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Mathematical PublicationsNOTE ON DECOMPOSABLE SETSJolanta OlkoABSTRACT. We 
onsider the notion of de
omposable hull of a subset of thespa
e of ve
tor measures and give some elementary properties. The relation be-tween de
omposability of the set of measure sele
tions of a multimeasure andadditivity of multimeasure is studied. We give an example of multimeasure withnon
onvex and nonde
omposable set of measure sele
tions.Let (T,Σ) be a measurable spa
e and let X be a real normed spa
e. In thesequel, M stands for the spa
e of all ve
tor measures de�ned on Σ with valuesin X.Definition 1. We say that D ⊂ M is de
omposable i� for every A ∈ Σ and

m,n ∈ D

mχA + nχT\A ∈ D,where the measure mχA is given by mχA(B) = m(B ∩ A).Lemma 1. Let (T,Σ) be a measurable spa
e, X a normed spa
e. Then(1) M is de
omposable;(2) the interse
tion of any family of de
omposable sets in M is de
omposable;if {Sn : n ∈ IN} is an in
reasing sequen
e of de
omposable sets in M, then⋃
n∈IN Sn is de
omposable;(3) if S1, S2 ⊂ M are de
omposable sets, then S1 + S2 is de
omposable.The above lemma allows us to de�ne a de
omposable hull of a set S ⊂ M inthe following way

decS =
⋂

{D : S ⊂ D, D is de
omposable}.It is easily seen that the de
omposable hull of S is the smallest de
omposableset 
ontaining S.2000 Mathemat i 
 s Sub j e 
 t C l a s s i f i 
 a t i on: Primary: 28B20, 54C65.Keyword s: multimeasure, measure sele
tion, de
omposable set. 43



JOLANTA OLKOWe say that sets A1, . . . , Ak form Σ-partition of the spa
e T i� they aremutually disjoint elements of Σ su
h that ⋃k

i=1 Ai = T . The following lemmayields information about elements of the de
omposable hull of a set.Lemma 2. Let S ⊂ M. Then
decS =

{
k∑

i=1

miχAi
: k ∈ IN, mi ∈ S, {A1, . . . , Ak} is Σ-partition of T

}
.P r o o f. Throughout the proof R denotes the set on the right-hand side of theabove equality. We �rst show that decS ⊂ R. It is 
lear that S ⊂ R, so it su�
esto prove that R is de
omposable.Fix m,n ∈ R and C ∈ Σ. Therefore m =

∑k
i=1 miχAi

, n =
∑l

i=1 niχBi
,where mi, ni ∈ S, A1, . . . , Ak, B1, . . . , Bl are Σ-partitions of T . Therefore

mχC + nχT\C =

(
k∑

i=1

miχAi

)
χC +

(
l∑

i=1

niχBi

)
χT\C

=
k∑

i=1

miχAi
χC +

l∑

i=1

niχBi
χT\C

=
k∑

i=1

miχAi∩C +
l∑

i=1

niχBi∩ (T\C).Observe that the sets A1 ∩ C, . . . , Ak ∩ C, B1 ∩ (T \ C), . . . , Bl ∩ (T \ C) form
Σ-partition of T . Thus the measure mχC + nχT\C ∈ R.Now, we will show that for every k ∈ IN

k∑

i=1

miχAi
∈ decS for m1, . . . ,mk ∈ S, A1, . . . , Ak Σ-partition of T. (1)The proof is by indu
tion on k. Obviously mχT ∈ S ⊂ decS for m ∈ S, hen
e(1) holds for k = 1.Let k = 2, m1,m2 ∈ S, A1, A2 ∈ Σ be su
h that A1 ∩ A2 = ∅, A1 ∪ A2 = T .Therefore by de�nition the de
omposable hull of S the measure m1χA1

+m2χA2is an element of decS.Assuming (1) holds for k, we will prove it for k + 1. Let A1, . . . , Ak+1 be
Σ-partition of T and let m1, . . . ,mk+1 ∈ S.De�ne

m =
k−1∑

i=1

miχAi
+ mkχAk∪Ak+1

.44



NOTE ON DECOMPOSABLE SETSBy the indu
tion hypothesis m ∈ decS. Sin
e mk+1 ∈ S ⊂ decS and decS isde
omposable, mχA1∪ ...∪Ak
+ mk+1χAk+1

belongs to decS. But
k+1∑

i=1

miχAi
=

k∑

i=1

miχAi
+ mk+1χAk+1

= mχA1∪ ...∪Ak
+ mk+1χAk+1

,whi
h 
ompletes the proof. �Here we give some elementary properties of the de
omposable hull of a set.Lemma 3. Let S ⊂ M. Then(1) S ⊂ dec S;(2) S is de
omposable if and only if S = decS.(3) If S is a 
onvex set, then decS is 
onvex.(4) If S is de
omposable, then conv S (
onvex hull of S) is de
omposable.P r o o f. The �rst two properties are obvious. To prove the third one, take
m =

