Tatra Mt. Math. Publ. 34 (2006), 159–165 tm

Mathematical Publications

C-UPPER SEMICONTINUOUS AND C^? -UPPER SEMICONTINUOUS MULTIFUNCTIONS

Dušan Holý — Ladislav Matejíčka

ABSTRACT. We express c-upper semicontinuous and c? -upper semicontinuous multifunctions in terms of active boundary (Frac) of multifunctions. Characterizations of locally compact and locally countably compact space in terms of c-upper semicontinuous and c? -upper semicontinuous multifunctions having closed graphs are given. We give some results when c-upper semicontinuity (c? -upper semicontinuity) of multifunctions implies c-upper semicontinuity (c? -upper semicontinuity) of corresponding graph multifunctions.

1. Introduction

In what follows let X , Y be Hausdorff topological spaces. Let Z be a topological space. The symbol B^c, B , will stand for the complement and the closure of B ⊂ Z , respectively. We denote by 2^Z the space of all closed subsets of Z , by CL(Z) the space of all nonempty closed sets in Z and by K(Z) the space of all nonempty compact sets in Z .

Let (Z, d) be a metric space. The open d-ball with center z_0 ∈ Z and radius ε > 0 will be denoted by S_ε(z_0) and the ε-parallel body ⋃ a2A^{Sε(a) for a subset}

A of Z will be denoted by S_ε(A).

The distance between a point z of Z and a nonempty set A ⊂ Z will be denoted by d(z, A), where

d(z, A) = inf { d(z, a) : a ∈ A } . A multifunction F : Y → X is said to be upper semicontinuous (USC) at y_0 , if for every open set V containing F (y_0) there exists a neighbourhood U of y_0 such that F (U) ⊂ V (F (U) = ⋃ {F (y) : y ∈ U}). 2000 M a t h e m a t i c s S u b j e c t C l a s s i f i c a t i o n: 54C60.

K e y w o r d s: multifunction, c-upper semicontinuous, c?-upper semicontinuous, active boundary, closed graph, locally compact space, locally countably compact space, first countable space, compact space, regular topological space.

A multifunction F : Y → X is said to be c-upper semicontinuous (c-USC) at y_0 ([Ne]) if for every open set V containing F (y_0) and having a compact complement, there is an open neighbourhood U of y_0 such that F (U) ⊂ V . We say that F : Y → X is c-upper semicontinuous if it is c-upper semicontinuous at every y ∈ Y .

It is clear that F : Y → X is c-USC iff F �(K) is a closed set in Y for every compact K ⊂ X .

A multifunction F with closed values with the property F �(K) being a closed set in Y for every compact K ⊂ X is called upper Fell semicontinuous in [Mc]. A multifunction F : Y → X is said to be c^⋆-upper semicontinuous (c^⋆-USC) at y_0 if for every open set V containing F (y_0) and having a countably compact complement, there is an open neighbourhood U of y_0 such that F (U) ⊂ V . Clearly every c^⋆-USC multifunction is also c-USC. If X is a metrizable space then also every c-USC multifunction is c^⋆-USC. We say that F : Y → X has a closed graph, if the set {(y, x) : x ∈ F (y)} is a closed set in Y × X . We denote the graph of a mapping F by Gr(F ). Of course, if F : Y → X has a closed graph then F is c-USC.

Proposition 1.1. ([Ne]) Let X be a locally compact space and Y be a

topological space. Let F : Y → X be c-USC with closed values. Then F has a closed graph.

Proposition 1.2. ([H]) Let X ,Y be first countable topological spaces. Let

F : Y → X be c-USC with closed values. Then F has a closed graph.

By the active boundary of F : Y → X at y_0 (Frac F (y_0)) we mean

Frac F (y_0) = ⋂{ cl ( F (W ) \ F (y_0) ) : W ∈ B(y_0) } , where B(y_0) stands for a neighbourhood base at y_0 ([Do]).

Remark. The definition does not depend on the choice of a base of the neighbourhoods of y_0 .

