Tatra Mt. Math. Publ. 34 (2006), 83–91 tm

Mathematical Publications

THE hsi -DENSITY TOPOLOGY

IS NOT GENERATED

Anna Loranty

ABSTRACT. There are presented some properties of real functions f : R → R which are continuous when ⟨s⟩-density topology (for a sequence ⟨s⟩ such that lim inf n→∞ sn s_{n+1} = 0) is used on both the domain and the range. For example, it is shown that such functions are Baire^∗1 functions. The main result concerns the property that the ⟨s⟩-density topology is not generated.

Let m be the standard Lebesgue measure in the real line ⋛, and L be the σ-algebra of Lebesgue measurable sets of ⋛. By ▲ we shall denote the set of all positive integers and by S the family of all unbounded and nondecreasing sequences of positive numbers. By ⟨s⟩ we shall denote a sequence {s_n}_{n∈N} ∈ S , by T_d the classical density topology on ⋛, and by T_0 the natural topology on ⋛. Moreover, by C^T_{T1} we shall denote the family of all continuous functions f : (⋛, T_1) → (⋛, T ), where T_1, T denotes topologies on ⋛. The symbols d(A, x), d_{⟨s⟩}(A, x) denote the ordinary density, the ⟨s⟩-density of the Lebesque measurable set A at point x ∈ ⋛, respectively. And by ω(f, x) we shall denote an oscillation of f at x.

In paper [FH] we can find a definition of a density point connected with a sequence belonging to S .

Definition 1. We shall say that x ∈ ⋛ is a density point of a set A ∈ L

with respect to a sequence {s_n}_{n∈N} ∈ S (abbr. ⟨s⟩-density point) if

lim_{n→∞} m ( A ∩ [ x −^1_{sn} , x +^1_{sn} ]) 2 s_n = 1 .

Let ⟨s⟩ ∈ S and A ∈ L. Putting

Φ_{⟨s⟩}(A) = { x ∈ ⋛: x is ⟨s⟩-density point of A} ,

2000 M a t h e m a t i c s S u b j e c t C l a s s i f i c a t i o n: 54A10, 26A15, 26A21. K e y w o r d s: Baire^∗ 1 functions, ⟨s⟩-density topology, generated topology.

we have that Φ_{⟨s⟩} is a lower density operator (see [FH]). Let T_{⟨s⟩} = { A ∈ L : A ⊂ Φ_{⟨s⟩}(A) } . We have the following result:

Theorem 1. (Cf. [FH].) Let ⟨s⟩ ∈ S . The family T_{⟨s⟩} is a topology on the

real line. We call it ⟨s⟩-density topology.

Let us introduce the following notation S_0 = { ⟨s⟩ ∈ S : lim inf_{n→∞}^{sn}_{sn+1} = 0 } and S_1 = { ⟨s⟩ ∈ S : lim inf_{n→∞}^{sn}_{sn+1} > 0 } . We have the following theorem.

Theorem 2. (Cf. [FH] and [W].) Let ⟨s⟩ ∈ S . Then T_{⟨s⟩} = T_d if and only if ⟨s⟩ ∈ S_1 . Moreover, we have that T_0 ⊂ T_d ⊂ T_{⟨s⟩} for every ⟨s⟩ ∈ S . So ⋛ with the ⟨s⟩-density topology is a Hausdorff space for every ⟨s⟩ ∈ S .

Further in this paper we show that for all ⟨s⟩ belonging to S the ⟨s⟩-density topology is not generated. Regarding Theorem 2 we should limit our consideration to sequences belonging to S_0 , because just then we can obtain new results. In spite of this fact I decided to formulate further properties for every sequences belonging to S . Of course, it is well-known that they are true for the density topology (see [CL1]).

Definition 2. We shall say that T_1 topological space (X, T ) is generated if

for every T_1 topology τ on X such that C^T_T ⊂ C^τ_τ we have that T ⊂ τ .

The generated spaces are characterized by the following theorem:

Theorem 3. (Cf. [Wa].) A Hausdorff topological space (X, τ ) is generated if

and only if the class of complements of level sets of its continuous selfmaps is a subbase for τ .

So we will show that { ⋛\f^{(−1)}(a) : a ∈ ⋛, f ∈ C^{T⟨s⟩}_{T⟨s⟩} } is not a subbase for the topology T_{⟨s⟩} . However, first we need some information concerning a function

belonging to the family C^{T⟨s⟩}_{T⟨s⟩} .

