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NOTE ON DECOMPOSABLE SETS

JOLANTA OLKO

ABSTRACT. We consider the notion of decomposable hull of a subset of the
space of vector measures and give some elementary properties. The relation be-
tween decomposability of the set of measure selections of a multimeasure and
additivity of multimeasure is studied. We give an example of multimeasure with
nonconvex and nondecomposable set of measure selections.

Let (7,%) be a measurable space and let X be a real normed space. In the

sequel, M stands for the space of all vector measures defined on ¥ with values
in X.

DEFINITION 1. We say that D C M is decomposable iff for every A € ¥ and
m,n € D

mxa +nxma € D,
where the measure mx 4 is given by mxa(B) = m(B N A).

LEMMA 1. Let (T,%) be a measurable space, X a normed space. Then
(1) M is decomposable;

(2) the intersection of any family of decomposable sets in M is decomposable;
if {Sn :m € IN} is an increasing sequence of decomposable sets in M, then
Unen Sn is decomposable;

(3) if S1,52 C M are decomposable sets, then Sy + Sy is decomposable.

The above lemma allows us to define a decomposable hull of a set S C M in
the following way

dec S = ﬂ {D:S C D, D isdecomposable}.

It is easily seen that the decomposable hull of S is the smallest decomposable
set containing S.
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We say that sets Aj,..., A form X-partition of the space T iff they are
mutually disjoint elements of 3 such that Ule A; = T. The following lemma
yields information about elements of the decomposable hull of a set.

LEMMA 2. Let S Cc M. Then

k
dec S = {ZmiXAi ke IN, m; €S, {Ay,..., A} is X-partition ofT}.
i=1

Proof. Throughout the proof R denotes the set on the right-hand side of the
above equality. We first show that dec S C R. It is clear that S C R, so it suffices
to prove that R is decomposable.

Fix m,n € R and C € X. Therefore m = Zle miXa, n = Zézl niXB;,
where m;,n; € S, Ay,..., A, B1,..., B; are Y-partitions of 1. Therefore

k !
mxc +nxr\c = (Z miXAi> Xc + (Z niXBi> XT\C

i=1 =1
k !
= ZmiXmXc + Z niXB; XT\C
i=1 i=1

k !
= Z m;XA;nC + Z NiXB;n (T\C)-
i=1 i=1
Observe that the sets A1 NC,..., A4, NC, B1N((T\C),...,B,N(T\C) form
Y-partition of T'. Thus the measure mxc + nxr\c € R.
Now, we will show that for every k € IN

k

ZmiXAi €decS formy,...,mp €S, Ai,..., Ay X-partition of T. (1)

i=1
The proof is by induction on k. Obviously myr € S C dec S for m € S, hence
(1) holds for k = 1.

Let k=2, my,my € S, A1, Ay € ¥ be such that Ay N Ay =0, A; UAy =T.
Therefore by definition the decomposable hull of S the measure mix 4, +maxa,
is an element of dec S.

Assuming (1) holds for k, we will prove it for k + 1. Let A;,..., Ax1q be

Y-partition of 7" and let mq,... ,mgy1 € 5.
Define
k—1
i=1
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By the induction hypothesis m € dec.S. Since mg41 € S C dec S and dec S is
decomposable, mxa,u...u A, + Mrr1XA,,, belongs to decS. But

k+1 k
Z miXa; = ZmiXAi T ME1X Ay = TMXAU U AR T Tt 1X Apy1s
i=1 i=1
which completes the proof. U

Here we give some elementary properties of the decomposable hull of a set.

LEMMA 3. Let S C M. Then
(1) S CdecS;
(2) S is decomposable if and only if S = dec S.
(3) If S is a convex set, then dec S is convez.
(4)

4) If S is decomposable, then conv S (convex hull of S) is decomposable.

Proof. The first two properties are obvious. To prove the third one, take
m = Zle miXa,, N = Zi:l ni;xp; from decS and A\ € [0,1]. Define sets
Cij = AinBy, i e {l,....k}, j € {1,...,1}, which form 3-partition of T.
Observe that

kool ko1
m:ZZmiXCU and n:ZanXCM.

i=1 j=1 i=1 j=1
Therefore
kool ko1
A+ (L=Mn = MDD mixe, | +@T=20D0D nixe,
i=1 j=1 i=1j=1
kool
= ZZ(AmZ + (1= M)nj)xc,, -
i=1 j=1

Since S is convex, Am; + (1 — XN)n; € S fori € {1,...,k}, j € {1,...,1} and
finally Am + (1 — A\)n € decS.
Now, assume that S is decomposable. Take A € 3. Let us first prove that

m €S, n€convS = mxa+nxra € convs. (2)

To do this, consider m € S andn = Zle Ain;, a convex combination of elements
of S. Then we have

k k k
mxa +nxr\a = (Z Aﬂ”) XA+ (Z Ainz‘) XT\A = Z Ai(mxa +nixma).

