Tatra Mt. Math. Publ. 35 (2007), 97–106 tm

Mathematical Publications

SOME REMARKS ABOUT BIRKHOFF AND RIEMANN-LEBESGUE INTEGRABILITY OF VECTOR VALUED FUNCTIONS

Monika Potyrała

ABSTRACT. We investigate a notion of the Birkhoff integral for Banach space valued functions defined on a measure space. We discuss connections with a similar notion introduced recently by Kadets and others. We also consider a simple version of the Birkhoff integral where countable partitions are replaced by finite ones.

1. Introduction

Integration of vector valued functions is a nontrivial and important theory (see [4], [6], [11]). In 1935 Garrett B i r k h o f f proposed to widen a Lebesguetype integral for Banach space valued functions. He modified Fréchet’s approach to the Lebesgue integral and gave his own definition. His notion is located between Bochner and Pettis integrability. If the range space is separable, Birkhoff and Pettis integrability coincide [12]. The Birkhoff integral seems to have been forgotten for several years. In the last period it is again of some interest. An equivalent definition was used in Fremlin’s preprint [5]; for some applications, see [9]. Lately, an interesting notion of Birkhoff integrability for multifunctions has been invented in [2].

The purpose of the paper is to investigate some aspects of Birkhoff integrability. In Section 1, we prove that Birkhoff integrability and Riemann-Lebesgue integrability introduced in [8] are the same and we give some other equivalent conditions. We also study several Cauchy-type conditions that are necessary and sufficient for the existence of integrals in the respective sense. In Section 2, we consider a simple version of the Birkhoff integral approximated by finite sums when the measure in the domain is finite. Again, a corresponding version of the

2000 M a t h e m a t i c s S u b j e c t C l a s s i f i c a t i o n: 28B05.

K e y w o r d s: Birkhoff integral, unconditionally Riemann-Lebesgue integrable functions, vector valued functions.

Riemann-Lebesgue integral, defined as in [8] is the same. We obtain a characterization of such an integral. The usual Riemann integral is a particular case of this notion.

Let us recall some basic notation, definitions and facts from [1]. Throughout our paper, (Ω, Σ, μ) stands for a measure space, where μ is σ-finite, and X denotes a real Banach space.

For a bounded set A ⊂ X , we write ‖A‖ = sup_{x∈A} ‖x‖. For A ⊂ X we denote by A and Co(A) (respectively) the closure and the convex hull of A.

For sets A_1, A_2, . . . , A_k ⊂ X and real numbers b_1, b_2, . . . , b_k we denote k∑ i=1 b_iA_i = {_k ∑ i=1 b_ia_i : a_i ∈ A_i, i ∈ {1, . . . , k} } . In particular, A − A = {x − y : x, y ∈ A} for A ⊂ X ; note that ‖A − A‖ is the diameter ρ(A) of A. If B = {x}, we abbreviate A ± B as A ± x. Let us list some simple properties.

Fact 1. For any bounded sets A, B ⊂ X we have: (1) ‖A‖ = ‖A‖ , (2) ‖ ‖Co(A) ‖ ‖ = ‖A‖ and ρ(Co(A)) = ρ(A); [1, Th. 4], (3) ‖A − B‖ = ‖A − B‖, (4) ‖ Co(A) − B ‖ = ‖A − B‖. (5) Co(A + B) = Co(A) + Co(B); [1, Th. 3].

Now, let A_n ⊂ X for n ∈ ▲ and A ⊂ X . We say that^∞ ∑ i=1 A_i = A if each series^∞ ∑ i=1 a_i with any a_i ∈ A_i , i ∈ ▲, is unconditionally convergent, and A consists exactly of all sums of such series.