If f ∈ C^{T⟨s⟩}_{T⟨s⟩} , we shall say that f is ⟨s⟩-density continuous function.

Theorem 4. If a family T is a topology such that T_0 ⊂ T then a triple ( C^T_T , max(·), min(·) ) is a lattice (where max(·), min(·) denote max{f, g}, min{f, g} for f, g ∈ C^T_T , respectively).

P r o o f . The only difficulty of this proof is to show that ∀_{f,g∈C}T_T ( max{f, g} ∈ C^T_T ∧ min{f, g} ∈ C^T_T ) .

Let f, g ∈ C^T_T and put h = max{f, g}. Let x_0 be an arbitrary real number. We have the following cases

1. h(x_0) = f(x_0) > g(x_0). Let m ∈ ( g (x_0), f(x_0 ) ) and G be a T -neighbourhood of h(x_0) (G ∈ T and h(x_0) ∈ G). Putting G_0 = G ∩ (m, +∞) we obtain that G_0 ∈ T and G_0 ≠ ∅. Let H = f^{−1}(G_0) ∩ g^{−1} ( (−∞, m) ) . It is easy to verify that H ∈ T and x_0 ∈ H . Moreover, if x ∈ H then f(x) ∈ G_0 and g(x) < m. This result, together with fact that G_0 ⊂ (m, +∞), shows that h(x) = f(x) ∈ G_0 . Consequently, h is continuous with respect to the topology T at the point x_0 .

2. h(x_0) = g(x_0) > f(x_0). In this case, an exactly similar reasoning shows that h is continuous with respect to the topology T at the point x_0 .

3. h(x_0) = g(x_0) = f(x_0). Let G_0 be T -neighbourhood of h(x_0). Putting H = f^{−1}(G_0) ∩ g^{−1}(G_0) we have that H ∈ T and x_0 ∈ H . Moreover, h(H) ⊂ G_0 , so h is continuous with respect to the topology T at the point x_0 .

Consequently, we obtain that h is continuous with respect to the topology T , so max{f, g} ∈ C^T_T . Now, let s = min{f, g}. Similarly as described above, replacing the interval (−∞, m) with an interval (m, +∞), we can prove that s ∈ C^T_T .

Corollary 1. Let ⟨s⟩ ∈ S . A triple^(C^{T⟨s⟩}_{T⟨s⟩} , max(·), min(·)^) is a lattice.

We will present one further property of the ⟨s⟩-density topology which can be found in [FH].

Property 1. (i) ∀_{⟨s⟩∈S} ∀_{x∈R} (A ∈ T_{⟨s⟩} ⇒ A + x ∈ T_{⟨s⟩}), (ii) ∀_{⟨s⟩∈S} ( A ∈ T_{⟨s⟩} ⇒ −A ∈ T_{⟨s⟩} ) . From the above and Corollary 1 we obtain immediately Remark 1. Let ⟨s⟩ ∈ S . If f ∈ C^{T⟨s⟩}_{T⟨s⟩} then −f ∈ C^{T⟨s⟩}_{T⟨s⟩} , |f | ∈ C^{T⟨s⟩}_{T⟨s⟩} and f + b ∈ C^{T⟨s⟩}_{T⟨s⟩} , where b ∈ ⋛. P r o o f . Property 1 implies immediately that −f , (f + b) belong to C^{T⟨s⟩}_{T⟨s⟩} .

Moreover, since |f | = max { max{f, 0}, max{−f, 0} } it is easy to prove that |f | ∈ C^{T⟨s⟩}_{T⟨s⟩} . We will need some information concerning functions which are continuous when the natural topology is used on the range and the ⟨s⟩-density topology is used on the domain. So we recall the following results:

Definition 3. Let f : ⋛ → ⋛ and ⟨s⟩ ∈ S . We shall say that f is ⟨s⟩-approx-

imately continuous at point x_0 ∈ ⋛ if there exists a set A_{x0} ∈ L such that

x_0 ∈ Φ_{⟨s⟩}(A_{x0} ) and f(x_0) = lim_{x→x0 ,} x∈A_x0 f(x) . Definition 4. Let f : ⋛ → ⋛ and ⟨s⟩ ∈ S . We shall say that f is ⟨s⟩-approx-

imately continuous if f is ⟨s⟩-approximately continuous at every point x ∈ ⋛.

