϱ ( f_σ(x_1), f_σ (x_2) ) <^ε_3 for each x_1, x_2 ∈ U_1 . Let x_1, x_2 ∈ U_1 . Then we have ϱ ( f(x_1), f(x_2 )

) 6 ϱ^(f(x_1), f_σ(x_1)^) + ϱ^(f_σ(x_1), f_σ (x_2)^) + ϱ^(f_σ(x_2), f(x_2 )^) < ε.

It means that f is cliquish and the proof is completed.

From Theorem 8 and Lemma 5 we can write

Corollary 1. Let X be an extremally disconnected space and let (Y, P)

be a complete uniform one. If the net {f_σ}_{σ∈Σ} of graph quasi-continuous and cliquish functions f_σ : X → Y is quasi-uniformly convergent to some f : X → Y , then f is graph quasi-continuous and cliquish.

We will now use the symbol F (X, Y ) to denote the family of all functions from X to Y , GQ—the family of all graph quasi-continuous from X to Y and GQ_C -the family of all graph quasi-continuous and cliquish functions from X to Y . The convergence in the uniform space ( F (X, Y ), W ) coincides with the quasi-uniform convergence ([17]).

From Corollary 1 we have

Theorem 9. Let X be an extremally disconnected space and (Y, P) a com-

plete uniform one. Then the set of all graph quasi-continuous and cliquish functions f : X → Y is closed in the space ( F (X, Y ), W ) equipped with the topology of the quasi-uniform convergence.

Now, let (Y, T ) be a locally convex topological vector space.

Lemma 6. ([1]) In each locally convex topological space (Y, T ) there exists a

family of seminorms S with the property:

(a) for each p_1, p_2 ∈ S there exists p_3 ∈ S such that max{p_1, p_2} 6 p_3 ,

ANETA MIKUCKA

(b) for each p_1 ∈ S there exists p_2 ∈ S with p_1(x) 6^1_2 p_2(x) such that the sets { x : p(x) 6 1 } for p ∈ S give a base for neighbourhoods of null.

The topology induced by the family S coincides with the topology T .

For p ∈ S we consider the functions ς_p : Y × Y → [0, ∞) such that ς_p(x, y) = p(x − y) for x, y ∈ Y . The function ς_p is a pseudometric for each p ∈ S . We will use the symbol P_S to denote the family of pseudometrics ς_p . Now, we denote V (ς_p, ε) = { (x, y) : p(x − y) < ε } for p ∈ S , ε > 0. Then the family { V (ς_p, ε) : p ∈ S, ε > 0 } give a base for a uniform structure on Y . We denote this uniform space as (Y, P_S ). The topology induced by the family P_S coincides with the given topology on X . So, we consider the locally convex topological vector space as the uniform space (Y, P_S ).

Lemma 7. Let X be a T_1 first countable space without isolated points.

(a) Then there exists disjoint dense A, B ⊂ X such that X = A ∪ B . (b) If A ⊂ X is dense then the subspace A is a T_1 first countable space without isolated points.

P r o o f . (a) in [10];

(b) the simple proof is omitted.

Theorem 10. Let X be a T_1 first countable space without isolated points

and let (Y, P_S ) be a locally convex topological vector space. Then the set of all graph quasi-continuous and cliquish functions f : X → Y is co-dense in the space of all graph quasi-continuous functions from X to Y equipped with the topology of quasi-uniform convergence.

P r o o f . We will show that GQ ⊂ GQ \ GQ_C^{GQ} , where A^{GQ} denotes the closure of A in the space GQ equipped with the topology of quasi-uniform convergence. If f ∈ GQ \ GQ_C then f ∈ GQ \ GQ_C^{GQ} . Now let f ∈ GQ_C . Then there exists a quasi-continuous function g : X → Y such that G(g) ⊂ G(f) . For a seminorm p ∈ S and for n ∈ ▲, by Theorem 1, the set A(f, g, p,^2_n ) is dense in X . According to Lemma 7 we select disjoint and dense sets B_{p,n}, C_{p,n} such that A(f, g, p,^2_n ) = B_{p,n} ∪ C_{p,n} for each p ∈ S and for n ∈ ▲. Let us put