Fact 2. [1, Th. 9]. Let b_{i,j} ≥ 0 for i, j ∈ ▲ and^∑_j b_{ij} = b_i for every i. Let

A_{ij} ⊂ A_i ⊂ X where every A_i is bounded and ∑ i b_iA_i = B . Then ∑ ij b_{ij} A_{ij} ⊂ Co(A). Consequently, Co ( ∑ ij b_{ij} A_{ij} ) ⊂ Co(A). A partition of Ω is a countable family Π of pairwise disjoint measurable sets E_i of finite measure such that ⋃ i∈N E_i = Ω. A function f : Ω → X is

called summable under a partition Π = {E_i}_{i∈N} of Ω, if each set f(E_i) is bounded whenever μ(E_i) > 0 and each series of the form^∞ ∑ i=1 f(t_i)μ(E_i) ,

SOME REMARKS ABOUT BIRKHOFF AND RIEMANN-LEBESGUE INTEGRABILITY

t_i ∈ E_i , is unconditionally convergent. Thus we denote^∞ ∑ i=1 f(E_i)μ(E_i) = {_∞ ∑ i=1 f(t_i)μ(E_i) : t_i ∈ E_i, i ∈ ▲ } . If f : Ω → X and each series of the form ∞∑ i=1 f(t_i)μ(E_i), t_i ∈ E_i , is unconditionally convergent, the set

J_Π(f) = Co (_∞ ∑ i=1 f(E_i)μ(E_i) )

is called the integral range of function f under the partition Π.

For partitions Γ = {D_i}_{i∈N} , Π = {E_k}_{k∈N} , we say that Γ is finer than Π if

each set from Γ is contained in a set from Π.

Immediately from Fact 2 we can derive

Corollary 3. If a function f : Ω → X is summable under a partition Π,

then it is summable under every finer partition Γ, and J_Γ(f) ⊂ J_Π(f).

Definition 4. B i r k h o f f [1] A function f : Ω → X is called B-integrable

in the Birkhoff sense, if there exists a sequence (Π_n)_{n∈N} of partitions, under

which f is summable, with the corresponding sequence of diameters of integral

ranges tending to zero. If f is B-integrable, then the intersection of all integral

ranges is a singleton {J(f)} (cf. [1, Th. 12], it suffices to apply Cantor’s theorem

for complete spaces). The element J (f) of X is called B-integral of f .

Lemma 5. If for a partition Π = {E_i}_{i∈N} of Ω there exists M > 0 such that ρ ( J_Π(f) ) ≤ M then each image f(E_i), i ∈ ▲, is bounded whenever μ(E_i) > 0.

P r o o f . Consider an arbitrary set E_{i0} ∈ Π such that μ(E_{i0} ) > 0 and pick

any t_{i0} , t^′_{i0} ∈ E_{i0} . Choose points t_i ∈ E_i for i ≠ i_0 . Then, ‖ f(t_{i0} )μ(E_{i0} ) − f(t^′_{i0} )μ(E_{i0} ) ‖

= ‖ ‖ ‖ ‖ ‖ ‖ ∑ i≠i0 f(t_i)μ(E_i) + f(t_{i0} )μ(E_{i0} ) − ( ∑ i≠i0 f(t_i)μ(E_i) + f(t^′_{i0} )μ(E_{i0} ) )‖ ‖ ‖ ‖ ‖ ≤ ρ (_∞ ∑ i=1 f(E_i)μ(E_i) ) = ρ ( J_Π(f) ) ≤ M . The last equality follows from Fact 1. Thus ‖ ‖f(t_{i0} ) − f(t′_{i0} ) ‖ ‖ ≤ M/μ(E_{i0} ) and consequently, ‖ f(t_{i0} ) ‖ ≤ ‖ f(t^′_{i0} ) ‖ + M/μ(E_{i0} ). Since t_{i0} ∈ E_{i0} is arbitrary, we

have ‖ ‖f(E_{i0} ) ‖ ‖ ≤ ‖ ‖f(t^′_{i0} ) ‖ ‖ + M/μ(E_{i0} ) as desired.

Definition 6. (F r e m l i n [5]). A function f : Ω → X is called B-integrable

in the Fremlin sense, if there exists a point x ∈ X such that for each ε > 0 there

exists a partition Π = {E_i}_{i∈N} such that for every choice of points t_i ∈ E_i we

have ‖ ‖ ‖ ‖ ∞∑ i=1 f(t_i)μ(E_i) − x ‖ ‖ ‖ ‖ ≤ ε and the series ∞∑ i=1 f(t_i)μ(E_i) is unconditionally

convergent.