Theorem 5. (Cf. [L].) Let f : ⋛ → ⋛ and ⟨s⟩ ∈ S . A function f belongs to

the family C^{T0}_{T⟨s⟩} if and only if f is ⟨s⟩-approximately continuous.

Remark 2. Let ⟨s⟩ ∈ S . If f ∈ C^{T⟨s⟩}_{T⟨s⟩} then f is ⟨s⟩-approximately continuous.

Definition 5. ([CLO]) Let {J_n}_{n∈N} be a sequence of intervals and let

{I_n}_{n∈N} be a sequence of closed intervals. We shall say that the sequence {J_n}_{n∈N} captures the sequence {I_n}_{n∈N} if for each n ∈ ▲ the intervals I_n and J_n have the same center and I_n ⊂ J_n .

Let a sequence {J_n}_{n∈N} captures a sequence {I_n}_{n∈N} . Putting

N_x = {k ∈ ▲ : x ∉ J_k} and J_x = ⋃ n∈N_x I_n for x ∈ ⋛ we have the following lemma:

Lemma 1. ([CLO]) If a sequence {J_n}_{n∈N} captures a sequence {I_n}_{n∈N} and ∑ n∈N m(I_n) m(J_n) < +∞ then d(Jx, x) = 0 for every x ∈ ⋛.

Definition 6. A function f : ⋛ → ⋛ is in the class Baire^∗ 1 if and only if for

each T_0-perfect set P there exists a portion Q of P such that f | |_Q is continuous.

The idea of proving the next theorem comes from Theorem 3 in [CLO].

Theorem 6. Let ⟨s⟩ ∈ S . If f ∈ C^{T⟨s⟩}_{T⟨s⟩} then f is Baire^∗ 1 function.

P r o o f . Let ⟨s⟩ ∈ S and suppose that f is not Baire^∗1 function. Then there exists a T_0-perfect set P such that for each portion Q of P the function f | |_Q has a point of discontinuity. Putting Z = { x ∈ P : f | |_P is not continuous at x}

we obtain that Z is dense in P . We will show that there exists x ∈ P such that f is not ⟨s⟩-density continuous at point x. We will use an induction to find a sequence {x_n}_{n∈N} ⊂ P ∩ Z , two sequences of closed intervals {J_n}_{n∈N} , {I_n}_{n∈N} and subsequence {s_{mn} }_{n∈N} of sequence {s_n}_{n∈N} such that

(i) the sequence {J_n}_{n∈N} captures the sequence {I_n}_{n∈N} ,

(ii) ∀_{n∈N} ( f(x_n) ∈ I_n ) , (iii) ∀_{n>1} (J_{n−1} ∩ J_n = ∅),

(iv) ∀_{n∈N} ( 0 < m(J_n) < ω ( f | |_P , x_n), m(I_n) =^{m(Jn)}_{2n} ) , (v) ∀_{n>1} [ x_n −^1_{smn} , x_n +^1_{smn} ] ⊂ ( x_{n−1} −^1_{smn−1} , x_{n−1} +^1_{smn−1} ) , (vi) ∀_{n∈N} ( m ( f^{−1}(I_n) ∩ ( x_n −^1_{smn} , x_n +^1_{smn} )) > ( 1 −^1_{2n}

)_2 s_{mn} ) . Take n = 1 and let x_1 be any point of Z . Of course, ω ( f | |_P , x_1) > 0.

There exists a closed interval J_1 centered at f(x_1) such that 0 < m(J_1) < ω ( f | |_P , x_1). Moreover, there exists a closed interval I_1 centered at f(x_1) such

that m(I_1) =^{m(J1)}_2 . Of course, I_1 ⊂ J_1 . From the fact that the function f is ⟨s⟩-approximately continuous at x_1 it follows that there exists m^0_1 ∈ ▲ such that for each m ¿ m^0_1 we have m ( f^{−1}(I_1) ∩ ( x_1 −^1_{sm} , x_1 +^1_{sm} )) > ( 1 −^1_2

)_2

s_m .