2. Proposition 2.1. Let F : Y → X be a multifunction. If Frac F (y_0) ⊂

F (y_0), then F is c-USC at y_0 .

P r o o f . Suppose F is not c-USC at y_0 . Then there exists an open set V ⊂ X with the compact complement, such that F (y_0) ⊂ V , that for every neighbourhood U of y_0 , F (U) ∩ V^c ≠ ∅. Then there is a net {y_W : W ∈ B(y_0)} in Y converging to y_0 and a net {x_W : W ∈ B(y_0)}, where x_W ∈ F (y_W ), converging to a point x_0 ∈ V^c . We have x_0 ∈ Frac F (y_0) and x_0 /∈ F (y_0), a contradiction.

Theorem 2.2. Let X be a locally compact space and Y be a topological

space, and let F : Y → X be a multifunction. Suppose that F (y_0) is closed. Then F is c-USC at y_0 if and only if Frac F (y_0) ⊂ F (y_0).

P r o o f . ⇐ It follows from Proposition 2.1.

⇒ Suppose that Frac F (y_0) is not a subset of F (y_0). Let x_0 ∈ Frac F (y_0) such that x_0 /∈ F (y_0). Since F (y_0) is closed and X is locally compact, there exists a compact neighbourhood K of x_0 such that K ∩ F (y_0) = ∅. Since x_0 ∈ Frac F (y_0) we have F (U) ∩ K ≠ ∅ for all U ∈ B(y_0) where B(y_0) is a family of all neighbourhoods of y_0 , a contradiction with c-USC of F at y_0 .

Theorem 2.3. Let X be first countable and Y be first countable at y_0 . Let

F : Y → X be a multifunction. Suppose that F (y_0) is closed. Then F is c-USC at y_0 if and only if Frac F (y_0) ⊂ F (y_0).

P r o o f . ⇐ It follows from Proposition 2.1.

⇒ Suppose that Frac F (y_0) is not a subset of F (y_0). Let x_0 ∈ Frac F (y_0) such that x_0 /∈ F (y_0). Since X , Y are first countable at y_0 , there are sequences {y_n : n ∈ Z^+} in Y and {x_n : n ∈ Z^+} in X such that {(y_n, x_n) : n ∈ Z^+} converges to (y_0, x_0) and such that x_n ∈ F (y_n) for all n ∈ Z^+. The openness of X \ F (y_0) and the convergence of {x_n : n ∈ Z^+} to x_0 imply that there exists n_0 ∈ Z^+ such that x_n /∈ F (y_0) for every n ¿ n_0 . Now K = {x_n : n ¿ n_0}∪{x_0} is a compact set in X with F (y_0) ∩ K = ∅. The c-USC of F at y_0 implies that there is an open neighbourhood U of y_0 with F (U) ∩ K = ∅, a contradiction.

Proposition 2.4. Let X be a regular locally countably compact space and

Y be a topological space. Let F : Y → X be c^⋆-USC multifunction with closed values. Then F has a closed graph.

The proof of the next Proposition is similar to the proof of Proposition 2.1.

Proposition 2.5. Let Y be first countable at y_0 . If Frac F (y_0) ⊂ F (y_0)

then F is c^⋆-USC at y_0 .

Theorem 2.6. Let X be a locally countably compact and Y be first count-

able and, let F : Y → X be a multifunction. Suppose that F (y_0) is closed. Then F is c^⋆-USC at y_0 if and only if Frac F (y_0) ⊂ F (y_0).

P r o o f . ⇐ It follows from Proposition 2.5.

⇒ The proof is similar to the proof of the necessary condition of c-USC in Theorem 2.2.

The proof of the next Theorem follows from Theorem 1.1 and Theorem 1 in [HM].

Theorem 2.7. Let Y be a topological space. The following are equivalent:

(a) Y is locally compact;

(b) For every space X , every c-USC multifunction F with closed values from Y to X has a closed graph.

The proof of the next Theorem follows from Proposition 2.4 and Theorem 1’ in [HM].