Definition 7. (K a d e t s et al. [8]). A function f : Ω → X is called uncon-

ditionally Riemann–Lebesgue (in short, RL-) integrable, if there exists a point

x ∈ X such that for each ε > 0 there exists a partition Π = {E_i}_{i∈N} such that

for each partition Γ ≻ Π, Γ = {D_i}_{i∈N} , and for every choice of points t_i ∈ D_i we

have ‖ ‖ ‖ ‖ ∞∑ i=1 f(t_i)μ(D_i) − x ‖ ‖ ‖ ‖ < ε and the series ∞∑ i=1 f(t_i)μ(D_i) is unconditionally

convergent.

Now, we are going to show that the notions of integrals from Definitions 4, 6,

and 7 are equivalent. Note that K. M u s i a ł [10] observed that every RL-integ-

rable function is B-integrable in the Birkhoff sense. The reverse implication was

an open problem. Recently, I have learnt that this equivalence has been discov-

ered independently by B. C a s c a l e s and J. R o d r i g u e z [3].

Theorem 8. Let (Ω, Σ, μ) be a σ-finite measure space, let X be a Banach

space and f : Ω → X . The following statements are equivalent:

(B) the function f is B-integrable in the Birkhoff sense,

(RL) the function f is unconditionally RL-integrable,

(F) the function f is B-integrable in the Fremlin sense.

Additionally, all the considered integrals coincide.

P r o o f . (B) ⇒ (RL) Let ε > 0. By assumption there exists a partition

Π such that f is summable under Π and ρ ( J_Π(f) ) ≤ ε. Consider a finer par-

tition Γ = {D_i}_{i∈N} . Corollary 3 implies that f is summable under Γ and ρ ( J_Γ(f) ) ≤ ρ ( J_Π(f) ) ≤ ε. Consequently, a series^∞ ∑ i=1 f(t_i)μ(D_i) is uncondition-

ally convergent for every choice of points t_i ∈ D_i . Put x = J(f), the Birkhoff

integral of f . We have ‖ ‖ ‖ ‖ ∞∑ i=1 f(t_i)μ(D_i) − x ‖ ‖ ‖ ‖ ≤ ‖ ‖ ‖ ‖ ∞∑ i=1 f(D_i)μ(D_i) − x ‖ ‖ ‖ ‖ = ‖ J_Γ(f) − x ‖ ≤ ρ ( J_Γ(f) ) ≤ ε . (RL) ⇒ (F ) This implication is obvious.

(F ) ⇒ (B) Let x denote the B-integral of f in the Fremlin sense. For each

n ∈ ▲ pick a partition Π_n = {E^n_i }_{i∈N} such that for every choice of points

SOME REMARKS ABOUT BIRKHOFF AND RIEMANN-LEBESGUE INTEGRABILITY

t^n_i ∈ E^n_i we have ‖ ‖ ‖ ‖ ∞∑ i=1 f(t^n_i )μ(E^n_i ) − x ‖ ‖ ‖ ‖ ≤ 1/(2n) and the series ∞∑ i=1 f(t^n_i )μ(E^n_i )

is unconditionally convergent. It follows that ‖ ‖ ‖ ‖ ∞∑ i=1 f (E^n_i ) μ(E^n_i ) − x ‖ ‖ ‖ ‖ ≤ 1/(2n). Using Fact 1 we have ρ ( J_{Πn} (f) ) = ρ ( Co (_∞∑ i=1 f(E^n_i )μ(E^n_i ) ))

= ρ (_∞ ∑ i=1 f(E^n_i )μ(E^n_i ) ) = ‖ ‖ ‖ ‖ ∞∑ i=1 f(E^n_i )μ(E^n_i ) − ∞∑ i=1 f(E^n_i )μ(E^n_i ) ‖ ‖ ‖ ‖ ≤ ‖ ‖ ‖ ‖ ‖ ∞∑ i=1 f(E^n_i )μ(E^n_i ) − x ‖ ‖ ‖ ‖ ‖ + ‖ ‖ ‖ ‖ ‖ x − ∞∑ i=1 f(E^n_i )μ(E^n_i ) ‖ ‖ ‖ ‖ ‖ ≤ 1 n which implies that ρ ( J_{Πn} (f) ) → 0 if n → ∞. Also, by Lemma 5, for each

E^n_i ∈ Π_n , f(E^n_i ) is bounded whenever μ(E^n_i ) > 0. Thus f is B-integrable in

the Birkhoff sense. It suffices to show that J (f) = x. For every n ∈ ▲ we have

J(f) ∈ J_{Πn} (f) and ‖ J_{Πn} (f) − x ‖ = ‖ ‖ ‖ ∞∑ i=1 f(E^n_i )μ(E^n_i ) − x ‖ ‖ ‖ ≤ 1/n by Fact 1.