Put m_1 = m^0_1 . Let n > 1. Suppose that for each i < n we have x_i, I_i, J_i, s_{mi} which are satisfied conditions (ii)–(vi). Consider a set

f^{−1}(J^′_{n−1}) ∩ ( x_{n−1} − 1 s_{mn−1} , x_{n−1} + 1 s_{mn−1} ) ∩ P . Since m(J_{n−1}) < ω ( f | |_P , x_{n−1}), we have that the above set is nonempty. Let y

be any point of this set. If y ∈ Z then x_n = y . If y ∉ Z then f | |_P is continuous

at y . In consequence, the set f^{−1}(J^′_{n−1}) ∩ P is open in P . Since Z is dense in P then

f^{−1}(J^′_{n−1}) ∩ ( x_{n−1} − 1 s_{mn−1} , x_{n−1} + 1 s_{mn−1} ) ∩ P ∩ Z ≠ ∅ . Let x_n be any point of this set. The facts that x_n ∈ Z and J_{n−1} is a closed interval imply that there exists a closed interval J_n centered at f(x_n) such that 0 < m(J_n) < ω ( f | |_P , x_n) and J_{n−1} ∩J_n = ∅. Let I_n be a closed interval centered

at f(x_n) such that m(I_n) =^{m(Jn)}_{2n} . Of course I_n ⊂ J_n . Moreover, we have that

f is ⟨s⟩-approximately continuous at x_n ∈ ( x_{n−1} −^1_{smn−1} , x_{n−1} +^1_{smn−1} ) and lim m→∞ 1 s_m = 0. Hence there exists m 0 n ∈ ▲ such that for each m ¿ m^0_n we have m ( f^{−1}(I_n) ∩ ( x_n −^1_{sm} , x_n +^1_{sm} )) > ( 1 −^1_{2n}

)_2

s_m and [ x_n −^1_{smn} , x_n +^1_{smn} ] ⊂ ( x_{n−1} −^1_{smn−1} , x_{n−1} +^1_{smn−1} ) . Put m_n = max{m^0_n , m_{n−1}} + 1.

Finally, the sequences {x_n}_{n∈N} , {J_n}_{n∈N} , {I_n}_{n∈N} and subsequence {s_{mn} }_{n∈N} satisfy conditions (i)–(vi).

Let x ∈ ⋂ n∈N [ x_n −^1_{smn} , x_n +^1_{smn} ] ∩ P . We can assume that f(x) ∉ J_n for

n ∈ ▲. Otherwise we can consider a subsequence of the sequence {J_n}_{n∈N} which has the desirable property. The existence of this subsequence is guaranteed by condition (iii). Indeed, if such a subsequence did not exist then there would be f(x) ∈ J_n for every n greater than some positive integer n_0 . Which contradicts the condition (iii). Moreover, the condition (iv) implies that ∑ n∈N m(I_n) m(J_n) = ∑ n∈N 1 2^n < +∞ .

From the above and Lemma 1 we have that d (_∞ ⋃ n=1 I_n, f(x) ) = 0. Consequently,

we obtain that d_{⟨s⟩} (_∞ ⋃ n=1 I_n, f(x) ) = 0. This fact together with the fact that f

is ⟨s⟩-density continuous implies that d_{⟨s⟩} ( f^{−1} (_∞ ⋃ n=1 I_n ) , x ) = 0. On the other

hand, for a subsequence {s_{mn} }_{n∈N} of the sequence {s_n}_{n∈N} we have that m ( f^{−1} (_∞ ⋃ k=1 I_k ) ∩ [ x −^1_{smn} , x +^1_{smn} ] )

2 s_{mn} ¿^m ( f^{−1}(I_n) ∩ [ x −^1_{smn} , x +^1_{smn} ]) 2 s_{mn}

= m ( f^{−1}(I_n) ∩ [ x −^1_{smn} , x +^1_{smn} ]) −^1_{smn} 2 s_{mn} > ( 1 −^1_{2n}

)_2 s_{mn} − 1 s_{mn} 2 s_{mn} = ( 1 − 1 2^n ) − 1 2 .

In consequence lim sup_{n→∞} m ( f^−1

(_∞S k=1 I_k )_∩[_{x− 1} smn ,x+ 1_{smn} ]) 2_{sm} n ¿^1_2 . This contradiction

finishes the proof.

The following lemma will be useful for proving the next theorem. The idea proving this lemma is adapted from [CL1].