∑k
i=1 miχAi

, n =
∑l

i=1 niχBi
from decS and λ ∈ [0, 1]. De�ne sets

Cij = Ai ∩ Bj , i ∈ {1, . . . , k}, j ∈ {1, . . . , l}, whi
h form Σ-partition of T .Observe that
m =

k∑

i=1

l∑

j=1

miχCij
and n =

k∑

i=1

l∑

j=1

njχCij
.Therefore

λm + (1 − λ)n = λ




k∑

i=1

l∑

j=1

miχCij



+ (1 − λ)
k∑

i=1

l∑

j=1

njχCij

=

k∑

i=1

l∑

j=1

(
λmi + (1 − λ)nj

)
χCij

.Sin
e S is 
onvex, λmi + (1 − λ)nj ∈ S for i ∈ {1, . . . , k}, j ∈ {1, . . . , l} and�nally λm + (1 − λ)n ∈ decS.Now, assume that S is de
omposable. Take A ∈ Σ. Let us �rst prove that
m ∈ S, n ∈ conv S =⇒ mχA + nχT\A ∈ conv S. (2)To do this, 
onsiderm ∈ S and n =

∑k
i=1 λini, a 
onvex 
ombination of elementsof S. Then we have

mχA + nχT\A =

(
k∑

i=1

λim

)
χA +

(
k∑

i=1

λini

)
χT\A =

k∑

i=1

λi

(
mχA + niχT\A

)
.Sin
e mχA + niχT\A ∈ S, i ∈ {1, . . . , k}, it folows that mχA + nχT\A ∈ conv S.45



JOLANTA OLKONow, we will show de
omposability of conv S. Fix A ∈ Σ. We prove that forevery k ∈ IN

m =
k∑

i=1

λimi, n =
k∑

i=1

µini ∈ conv S =⇒ mχA + nχT\A ∈ conv S. (3)The proof runs by indu
tion on k. For k = 1 (3) is evident, by de
omposabilityof S. Assuming (3) for k, take m =
∑k+1

i=1 λimi, n =
∑k+1

i=1 µini ∈ conv S. Hen
ewe 
an write
m = λm + (1 − λ)mk+1 and n = µn + (1 − µ)nk+1,where

λ :=

k∑

i=1

λi, m :=

k∑

i=1

λi

λ
mi ∈ conv S,and

µ :=

k∑

i=1

µi, n :=

k∑

i=1

µi

µ
ni ∈ conv S.Without loss of generality we 
an assume that λ ≤ µ. Consequently,

mχA + nχT\A =
(
λm + (1 − λ)mk+1

)
χA +

(
µn + (1 − µ)nk+1

)
χT\A

= λ
(
mχA + nχT\A

)
+ ( µ − λ)nχT\A

+(1 − µ)
(
mk+1χA + nk+1χT\A

)
+ ( µ − λ)mk+1χA

= λ
(
mχA + nχT\A

)
+ ( µ − λ)

(
mk+1χA + nχT\A

)

+(1 − µ)
(
mk+1χA + nk+1χT\A

)
.By the indu
tion hypothesis, mχA +nχT\A ∈ conv S. A

ording to (2), mk+1χA

+nχT\A ∈ conv S. By the de
omposability of S, mk+1χA +nk+1χT\A ∈ conv S.Thus mχA + nχT\A is the 
onvex 
ombination of elements of conv S and theproof is 
omplete. �The notion of de
omposability is related to multimeasures. We re
all someusefull de�nitions. Let Pf (X) be a family of all nonempty 
losed subsets of X.Among three di�erent de�nitions of a multimeasure given in [2℄ (see also [1℄),the most popular and general is the next one.Definition 2. A multifun
tion M : Σ → Pf (X) is said to be a weak multi-measure i� for every x∗ ∈ X∗ the fun
tion A 7→ σ
(
x∗,M(A)