Theorem 2.8. Let Y be a regular topological space. The following are equiv-

alent:

(a) Y is locally countably compact;

(b) For every space X , every c^⋆-USC multifunction with closed values from Y to X has a closed graph.

3. For any function f : Y → X the corresponding graph function ^f : Y → Y ×X is defined by ^f (y) = ( y, f(y) ) for each y ∈ Y . Some results about relation between c-continuity f and ^f are given in [HM].

For any multifunction F : Y → X we define the corresponding graph multifunction ^F as follows: ^F (y) = {(y, x) : x ∈ F (y)} . We give some results when c-upper semicontinuity (c^⋆-upper semicontinuity) of multifunctions implies c-upper semicontinuity (c^⋆-upper semicontinuity) of corresponding graph multifunctions.

Theorem 3.1. Let X , Y be topological spaces. If F : Y → X is USC at y_0

and F (y_0) is compact then ^F : Y → Y × X is USC at y_0 .

P r o o f . Suppose that ^F : Y → Y × X is not USC at y_0 . Let B be an open neighbourhood base at y_0 . Then there is an open neighbourhood W of ^F (y_0) such that ^F (V ) ∩ W^c ≠ ∅ for every V ∈ B . The set

{y_0} × F (y_0) = { (y_0, x) : x ∈ F (y_0) } is compact in Y × X . There are open neighbourhoods U of y_0 and O of F (y_0) such that ^F (y_0) ⊂ U × O ⊂ W . There is an open neighbourhood base H of y_0 such that H ⊂ B and such that V ⊂ U for all V ∈ H. For all V ∈ H we have F (V ) ∩ O^c ≠ ∅, a contradiction.

The following example shows that the condition of compactness of F (y) in Theorem 3.1 is essential.

Example 3.2. Let X = Z^+ and Y = {0} ∪

{_1 n : n ∈ Z^+ } . Consider the inherited euclidean topologies on Y and X . It is easy to verify that the multifunction F : Y → X defined by

F (y) = { X , y = 0 , {n + 1}, y =^1_n

is USC at 0. The multifunction ^F : Y → Y × X is not USC at 0. (The set A = ⋃ n { {^1_n } × {1, . . . , n} } ∪ { {0} × Z^+ } is an open set such that ^F (0) ⊂ A but

^F (V ) ∩ Ac ≠ ∅ for all V ⊂ B , where B is an open neighbourhood base B at 0.)

Theorem 3.3. Let X ,Y be topological spaces. If F : Y → X is c-USC at y_0

and F (y_0) is compact then ^F : Y → Y × X is c-USC at y_0 .

P r o o f . Suppose that ^F : Y → Y × X is not c-USC at y_0 . Let B be an open neighbourhood base of y_0 . Then there is an open neighbourhood W of ^F (y_0) having compact complement such that ^F (V ) ∩ W^c ≠ ∅ for every V ∈ B . For every V ∈ B choose y_V ∈ V and x_V ∈ F (V ) such that (y_V , x_V ) ∈ W^c . The set {y_0} × F (y_0) = { (y_0, x) : x ∈ F (y_0) } is compact in Y × X . Then there are open neighbourhoods U of y_0 and O of F (y_0) such that ^F (y_0) ⊂ U × O ⊂ W . It is easy to see that there exists an open neighbourhood base H at y_0 where H ⊂ B such that x_V ∈ O^c for all V ∈ H. Define A = cl { (y_V , x_V ) : V ∈ H } . Since A ⊂ W^c and A is compact, then Π_xA is compact where Π_xA ⊂ O^c (Π_x is the projection map of Y ×X onto X ). It now follows that X \Π_xA is an open neighbourhood of F (y_0) with compact complement such that F (V ) ∩ Π_xA ≠ ∅ for all V ∈ H. Therefore F is not c-USC at y_0 , a contradiction.

Theorem 3.4. Let X be a regular topological space and Y be a topological

space. If F : Y → X is c-USC at y_0 and F (y_0) is a closed set, then ^F : Y → Y × X is c-USC at y_0 .