Lemma 2. Let ⟨s⟩ ∈ S . If f ∈ C^{T⟨s⟩}_{T⟨s⟩} and a ∈ ⋛ then int_{T0}^{x ∈ ⋛: f(x) > a^}

is dense in { x ∈ ⋛ : f(x) > a } . P r o o f . Let G = { x ∈ ⋛: f(x) > a } . It easy to observe that G ∈ T_{⟨s⟩} .

Suppose that int_{T0} G is not dense in G. Therefore there exists an open interval

I = (c, d) such that G∩I ≠ ∅ and int_{T0} G∩I = ∅. We can assume that c, d ∈ G. We will show that the sets G ∩ cl_{T0} I and G^′ ∩ cl_{T0} I are dense in cl_{T0} G ∩ cl_{T0} I .

Moreover, we will show that they are G_δ sets. Putting g = max{f, a} ∈ C^{T⟨s⟩}_{T⟨s⟩} we obtain that g is Baire^∗1 function. So ⋛ \ g^{−1}(a) ∈ F_σ ∩ G_δ (see [CL]). Consequently, the sets G and G^′ are simultaneously G_δ and F_σ sets. Indeed, we have

F_σ ∩ G_δ ∋ ⋛ \ g^{−1}(a) = { x ∈ ⋛ : g(x) < a } ∪ { x ∈ ⋛ : g(x) > a } = { x : g(x) > a } = { x ∈ ⋛: f(x) > a } = G . Hence G^′ ∈ F_σ ∩ G_δ . And we obtain immediately that the sets G ∩ cl_{T0} I and G^′ ∩ cl_{T0} I are G_δ sets. Moreover, the Baire Category Theorem implies that G is nowhere dense in I . Indeed, there exists a sequence of closed sets {F_n}_{n∈N} and a sequence of open sets {G_n}_{n∈N} such that G = ⋃ n∈N F_n = ⋂ n∈N G_n . Suppose

that G is not nowhere dense in I . Then there exists an open interval J such that cl_{T0} J ⊂ I and for any open interval J_1 ⊂ cl_{T0} J we have J_1 ∩ G ≠ ∅. Consequently, G_n is dense in cl_{T0} J for every n ∈ ▲. It implies that cl_{T0} J \ G_n is nowhere dense in cl_{T0} J for every n ∈ ▲. Hence ⋃ n∈N ( cl_{T0} J \ G_n ) = cl_{T0} J ∩ G^′

is a meager set in cl_{T0} J . Moreover, we have that int_{T0} F_n ∩ cl_{T0} J ⊂ int_{T0} G ∩ I = ∅ for every n ∈ ▲. Consequently, F_n is nowhere dense in cl_{T0} J and G is a meager set in cl_{T0} J . Finally, we have that cl_{T0} J = cl_{T0} J ∩ G^′ ∪ cl_{T0} J ∩ G is a meager set in cl_{T0} J . But it is impossible, so G is nowhere dense in I .

It implies that cl_{T0} G is nowhere dense in I . Consequently, G^′ is dense in cl_{T0} G ∩ cl_{T0} I . Indeed, let J be an open interval such that cl_{T0} G ∩ cl_{T0} I ∩ J ≠ ∅. From the above and in fact that c, d ∈ G it follows that cl_{T0} G ∩ I ∩ J ≠ ∅ so there exists an open interval J_1 ⊂ J ∩ I such that cl_{T0} G ∩ J_1 = ∅. Consequently, J_1 ∩ G^′ ≠ ∅. It implies that G^′ is dense in cl_{T0} G ∩ cl_{T0} I .

Moreover, it is easy to verify that G is dense in cl_{T0} G ∩ cl_{T0} I . Indeed, let J be an open interval such that cl_{T0} G ∩ cl_{T0} I ∩ J ≠ ∅. Let x ∈ cl_{T0} G ∩ cl_{T0} I ∩ J . We consider two cases

1. if x ∈ G then cl_{T0} G ∩ cl_{T0} I ∩ J ∩ G ≠ ∅,

2. if x ∈ (G^d \ G) ∩ I then ∅ ≠ J ∩ I ∩ G ⊂ cl_{T0} G ∩ cl_{T0} I ∩ J ∩ G. It means that G is dense in cl_{T0} G ∩ cl_{T0} I . Finally, we have that G ∩ cl_{T0} I and G^′ ∩ cl_{T0} I are dense in cl_{T0} G ∩ cl_{T0} I and they are G_δ sets. But it contradicts the Baire Category Theorem.