Then ‖ ‖J(f) − x ‖ ‖ ≤ 1/n for every n ∈ ▲. Consequently, J(f) = x.

Remark 9. In Definitions 4, 6, and 7 we may replace unconditional convergence

of series by absolute convergence and we then obtain more restricted notion of

integral which coincide since arguments for Theorem 8 can be repeated. We thus

can speak about absolute Birkhoff (in short absB-) integrability (in [7], [8] it was

called absolute Riemann-Lebesgue integrability).

Using Theorem 8 we can show the equivalence of Birkhoff integrability with

several Cauchy-type conditions. Similar version can be produced for absolute

Birkhoff integrability.

Theorem 10. Let (Ω, Σ, μ) be a σ-finite measure space, let X be a Banach

space and f : Ω → X . The following statements are equivalent:

(B) f is B-integrable in the Birkhoff sense.

(FC) For each ε > 0 there is a partition Π = {E_i}_{i∈N} such that for any

choices t_i, t^′_i ∈ E_i (i ∈ ▲) we have ‖ ‖ ‖ ‖ ∞∑ i=1 f(t_i)μ(E_i) −^∞ ∑ i=1 f(t^′_i)μ(E_i) ‖ ‖ ‖ ‖ ≤ ε where

both the series are unconditionally convergent.

(RLC1) For each ε > 0 there is a partition Π such that for every partition

Γ = {D_i}_{i∈N} finer than Π and for any choices t_i, t^′_i ∈ D_i (i ∈ ▲) we have

MONIKA POTYRAŁA ‖ ‖ ‖ ‖ ∞∑ i=1 f(t_i)μ(D_i) −^∞ ∑ i=1 f(t^′_i)μ(D_i) ‖ ‖ ‖ ‖ ≤ ε where both the series are unconditionally

convergent.

(RLC2) For each ε > 0 there is a partition Π such that for any partitions

Γ = {D_i}_{i∈N} , Γ^′ = {D^′_i}_{i∈N} finer than Π and for any choices t_i ∈ D_i , t^′_i ∈ D^′_i

(i ∈ ▲) we have ‖ ‖ ‖ ∞∑ i=1 f(t_i)μ(D_i) −^∞ ∑ i=1 f(t^′_i)μ(D^′_i) ‖ ‖ ‖ ≤ ε where both the series

are unconditionally convergent.

P r o o f . Implications (RLC2) ⇒ (RLC1) and (RLC1) ⇒ (F C) are obvi-

ous.

(F C) ⇒ (B) For each n ∈ ▲ there exists a partition Π_n = {E^n_i }_{i∈N} such

that (F C) is satisfied for ε = 1/n. Then ‖ ‖ ‖ ‖ ‖ ∞∑ i=1 f(t_i)μ(E^n_i ) − ∞∑ i=1 f(t^′_i)μ(E^n_i ) ‖ ‖ ‖ ‖ ‖ ≤ 1 n for any choices t_i, t^′_i ∈ E^n_i (i ∈ ▲) where both the series are unconditionally

convergent. Taking sup_{ti,t0} i ∈E^n_i and using Fact 1 we obtain ρ ( J_{Πn} (f) ) = ‖ ‖J_{Πn} (f) − J_{Πn} (f) ‖ ‖ ≤ 1/n. Thus we have a sequence of partitions (Π_n)_{n∈N} such that the

respective sequence of diameters of integral ranges tends to zero. By Lemma 5,

for each E^n_i ∈ Π_n , f(E^n_i ) is bounded whenever μ(E^n_i ) > 0. Hence (B) has

been proved.

(B) ⇒ (RLC2) Theorem 8 implies that f is unconditionally RL-integrable.