(p_1, n_1) ¿ (p_2, n_2) if and only if p_1 ¿ p_2 and n_1 ¿ n_2 ,

so the set Σ = { σ = (p, n) : p ∈ S, n ∈ ▲ } is directed by the relation ¿. Let {y_σ}_{σ∈Σ} be a net of members of Y satisfying condition^1_n < p(y_σ ) <^2_n where σ = (p, n). We define functions f_σ : X → Y by f_σ(x) = f(x) for x ∈ B_{p,n} and f_σ (x) = f(x) + y_σ for x ∈ X \ B_{p,n} . We will show that the net {f_σ}_{σ∈Σ} is uniformly convergent to f . Let p ∈ S ,

ON GRAPH QUASI-CONTINUOUS FUNCTIONS

ε > 0 be given and let us n ∈ ▲ such that^2_n < ε. We take σ, υ ∈ Σ such that σ = (p, n), υ = (q, m) and υ ¿ σ . If x ∈ B_{p,m} , we have p ( f_υ (x) − f(x) ) = p ( f(x) − f(x) ) = 0, and if x ∈ X \ B_{p,m} , we have p ( f_υ(x) − f(x) ) = p ( f(x) + y_υ − f(x) ) 6 p(y_υ) <^2_m 6^2_n < ε. It means that the net {f_σ }_{σ∈Σ} is uniformly

convergent to f .

Now, we define a net {g_σ}_{σ∈Σ} by g_σ(x) = g(x) for x ∈ X , σ ∈ Σ. It is evident that the function g_σ for σ ∈ Σ is quasi-continuous.

We will show that f_σ for σ ∈ Σ is graph quasi-continuous. Let us take σ, υ ∈ Σ such that σ = (p, n) and υ = (q, m). Since f is cliquish, g is quasicontinuous and G(g) ⊂ G(f) , according to Theorem 2 it follows that the set A(f, g, p,^1_n ) is dense in X and semi-open in X . By Lemma (1b) the set B_{q,m} ∩ A ( f, g, p,^1_n ) is dense in X , too. Let us take x ∈ B_{q,m} ∩ A ( f, g, p,^1_n ) . Then p ( f_υ(x) − g_υ(x) ) = p ( f(x) − g(x) ) <^1_n . It means that x ∈ A ( f_υ, g_υ, p,^1_n ) . From the inclusion A ( f_υ , g_υ, p,^1_n ) ⊃ B_{q,m} ∩ A ( f, g, p,^1_n ) it follows that the set A ( f_υ, g_υ, p,^1_n ) is dense in X and by quasi-continuity of g_υ we have the inclusion G(g_υ ) ⊂ G(f_υ ) . (4)

It means that f_υ is graph quasi-continuous for each υ ∈ Σ.

Now, we show that f_σ /∈ GQ_C . Let us take a non-empty open set U ⊂ X , σ ∈ Σ such that σ = (p, n) ∈ Σ and ε =^1_n . The function f is cliquish, so there exists a non-empty open set V ⊂ U satisfying the inclusion p ( f(x_1) − f(x_2 ) ) < 1 2n for each x_1, x_2 ∈ V . Suppose that f_σ is cliquish. Then there exists a nonempty open set W ⊂ V such that p ( f_σ (x_1) − f_σ(x_2) ) < 1 2n (5) for each x_1, x_2 ∈ W . The sets B_{p,n} , X \ B_{p,n} are dense, so we can choose x_1 ∈ W ∩ B_{p,n} and x_2 ∈ W ∩ (X \ B_{p,n}). Then we have p ( f_σ(x_1) − f_σ(x_2) ) = p ( f(x_1) − f(x_2) − y_σ ) ¿^|p^(f(x_1) − f(x_2)^) − p(y_σ )^| >^1_n −^1_{2n} =^1_{2n} .

It is a contradiction to (5), so f_σ is not cliquish for σ ∈ Σ. By (4) we have f_σ ∈ GQ \ GQ_C for each σ ∈ Σ. Finally, we have shown that there exists the net {f_σ}_{σ∈Σ} of graph quasi-continuous functions, not cliquish, which is quasiuniformly convergent to f , so f ∈ GQ \ GQ_C^{GQ} .

In this part we shall study the right-sided (left-sided) graph quasi-continuous function.