)
= sup

{
x∗(x) : x

∈ M(A)
} is an R ∪ {+∞}-valued signed measure.A weak multimeasure will be 
alled a multimeasure for abbreviation.46



NOTE ON DECOMPOSABLE SETSWe say that a ve
tor measure m : Σ → X is a measure sele
tion of multimea-sure M i� m(A) ∈ M(A) for every A ∈ Σ. The set of all measure sele
tions of
M will be denoted by SM .Example 1. Let T = [0, 1] ⊂ R, Σ be σ-algebra of Lebesgue measurable subsetsof T . Let m be Lebesgue measure on Σ. Then the multifun
tion given by M(A) ={
m(A), 2m(A)

}, A ∈ Σ is the multimeasure, SM = {m, 2m}, whi
h is neither
onvex nor de
omposable. Moreover, conv SM is not de
omposable as well.P r o o f. It is 
lear thatM is multimeasure.We will show that the set SM 
onsistsof two elements. Obviously m, 2m ∈ SM . Suppose, 
ontrary to our 
laim, thatthere exist n ∈ SM and A ∈ Σ su
h that
n(T ) = m(T ) and n(A) = 2m(A) 6= m(A).Hen
e

n(T \ A) = n(T ) − n(A) = m(T ) − 2m(A)

= m(A) + m(T \ A) − 2m(A)

= m(T \ A) − m(A) ∈
{
m(T \ A), 2m(T \ A)

}
.If

n(T \ A) = m(T \ A),then
m(A) = 0 = 2m(A), whi
h 
ontradi
ts our assumption.If

n(T \ A) = 2m(T \ A), then m(T ) = 0, a 
ontradi
tion.The similar arguments are applied to the 
ase n(T ) = 2m(T ) and n(A) =
m(A).It is easily seen that SM is not 
onvex. To prove that it is not de
omposable,take

A =
[
0,

1

2

]
∈ ΣWe will show that m̂ := χA + 2mχT\A is not an element of SM . Let

B =
[

1
4
, 3

4

]
.Therefore

m̂(B) = m(B ∩ A) + 2m
(
B ∩ (T \ A)

)

= m

([
1
4
, 1

2

])
+ 2m

([
1
2
, 3

4

])
= 3

4
.Therefore m̂(B) /∈ M(B) =

{
1
2
, 1
} and 
onsequently m̂ /∈ SM . 47



JOLANTA OLKOObserve that
SM ⊂ conv SM =

{
λm + (1 − λ)2m : λ ∈ [0, 1]

}
=
{
(2 − λ)m : λ ∈ [0, 1]

}
.If there existed λ ∈ [0, 1] su
h that m̂ = (2 − λ)m, we would have

3
2 = m̂

(
[0, 1]

)
= (2 − λ)m

(
[0, 1]

)
= 2 − λand

1
2 = m̂(A) = (2 − λ)m(A) = 1

2(2 − λ),a 
ontradi
tion.Convexity of values of a multimeasure implies 
onvexity of the set SM . De-
omposability is related to additivity of M . We say that M is an additive set-multifun
tion i� M(A∪ B) = cl
(
M(A) + M(B)

) for disjoint sets A,B ∈ Σ. �Lemma 4. Let the multimeasure M : Σ → Pf (X) be an additive multifun
tion,then SM is de
omposable.The proof is straightforward.A

ording to the above lemma, the multimeasure from Example 1 is not ad-ditive set-multifun
tion.Definition 3. The multimeasure M : Σ → Pf (X) is said to be ri
h i�
M(A) = cl

{
m(A) : m ∈ SM

} for every A ∈ Σ.If the multimeasure M has 
losed 
onvex values, then it is additive set-multifun
tion and 
onsequently SM is de
omposable. Here we give a partial
onverse of Lemma 4.Lemma 5. Let M : Σ → Pf (X) be a ri
h multimeasure. If SM is de
omposable,then M is additive set-multifun
tion.P r o o f. Let A,B ∈ Σ be disjoint and let ε > 0.If x ∈ M(A ∪ B), then there exists m ∈ SM , su
h that
‖x − m(A ∪ B)‖ < ε.Sin
e m(A ∪ B) = m(A) + m(B), then

∥∥x −
(
m(A) + m(B)

)∥∥ < εand 
onsequently x ∈ cl
(
M(A) + M(B)

).To prove the 
onverse in
lusion, take x ∈ cl
(
M(A)+M(B)