Let x stand for the integral of f and let ε > 0. So there exists a partition

Π such that for every finer partition Γ = {D_i}_{i∈N} and every choice of points

t_i ∈ D_i we have ‖ ‖ ‖ ‖ ∞∑ i=1 f(t_i)μ(D_i) − x ‖ ‖ ‖ ‖ < ε/2 and the series ∞∑ i=1 f(t_i)μ(D_i) is

unconditionally convergent. Let Γ = {D_i}_{i∈N} , Γ^′ = {D^′_i}_{i∈N} be finer than Π

and let t_i ∈ D_i , t^′_i ∈ D_i (i ∈ ▲). Then ‖ ‖ ‖ ‖ ‖ ∞∑ i=1 f(t_i)μ(D_i) − ∞∑ i=1 f(t^′_i)μ(D^′_i) ‖ ‖ ‖ ‖ ‖

≤ ‖ ‖ ‖ ‖ ∞∑ i=1 f(t_i)μ(D_i) − x ‖ ‖ ‖ ‖ + ‖ ‖ ‖ ‖ x − ∞∑ i=1 f(t^′_i)μ(D^′_i) ‖ ‖ ‖ ‖ ≤ ε .

SOME REMARKS ABOUT BIRKHOFF AND RIEMANN-LEBESGUE INTEGRABILITY

2. A simple version of the Birkhoff integral

In this section we assume that (Ω, Σ, μ) is a finite measure space. We are going to discuss a simple version of the Birkhoff integral approximated by finite integral sums. Proofs presented here are more elementary and there is no need to use nontrivial Fact 2. We consider finite partitions of Ω, that is finite families

{E_i}_{i≤n} of pairwise disjoint measurable sets such that^n ⋃ i=1 E_i = Ω. In this case,

the integral range J_Π(f) and the relation “to be a finer partition” are defined analogously as in Section 1.

Definition 11. A function f : Ω → X is called BF-integrable, if there exists

a sequence of finite partitions (Π_n)_{n∈N} such that the corresponding sequence of diameters of integral ranges tends to zero. An element of X which is the only common point of all integral ranges is called the BF-integral of f .

Let us notice that if f is BF-integrable then each image f(E^n_i ) is bounded whenever μ(E^n_i ) > 0, E^n_i ∈ Π_n (Lemma 5).

Definition 12. A function f : Ω → X is called FF-integrable, if there exists

a point x ∈ X such that for each ε > 0 there exists a partition Π = {E_i}_{i≤n}

such that for every choice of points t_i ∈ E_i we have ‖ ‖ ‖ ‖ n∑ i=1 f(t_i)μ(E_i) − x ‖ ‖ ‖ ‖ ≤ ε. The point x is called the FF-integral of f .

Definition 13. A function f : Ω → X is called RLF-integrable, if there exists

a point x ∈ X such that for each ε > 0 there exists a finite partition Π such that for every finer partition Γ = {D_i}_{i≤m} and every choice of points t_i ∈ D_i

we have ‖ ‖ ‖ ‖ m∑ i=1 f(t_i)μ(D_i) − x ‖ ‖ ‖ ‖ < ε. The point x is called the RLF-integral of function f .

The next result is an analogue of Corollary 3 for finite sums. The proof is elementary.

Lemma 14. Let f : Ω → X and let Π be a finite partition of Ω. Then for

every finer (finite) partition Γ we have J_Γ(f) ⊂ J_Π(f).

P r o o f . Let Π = {E_i}_{i≤n} and Γ = {E^j_i }_{i≤n,j≤mi} where for a fixed i ≤ n, the sets E^j_i for j ≤ m_i are measurable, pairwise disjoint and ⋃ j≤m_i E^j_i = E_i . For

each E_i such that μ(E_i) > 0 we have m_i∑

j=1 f(E^j_i )μ(E^j_i ) ⊂ m_i∑

j=1 f(E_i)μ(E^j_i ) = μ(E_i) m_i∑

j=1 f(E_i) μ(E^j_i ) μ(E_i) ⊂ μ(E_i)Co ( f(E_i) ) = Co ( μ(E_i)f(E_i) ) .