ANETA MIKUCKA

Definition 3. ([3]) A function g : ⋛ → ⋛ is said to be right-sided (left-sided)

quasi-continuous if for each ε > 0 and for each δ > 0 there exists a non-empty open set U ⊂ (x_0, x_0 + δ) (U ⊂ (x_0 − δ, x_0)) such that | |g(x_0) − g(x) | | < ε for each x ∈ U.

Definition 4. A function f : ⋛ → ⋛ is said to be right-sided (left-sided)

graph quasi-continuous if there exists a right-sided quasi-continuous (left-sided quasi-continuous) function g : ⋛ → ⋛ such that G(g) ⊂ G(f) .

From Theorem 1 and Theorem 2 we have the corollary for real functions.

Theorem 11. Let f, g : ⋛ → ⋛. If g is right-sided (left-sided) quasi-continu-

ous, then the following conditions are equivalent:

(a) G(g) ⊂ G(f) ;

(b) the set A(f, g, ε) is dense in ⋛ for each ε > 0.

Theorem 12. Let f, g : ⋛ → ⋛. If g is right-sided (left) quasi-continuous,

then the following conditions are equivalent:

(a) G(g) ⊂ G(f) and f is cliquish;

(b) the set B(f, g, ε) is nowhere dense in ⋛ for each ε > 0.

REFERENCES

[1] ALEXIEWICZ, A. : Analiza Funkcjonalna, PWN, Warszawa, 1969. (In Polish) [2] ANDRIJEVIĆ, D. : Semi-pre-open sets, Mat. Vesnik 38 (1986), 24–32. [3] BORSÍK, J. : On the points of bilateral quasicontinuity of functions, Real Anal. Exchange 19 (1993–1994), 529–536.

[4] CROSSLEY, S. G.—HILDEBRAND, S. K. : Semi-closure, Texas J. Sci. 22 (1971), 99–112. [5] ENGELKING, R. : General Topology (Topologia ogólna), Biblioteka Matematyczna, Warszawa, 1976. (In Polish) [6] EWERT, J. : On quasi-continuous and cliquish maps with values in uniform spaces, Bull.

Polish Acad. Sci. Math. 32 (1984), 81–88.

[7] EWERT, J. : Quasi-continuity of multivalued maps with respect to the qualitative topology, Acta Math. Hungar. 56 (1990), 34–44.

[8] GRANDE, Z. : Sur les fonctions A-continues, Demonstratio Math. 11 (1978), 519–526. [9] HASHIMOTO, H. : On the � topology and its applications, Fund. Math. 91 (1976), 5–10. [10] HEWITT, E. : A problem of set-theoretic topology, Duke Math. J. 10 (1932), 309–333. [11] LEVINE, N. : Semi-open sets and semi-continuity in topological spaces, Amer. Math.

Monthly 70 (1963), 36–41.

[12] MIKUCKA, A. : Graph quasi-continuity, Demonstratio Math. 36 (2003), 483–494. [13] MIKUCKA, A. : On the convergence of graph continuous and graph quasi-continuous functions, Report on Real Analysis Conference-Rowy 2003, WSInf., Łódż, 2004, pp. 144–148.

[14] NEUBRUNN, T. : Quasi-continuity, Real Anal. Exchange 14 (1988–1989), 259–306.

ON GRAPH QUASI-CONTINUOUS FUNCTIONS

[15] NEUBRUNNOVÁ, A,—ŠALÁT, T. : On almost quasicontinuity, Math. Bohem. 117 (1992), 197–205.

[16] NJÅSTAD, O. : On some classes of nearly open set, Pacific J. Math. 15 (1965), 961–970. [17] PREDOI, M. : Sur la convergence quasi-uniforme, Period. Math. Hungar. 10 (1979), 31–40. [18] SAKÁLOVÁ, K. : On structural properties of graph continuous function, Tatra Mt. Math.

Publ. 8 (1996), 147–151.

[19] SAKÁLOVÁ, K. : On the maximal multiplicative family for the class of graph continuous functions, Demonstratio Math. 32 (1999), 615–620.

Received October 31, 2004 Pedagogical University Arciszewskiego 22 b PL–76-200 Słupsk POLAND E-mail: aneta.mikucka@wp.pl