=1 =1 i=1

Since myxa +nixma € 5,1 € {1,...,k}, it folows that mx4 +nxpa € conv S.

45



JOLANTA OLKO

Now, we will show decomposability of conv S. Fix A € >.. We prove that for
every k € IN

k k
m:Z)\imi, nzz,um,- € conv S = mxa +nxra € convs. (3)
i=1 i=1
The proof runs by induction on k. For k = 1 (3) is evident, by decomposability
of . Assuming (3) for k, take m = Zf;l Aimg,n = Zf;l pin; € conv,S. Hence
we can write

m=Am+ (1 —Nmry1 and n=pn+ (1 — p)ngy1,

where

>

k
)\::Z)\i, mzzz “m; € conv S,
i=1

and
k .
W= Z,ui, n:i= Z &ni € conv S.
i=1 i1
Without loss of generality we can assume that A < . Consequently,
mxa+nxma = A+ (1= Nmep1)xa+ (g4 (1 — p)ngen) X a
= Amxa +7axra) + (1 — NAxra
+(1 = ) (Mirg1xa + nesixma) + (1 — A)mpp1xa
= Amxa+7axra) + (1 — X (mes1xa +7xra)
+(1 = ) (Mig1XA + Ng1XT0\A) -

By the induction hypothesis, x4 +7x7\ 4 € conv S. According to (2), mx41Xxa
+7nx7\4 € convS. By the decomposability of S, my1xa +nkr1x7m 4 € conv S.
Thus mxa + nx7\ a4 is the convex combination of elements of conv .S and the
proof is complete. U

The notion of decomposability is related to multimeasures. We recall some
usefull definitions. Let P¢(X) be a family of all nonempty closed subsets of X.

Among three different definitions of a multimeasure given in [2] (see also [1]),
the most popular and general is the next one.

DEFINITION 2. A multifunction M : ¥ — P(X) is said to be a weak multi-
measure iff for every z* € X* the function A — o(z*, M(A)) = sup{z*(z) : =
€ M(A)} is an RU {+o0}-valued signed measure.

A weak multimeasure will be called a multimeasure for abbreviation.
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We say that a vector measure m : 3 — X is a measure selection of multimea-
sure M iff m(A) € M(A) for every A € ¥. The set of all measure selections of
M will be denoted by Sy;.

EXAMPLE 1. Let T = [0, 1] C R, ¥ be o-algebra of Lebesgue measurable subsets
of T. Let m be Lebesgue measure on Y. Then the multifunction given by M (A) =
{m(A),2m(A)}, A € ¥ is the multimeasure, Sy; = {m,2m}, which is neither
convex nor decomposable. Moreover, conv .Sy, is not decomposable as well.

Proof. Itisclear that M is multimeasure. We will show that the set Sj; consists
of two elements. Obviously m,2m € Sjs. Suppose, contrary to our claim, that
there exist n € S); and A € ¥ such that

n(T)=m(T) and n(A)=2m(A)# m(A).

Hence
n(T\A) = n(T)—n(A) =m(T)—2m(A)

= m(A)+m(T\ A) —2m(A)

= m(T\ A) —m(A) € {m(T\ 4),2m(T \ A)}.
If

n(T\ A) =m(T'\ A),
then
m(A) =0 =2m(A), which contradicts our assumption.

If

n(T\ A) =2m(T\ A), then m(T)=0, a contradiction.

The similar arguments are applied to the case n(T') = 2m(T) and n(A) =
m(A).

It is easily seen that Sj, is not convex. To prove that it is not decomposable,
take

A:[O,%} ex

We will show that m := x4 + 2mxp\ 4 is not an element of Sy;. Let

B=|1.14].

(B
(I
1)

Therefore
m(B) =

m(BNA)+2m(Bn(T\ A))

A])+am([53]) =3

and consequently m ¢ Sy.

=

Therefore m(B) ¢ M(B) = {

)

N[
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Observe that
Sy Ceonv Sy ={Am+ (1—=X)2m: A€ [0,1]} ={(2-N)m: A€ [0,1]}.
If there existed A € [0,1] such that m = (2 — A\)m, we would have
3 =m([0,1]) = (2-)m([0,1]) =2 — A
and

=m(A) = (2= Nm(A) = 5(2-N),

1 1
2 2
a contradiction.