If μ(E_i) = 0, the above inclusion is obvious. Consequently, using Fact 1 we have n∑ i=1 m_i∑

j=1 f(E^j_i )μ(E^j_i ) ⊂ n∑ i=1 Co ( μ(E_i)f(E_i) ) Co (_n ∑ i=1 μ(E_i)f(E_i) ) . Thus, J_Γ(f) ⊂ J_Π(f).

Theorem 15. Let (Ω, Σ, μ) be a finite measure space, let X be a Banach

space and f : Ω → X . The following conditions are equivalent:

(BF) the function f is BF-integrable,

(RLF) the function f is RLF-integrable,

(FF) the function f is FF-integrable.

Additionally, all the considered integrals coincide.

P r o o f . The proof is analogous to the argument for countable sums but simpler, because we use Lemma 14 instead of Fact 2 and Corollary 3.

The Cauchy-type conditions given in the previous section are also true for BF-integrable functions in the respectively modified versions. We also have the following characterization of BF-integrability:

Theorem 16. Let (Ω, Σ, μ) be a finite measure space, let X be a Banach

space and f : Ω → X . The following conditions are equivalent:

(1) the function f is BF-integrable, (2) the function f is absB-integrable and bounded μ almost everywhere, (3) the function f is B-integrable and bounded μ almost everywhere.

P r o o f . (1) ⇒ (2) By (1) pick a partition Π = {E_i}_{i≤n} such that ρ ( J_Π(f) ) ≤ 1. Then Lemma 5 works and hence each image f(E_i), i ≤ n, is bounded whenever μ(E_i) > 0. This implies that f is bounded μ almost everywhere. By (1) we infer that f is absB-integrable.

(2) ⇒ (3) is obvious.

(3) ⇒ (1) Let E ∈ Σ be such that μ(E) = μ(Ω) and f(E) is bounded. There exists M > 0 such that ‖ f(E) ‖ ≤ M . Without loss of generality we may assume that Ω = E . Let ε > 0. Since f is B-integrable (cf. Theorem 8), there is

a partition Π = {E_i}_{i∈N} such that ‖ ‖ ‖ ‖ ∞∑ i=1 f(t_i)μ(E_i) − x ‖ ‖ ‖ ‖ ≤ ε/3 for every choice

of points t_i ∈ E_i where the series^∞ ∑ i=1 f(t_i)μ(E_i) is unconditionally convergent.

SOME REMARKS ABOUT BIRKHOFF AND RIEMANN-LEBESGUE INTEGRABILITY

Pick m ∈ ▲ such that for E_0 =^∞ ⋃ i=m+1 E_i we have μ(E_0) < ε/(3M). Put

Γ = {E_i}_{0≤i≤m} and consider any choice t_i , i ∈ {0} ∪ ▲. Then ‖ ‖ ‖ ‖ ‖ m∑ i=0 f(t_i)μ(E_i) − x ‖ ‖ ‖ ‖ ‖ = ‖ ‖ ‖ ‖ ‖ f(t_0)μ(E_0) − ∞∑ i=m+1 f(t_i)μ(E_i) + ∞∑ i=1 f(t_i)μ(E_i) − x ‖ ‖ ‖ ‖ ‖ ≤ ‖ ‖f(t_0) ‖ ‖μ(E_0) + ∞∑ i=m+1 ‖ ‖f(t_i) ‖ ‖μ(E_i) + ‖ ‖ ‖ ‖ ‖ ∞∑ i=1 f(t_i)μ(E_i) − x ‖ ‖ ‖ ‖ ‖ ≤ M ε 3M + M ∞∑ i=m+1 μ(E_i) + ε 3 ≤ ε .

Since the Riemann integral is a special case of BF-integral then from Theo-

rem 16 we conclude the following fact given in [7].

Corollary 17. Every Riemann integrable function from [0, 1] into a Banach

space is absRL-integrable.

Let us finish with two examples concerning BF-integrals. As μ consider the

Lebesgue measure on Ω = [0, 1]. As X take the Banach space l_∞ ( [0, 1] ) of all

bounded functions from [0, 1] into ⋛ with the supremum norm. Put e_t = χ_{{t}} ,

t ∈ [0, 1], and Θ—the zero function on [0, 1]. Let ⋚ stand for the set of all

rationals.

The first example shows that BF-integrable function need not be bounded.