P r o o f . Suppose that ^F is not c-USC at y_0 . Let B be an neighbourhood base of y_0 . Then there is an open neighbourhood W of ^F (y_0) in Y × X having compact complement such that ^F (V )∩W^c ≠ ∅ for every V ∈ B . Then for every

V ∈ B there exists a point (y_V , x_V ) ∈ Y × X where y_V ∈ V and x_V ∈ F (V ) such that (y_V , x_V ) ∈ W^c . W^c is a compact set, then the net { (y_V , x_V ) : V ∈ B } has a cluster point, which is a point of line y_0 × X . We denote this point by (y_0, x_0). We have that x_0 ∈ ( F (y_0) )_c , X is a regular space, then there exists a closed neighbourhood U of x_0 such that U ∩ F (y_0) = ∅. Define

A = cl { (y_V , x_V ) : V ∈ B } . Since A ⊂ W^c , A is compact and then Π_xA is a compact set in X , where Π_x is the projection map of Y × X onto X . Then U ∩ Π_xA is a compact set such that (U ∩ Π_xA) ∩ F (y_0) = ∅ and (U ∩ Π_xA) ∩ F (V ) ≠ ∅ for all V ∈ H where H ⊂ B is a neighbourhood base of y_0 , a contradiction.

The following example shows that the condition of closedness of F (y) in Theorem 3.4 is essential.

Example 3.5. Consider X = Y =

{_1

n : n ∈ Z^+ } ∪ {0} with the inherited euclidean topology. Let

F (y) = { {_{1n} } y =^1_n , {_1

n : n ∈ Z^+ } y = 0 .

The multifunction F : Y → X is c-USC at 0 but the multifunction ^F : Y → Y × X is not c-USC at 0 since ({ (0, 0) } ∪ { (^1_n ,^1_n ) : n ∈ Z^+ })_c is the open neighbourhood of ^F (0) having compact complement such that ^F (V )∩ ({ (0, 0) } ∪ { (^1_n ,^1_n ) : n ∈ Z^+ }) ≠ ∅ for all neighbourhood V of 0.

Since the projection of a countable compact set is countably compact, a countably compact set in first countable spaces is a closed set, the proof of the next theorem is similar to the proof of Theorem 3.3.

Theorem 3.6. Let X ,Y be first countable topological spaces. If F : Y → X

is c^⋆-USC at y_0 and F (y_0) is compact, then ^F : Y → Y × X is c^⋆-USC at y_0 .

REFERENCES

[Be] BEER, G. : Topologies on Closed and Closed Convex Sets, Math. Appl., Kluwer Acad.

Publ., Dordrecht, 1993.

[Do] DOLECKI, S. : On structure of upper semicontinuity, J. Math. Anal. Appl. 88 (1982), 547–554.

[Mc] Mc COY, R. A. : Fell topology and uniform topology on compacta on spaces of multifunctions, J. Rostocker Math. Kolloq. 51 (1997), 127–136.

[HM] HOLÁ, L’.—Mc COY, R. A. : Functions having closed graphs, Kobe J. Math. 10 (1993), 117–124.

[Ho] HOLÁ, L’. : Space of densely continuous forms, USCO and minimal USCO maps, Set-Valu-ed Anal. 11 (2003), 133–151.

[H] HOLÝ, D. : On multifunctions with closed graphs, Math. Bohemica 126 (2001), 779–786. [Ne] NEUBRUNN, T. : c-continuity and closed graphs, Časopis Pěst. Mat. 110 (1985), 172–178. [Pa] PARK, Y. L. : c?-continuous functions, J. Korean Math. Soc. 8 (1971), 69–72.

Received January 10, 2005 Dušan Holý Štúrova 5 SK–01 851 Nová Dubnica SLOVAKIA E-mail: holy@fpt.tnuni.sk

Ladislav Matejíčka Nálepkova 237 SK–019 01 Ilava SLOVAKIA E-mail: matejicka@tnuni.sk