Theorem 7. For all ⟨s⟩ ∈ S the ⟨s⟩-density topology on ⋛ is not generated.

P r o o f . Let τ = { ⋛ \ f^{−1}(a) : f ∈ C^{T⟨s⟩}_{T⟨s⟩} , a ∈ ⋛ } . First, we will show that τ = { ⋛ \ f^{−1}(0) : f ∈ C^{T⟨s⟩}_{T⟨s⟩} } . Let A ∈ τ . There exists a function f ∈ C^{T⟨s⟩}_{T⟨s⟩} and a ∈ ⋛ such that A = ⋛ \ f^{−1}(a). Put h = f − a. From Remark 1 we have that h ∈ C^{T⟨s⟩}_{T⟨s⟩} . Moreover, h^{−1}(0) = f^{−1}(a), so A = ⋛ \ h^{−1}(0) ∈ { ⋛ \ f^{−1}(0) : f ∈ C^{T⟨s⟩}_{T⟨s⟩} } . The opposite inclusion is obvious. Moreover, Corollary 1 and Remark 1

imply that τ is closed under finite intersection. Indeed, let f, h ∈ C^{T⟨s⟩}_{T⟨s⟩} , then ⋛ \ h^{−1}(0) ∩ ⋛ \ f^{−1}(0) = ⋛ \ g^{−1}(0), where g = min { |f |, |h| } . Moreover, τ = { {x ∈ ⋛: f(x) > 0} : f ∈ C^{T⟨s⟩}_{T⟨s⟩} } . Indeed, if there exists a function f ∈

C^{T⟨s⟩}_{T⟨s⟩} such that A = ⋛ \ f^{−1}(0) then A = { x ∈ ⋛ : g(x) > 0 } , where g = min { |f |, |h| } . If A = { x ∈ ⋛ : f(x) > 0 } for some f ∈ C^{T⟨s⟩}_{T⟨s⟩} then we have that A = ⋛ \ h^{−1}(0), where h = max{f, 0}. Finally, from the above and Theorem 3 we obtain that it suffices to show that τ = { {x ∈ ⋛ : f(x) > 0 } : f ∈ C^{T⟨s⟩}_{T⟨s⟩} } is not a basis of the topology T_{⟨s⟩} . Let E = ⋛ \ ⋚ and suppose that E can be

written as a union of elements from τ . Then there exists f ∈ C^{T⟨s⟩}_{T⟨s⟩} such that ∅ ≠ { x ∈ ⋛ : f(x) > 0 } ⊂ E . Consequently, int_{T0} { x ∈ ⋛: f(x) > a } = ∅, which violates Lemma 2.

REFERENCES

[B] BRUCKNER, A. M. : Differentiation of Real Function, Lecture Notes in Mathematics, Vol. 659, Springer-Verlag, Berlin, 1978.

[CL] CIESIELSKI, K.—LARSON, L. : Level sets of density continuous functions, Proc.

Amer. Math. Soc. 116 (1992), 963–969.

[CL1] CIESIELSKI, K.—LARSON, L. M. : The density topology is not generated, Real Anal.

Exchange 16 (1990–1991), 265–275.

[CLO] CIESIELSKI, K.—LARSON, L.—OSTASZEWSKI, K. : Density continuity versus continuity, Forum Math. 2 (1990), 265–275.

[FH] FILIPCZAK, M.—HEJDUK, J. : On the toplogies associated with the Lebesgue measure, Tatra Mt. Math. Publ. 28 (2004), 187–197.

[L] LORANTY, A. : On the generalization of the approximate continuity, Folia Math. 10 (2003), 59–65.

[Wa] WARNDOF, J. C. : Topologies uniquely determined by their continuous selfmaps, Fund. Math. 66 (1969–1970), 25–43.

[W] WILCZYŃSKI, W. : Density topologies, in: Handbook of Measure Theory (E. Pap, ed.), Elsevier, North-Holland, Amsterdam, 2002, 675–702.

Received October 31, 2004 The Faculty of Mathematics University of Łódź Banacha 22 PL–90-238 Łódź POLAND E-mail: loranta@math.uni.lodz.pl