Example 18. Define f : [0, 1] → X by the formula f(t) = {_{et} t for t ∈ ⋚ ∩ (0, 1] ,

Θ for t ∈ ( [0, 1] \ ⋚ ) ∪ {0} . Then for the partition {E_1, E_2}, where E_1 = ⋚ ∩ (0, 1], E_2 = ( [0, 1] \ ⋚ ) ∪ {0}, and for every choice t_1 ∈ E_1 , t_2 ∈ E_2 we have f(t_1)μ(E_1) + f(t_2)μ(E_2) = Θ.

Thus f is unbounded and BF-integrable on [0,1].

The next example shows that the class of BF-integrable functions is wider

than the class of Riemann integrable functions.

Example 19. Define f : [0, 1] → X by the formula f(t) = { e_t for t ∈ ⋚ ∩ [0, 1] ,

Θ for t ∈ ( [0, 1] \ ⋚ ) . Then for the partition {E_1, E_2}, where E_1 = ⋚ ∩ [0, 1], E_2 = [0, 1] \ ⋚, and for

every choice t_1 ∈ E_1 , t_2 ∈ E_2 we have f(t_1)μ(E_1) + f(t_2)μ(E_2) = Θ. Thus f is BF-integrable. On the other hand, f is not Riemann integrable since for any partition {E_i}_{i≤n} of [0, 1] into arbitrarily small intervals, choosing t_i ∈ E_i ∩ ⋚,

we have ||^n ∑ i=1 f(t_i)μ(E_i)|| = 1.

Of course, the ideas of the above examples come from the function 1/t and the Dirichlet function, when X is replaced by ⋛.

Finally note that, for a finite measure space (Ω, Σ, μ) and a Banach space X , every bounded μ almost everywhere, Bochner integrable function f : Ω → X is BF-integrable, but there exists a BF-integrable function (being Riemann integrable) which is not Bochner integrable [8].

REFERENCES

[1] BIRKHOFF, G. : Integration of functions with values in a Banach space, Trans. Amer.

Math. Soc. 38 (1935), 357–378.

[2] CASCALES, B.—RODRIGUEZ, J. : Birkhoff integral for multi-valued functions, J. Math.

Anal. Appl. 297 (2004), 540–560.

[3] CASCALES, B.—RODRIGUEZ, J. : The Birkhoff integral and the property of Bourgain, Math. Ann. 331 (2005), 259–279, preprint available at http://www.misuma.um.es/beca/.

[4] DIESTEL, J.—UHL. J. J. Jr. : Vector Measures, Math. Surveys Monogr., Vol. 15, Amer.

Math. Soc., Providence, RI., 1977.

[5] FREMLIN, D. H. : The McShane and Birkhoff integrals of vector-valued functions, University of Essex, Mathematics Department Research, Report 92–10, available at

http://www.essex.ac.uk/maths/staff/fremlin/preprints.htm.

[6] HILLE, E.—PHILLIPS, R. : Functional Analysis and Semi-groups, in: Colloquium Publications, Vol. XXXI, Amer. Math. Soc., Providence, RI., 1957.

[7] KADETS, V. M.—SHUMYATSKIY, B.—SHVIDKOY, R.—TSEYTLIN, L.—ZHELTUK- HIN, K. : Some remarks on vector-valued integration, Mat. Fiz. Anal. Geom. 9 (2002), 48–65.

[8] KADETS, V. M.—TSEYTLIN, L. M. : On ‘integration’ of non-integrable vector-valued functions, Mat. Fiz. Anal. Geom. 7 (2000), 49–65.

[9] MARAFFA, V. : A characterization of absolutely summing operators by means of McShane integrable functions, J. Math. Anal. Appl. 293 (2004), 71–78.

[10] MUSIAŁ, K. : review of article [8], Zbl 0974.28007.

[11] MUSIAŁ, K. : Topics in the theory of Pettis integration, Rend. Istit. Mat. Univ. Trieste 23 (1991), 177–262.

[12] PETTIS, B. J. : On integration in vector spaces, Trans. Amer. Math. Soc. 44 (1938), 277–304.

Received October 10, 2005 Center of Mathematics and Physics Technical University of Łódź Al. Politechniki 11 PL–90-924 Łódź POLAND E-mail: potyrala@p.lodz.pl