Convexity of values of a multimeasure implies convexity of the set Sy;. De-
composability is related to additivity of M. We say that M is an additive set-
multifunction iff M (AU B) = cl(M(A) + M(B)) for disjoint sets A,B € ¥. O

LEMMA 4. Let the multimeasure M : ¥ — Py(X) be an additive multifunction,
then Sy; is decomposable.

The proof is straightforward.

According to the above lemma, the multimeasure from Example 1 is not ad-
ditive set-multifunction.

DEFINITION 3. The multimeasure M : ¥ — Pp(X) is said to be rich iff
M(A) = cl{m(A) :m € Sy} for every A € X.

If the multimeasure M has closed convex values, then it is additive set-
multifunction and consequently Sp; is decomposable. Here we give a partial
converse of Lemma 4.

LEMMA 5. Let M : ¥ — P§(X) be a rich multimeasure. If Sy is decomposable,
then M 1is additive set-multifunction.

Proof. Let A, B € ¥ be disjoint and let ¢ > 0.

If x € M(AU B), then there exists m € Sy, such that

lx —m(AUB)| <e.
Since m(AU B) = m(A) + m(B), then
Hx — (m(4) + m(B))H <e

and consequently z € cl(M(A) + M(B)).

To prove the converse inclusion, take = € cI(M(A)+ M (B)). Then there exist

my,mg € Sy
such that
Hx — (ml(A) + mQ(B))H <e.
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Therefore, by decomposability of Sp;, we have
my(A) +mq(B) = ml((AUB)ﬂA)+m2((AUB)ﬁ(T\A))
= mixa(AUB) +maxm\a(AU B)
= (leA+m2XT\A)(AUB)EM(AUB).
Therefore
x€cM(AUB)=M(AUB)
and the proof is complete. U

Cousider the space M with the weak pointwise convergence topology &, which
is the weak topology on M given by functionals of the from

u() =) xa ()i,
k=1

where z7,..., 27 € X* and A,,..., A, is X-partition of T'. If m € M, then

n

(mu) = (x5, m(Ap))

k=1

(see [2]). Namely a net m,, ©om iff (z*,ma(A)) — (2%, m(A)) for every A € &
and z* € X™.

Remark 1. If S C M is decomposable, then cl;S is decomposable as well.

Let M be the multimeasure from Examplel. Define the multimeasure
clconv M by

(clconv M)(A) := clconv M (A), A€ X.

Therefore Scicony s 1S convex and decomposable. On the other hand the set
clgconv Sy; = conv Sy is not decomposable (see Example 1). Hence Proposition
4.30 in [2] is false. The proof of this proposition strongly depends on the assump-
tions that M is rich and S is decomposable. If M has closed convex values,
then M is rich and Sy is decomposable (cf. [2, Theorem 4.17|), however in this
case the proposition is obvious.

When using an analogous proof, we have the following version without as-
sumption of convexity of values of multimeasure.

THEOREM 1. Let M : ¥ — P¢(X) be a rich multimeasure. Then

Sclconv M = clgdecconv.Sy,.
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Proof. Obviously Scicony ar 18 @-closed, decomposable and convex and there-
fore clgdecconvSys C Seciconv M- Suppose that the inclusion is strict. Then there
exists m € Scicony m such that m ¢ clydecconvSy,. According to the separation
theorem, there exists a functional >_;_, xa,z} such that

sup{ Z(az,’;, m(Ay)) :m € clgdecconvSM} < Z(az,’;, m(Ay)).

k=1 k=1
Since
> (wh, M) <> o(xh, cleonv M(Ag)) =Y o(xf, M(4)),
k=1 k=1 k=1
thus

sup{ Z(az,’;, m(Ak)) im e clg)decconvSM} < a(a:,’;, M(Ak)) (4)
k=1 k=1

On the other hand,

n

Zg(xsz(Ak)) = Zsup{(a;,’;,x) RS M(Ak)}
k=1

k=1

(z5,m(Ag)) : m e SM}

A
g
0

S

{
{(xZ,m(Ak)) :me€ cladecconvSM}
{

= Zsup (xz,mk.(Ak.)) : my € cladecconvSM}
k=1

= sup{ Z(:ﬂ,’;,mk(Ak)) :my € cl@decconvSM}

k=1

= sup{ Z(aﬁz,m(Ak)) tm € Cl@deCCOHVSM}

k=1
which contradicts (4).

Note that the last equality relies on the decomposability of clgdecconvSy,.
Indeed, for m; € clgdecconv Sy,

where m = Y7, myxa, € clydecconvSyy. O
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