). Then there exist
m1,m2 ∈ SMsu
h that ∥∥x −

(
m1(A) + m2(B)

)∥∥ < ε.48



NOTE ON DECOMPOSABLE SETSTherefore, by de
omposability of SM , we have
m1(A) + m2(B) = m1

(
(A ∪ B) ∩ A

)
+ m2

(
(A ∪ B) ∩ (T \ A)

)

= m1χA(A ∪ B) + m2χT\A(A ∪ B)

=
(
m1χA + m2χT\A

)
(A ∪ B) ∈ M(A ∪ B).Therefore

x ∈ clM(A ∪ B) = M(A ∪ B)and the proof is 
omplete. �Consider the spa
eM with the weak pointwise 
onvergen
e topology ω̂, whi
his the weak topology on M given by fun
tionals of the from
u(·) =

n∑

k=1

χAk
(·)x∗

k,where x∗
1, . . . , x

∗
n ∈ X∗ and A1, . . . , An is Σ-partition of T . If m ∈ M, then

(m,u) =
n∑

k=1

(
x∗

k,m(Ak)
)(see [2℄). Namely a net mα

ω̂
→ m i� (x∗,mα(A)) →

(
x∗,m(A)

) for every A ∈ Σand x∗ ∈ X∗.Remark 1. If S ⊂ M is de
omposable, then clω̂S is de
omposable as well.Let M be the multimeasure from Example 1. De�ne the multimeasure
clconv M by

(clconv M)(A) := clconv M(A), A ∈ Σ.Therefore Sclconv M is 
onvex and de
omposable. On the other hand the set
clω̂conv SM = conv SM is not de
omposable (see Example 1). Hen
e Proposition4.30 in [2℄ is false. The proof of this proposition strongly depends on the assump-tions that M is ri
h and SM is de
omposable. If M has 
losed 
onvex values,then M is ri
h and SM is de
omposable (
f. [2, Theorem 4.17℄), however in this
ase the proposition is obvious.When using an analogous proof, we have the following version without as-sumption of 
onvexity of values of multimeasure.Theorem 1. Let M : Σ → Pf (X) be a ri
h multimeasure. Then

Sclconv M = clω̂decconvSM . 49



JOLANTA OLKOP r o o f. Obviously Sclconv M is ω̂-
losed, de
omposable and 
onvex and there-fore clω̂decconvSM ⊂ Sclconv M . Suppose that the in
lusion is stri
t. Then thereexists m̂ ∈ Sclconv M su
h that m̂ /∈ clω̂decconvSM . A

ording to the separationtheorem, there exists a fun
tional∑n
k=1 χAk

x∗
k su
h that

sup

{
n∑

k=1

(
x∗

k, m(Ak)
)

: m ∈ clω̂decconvSM

}
<

n∑

k=1

(
x∗

k, m̂(Ak)
)
.Sin
e

n∑

k=1

(
x∗

k, m̂(Ak)
)
≤

n∑

k=1

σ
(
x∗

k, clconv M(Ak)
)

=

n∑

k=1

σ
(
x∗

k, M(Ak)
)
,thus

sup

{
n∑

k=1

(
x∗

k, m(Ak)
)

: m ∈ clω̂decconvSM

}
<

n∑

k=1

σ
(
x∗

k, M(Ak)
)
. (4)On the other hand,

n∑

k=1

σ
(
x∗

k,M(Ak)
)

=
n∑

k=1

sup
{
(x∗

k, x) : x ∈ M(Ak)
}

=
n∑

k=1

sup
{(

x∗
k,m(Ak)

)
: m ∈ SM

}

≤
n∑

k=1

sup
{(

x∗
k,m(Ak)

)
: m ∈ clω̂decconvSM

}

=
n∑

k=1

sup
{(

x∗
k,mk(Ak)

)
: mk ∈ clω̂decconvSM

}

= sup

{
n∑

k=1

(
x∗

k,mk(Ak)
)

: mk ∈ clω̂decconvSM

}

= sup

{
n∑

k=1

(
x∗

k,m(Ak)
)

: m ∈ clω̂decconvSM

}whi
h 
ontradi
ts (4).Note that the last equality relies on the de
omposability of clω̂decconvSM .Indeed, for mk ∈ clω̂decconvSM

n∑

k=1

mk(Ak) =

n∑

k=1

m(Ak),where m =
∑n

k=1 mkχAk
∈ clω̂decconvSM . �50
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