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ON DOBRAKOV NET SUBMEASURES

JAN HALUSKA — ONDREJ HUTNIK

ABSTRACT. I. Dobrakov introduced in: [On submeasures I, Dissertat. Math.
112 (1974), 5-35], the notion of a submeasure defined on the ring of sets. This
type of a submeasure is now known as the Dobrakov submeasure. In this paper
we develop some limit techniques to create new Dobrakov submeasures from the
old ones in the case when elements of the ring R are subsets of the real line.

1. Examples of Dobrakov net submeasures

I. Dobrakov [2], introduced a theory of monotone set functions intended to
be “a non-additive generalization of the theory of finite non-negative countably
additive measures”. He has introduced the following notion of a submeasure:

DEFINITION 1.1 (Dobrakov, [2]). Let R be a ring of subsets of a set 7 # ().
A set function p : R — [0,00) is said to be a submeasure, if it is

(1) monotone: if E,F € R such that E C F, then u(E) < u(F);

(2) subadditively continuous: for every F' € R and € > 0 there exists a § > 0
such that for every E € R with u(E) < §
(1) W((EUF) < pu(F) +e,
(2) u(F) S(F\E) +¢;

(3) continuous at () (for short continuous), if u(E,) — 0 for any sequence E,, €
R,n=1,2,..., such that E, \, 0 (ie., E, D Enq1 and (), oy En = 0).

Such a set function p is now known as the Dobrakov submeasure (D-sub-
measure, for short). If instead of (2) we have u(EUF) < u(FE) 4+ u(F) for every
E,F € R,or y(EUF) = u(E) + u(F) for every E,F € R with ENF = {,
then we say that p is a subadditive, or an additive D-submeasure, respectively.
Therefore, condition (2) is a useful generalization of the classical subadditivity.
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Further, in paper [4], . Dobrakov studied the tools of enlargement of such
D-submeasures to the o-ring o(R) generated by R. In [11], V. M. Klimkin
and M. G. Svistula considered the Darboux property of non-additive set
functions, in particular, the D-submeasure. In [12], we can find the D-submeasure
in context of fuzzy sets and systems. Note that there are two qualitative different
types of continuity of p in the definition. In literature, for miscellaneous reasons,
some additional properties of continuity (or exhaustivity) are sometimes added
to property (1) in Definition 1.1 when defining the notion of a submeasure, cf. [6].
There are also many papers where authors consider various generalized settings
(e-g., [3], [7], [8] and [13]).

In this paper we extend the notion of a D-submeasure to nets and consider the
techniques based on limit methods to create new D-submeasures from the old
ones parametrized with an [-group of real functions in the case when elements of
the ring R are subsets of the real line. If the functions in the limit are monotone
and approximately continuous in a generalized sense, then we obtain a recursive
process.

By a net (with values in a set S) we mean a function from 2 to S, where € is
a directed partially ordered set. A net a,,, w € , is eventually in a set A if and
only if there is an element wg € €2 such that if w € Q and w > wy, then a, € A.
Also another terminology for nets (the notion of the subnet, etc.) is used in the
standard sense, cf. [10].

DEFINITION 1.2. We say that a set function p : 28 — [0, 00) is a Dobrakov net
submeasure (D-net-submeasure, for short) if it is

(1) monotone, i.e., if E, F € 2% such that E C F, then u(E) < u(F);

(2) subadditively continuous, i.e., for every F' € 2% and £ > 0 there exists § > 0
such that if £ € 28 with u(E) < §, then
(a) (EUF) < pu(F)+e,
(b) u(F) < u(F\E)+e;

(3) continuous, i.e., if E, \, 0 (E, D E,, forw <, we Q, v €0, and
Nweq Eo = 0), then p(E,) — 0, where Q is a directed set.

Note that if the § in condition (2) is uniform with respect to F' € 2%, then we
say that p is a uniform D-net-submeasure.

The following few examples describe some simple tools how to create new
D-net-submeasures from the old ones.

ExaMPLE 1.3. Let (R, X, \) be the Lebesgue measure space. For every A\-integr-
able function f, the set function

1y (E) AEZECA/‘f‘d)\ EcCR,
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is a D-net-submeasure.

ExaMpPLE 1.4. If f is a function, then a set function

py(E) =sup|f(t)], E CR,
teF

is a D-net-submeasure.

ExaMPLE 1.5. If Ay, Aa, ..., Ax are D-net-submeasures, then a set function

N
W(E)= S N(E),  ECR

is a D-net-submeasure.

EXAMPLE 1.6. If f: R — R is a function, § > 0 is a positive real number and A
is a D-net-submeasure, then a set function

s g (B) = )\({t € B |f(t)] > 5}), ECR,

is a D-net-submeasure.

EXAMPLE 1.7. Let A be a D-net-submeasure. Let F be a set of all nondecreasing
real functions f on R such that f(0) =0andxz >y > 0= f(z)— f(y) < f(z—y)
(e.g., f(z) = arctanz). Then the set function

ur(E)=f(ME)), ECR,
is a D-net-submeasure.

Remark 1.8. The D-net-submeasure p(-) = arctan(A(-)) in Example 1.7 gives
the same ring topology on 2% cf. [13], as the D-net-submeasure )\, because
arctan(-) is a continuous function. A linear combination of D-net-submeasures
(if it is a D-net-submeasure) yields a new ring topology on 2% if the components
in it are linearly independent. To obtain new ring topologies on 2%, non-linear
operations (cf. Examples 1.3, 1.4, 1.5, 1.6), a non-continuous function (in Exam-
ple 1.7), or a limit process may be used when creating new D-net-submeasures.

The rest three examples show such monotone and subadditive set functions
with 0 in () which need not be continuous even in the case of sequences (not
necessarily nets). Let X and Y be two Banach spaces in Examples 1.9, 1.10,
1.11. In these examples, ¥ denotes a o-algebra of sets generated by a ring R
of sets of a nonempty set 7', and L(X,Y) is the vector space of all continuous
linear operators L : X — Y over the field K of all real or complex numbers.
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EXAMPLE 1.9. A semivariation m : ¥ — [0, 00| of a charge (= finitely additive
measure) m: R — L(X,Y) is defined as

1

Z m(E N Ez)xz

i=1

m(E) = sup , EeXx,

where the supremum is taken over all finite sets {x; € X; [x;|| < 1,4 =
1,2,... ,I} and all disjoint sets {E; € R; ¢ = 1,2,...,1}. It is well-known that
m is a monotone, subadditive set function with m()) = 0, but it need not be
continuous. From whence it follows that the Dobrakov integral [5] is not built on
D-submeasures because it solves also the case of non-continuous semivariation.

EXAMPLE 1.10. A scalar semivariation |m| of a charge m : R — L(X,Y) is
given by

I
lm|[(E) =sup | Y Am(ENE)|, Eex,
i=1
where |[L]| = sup<; [|L(x)[| and the supremum is taken over all finite sets

of scalars {Ai e K [N <16 = 1,2,...,[} and all disjoint sets {E; € R;
i=1,2,...,I}

EXAMPLE 1.11. Denote by |u| : ¥ — [0,00] a vector semivariation of a charge
w:X — Y, where

Z i (BN Ey)

=1

|ul(E) = sup , Eex,

where the supremum is taken over all finite sets of scalars {\; € K; ||\ < 1,
i=1,2,...,1} and all disjoint sets {E; € R; i =1,2,...,}.

The next simple example shows such a set function which is not a D-(net)-
submeasure even if the set functions used in its definition are uniform D-(net)-
submeasures on a o-algebra (possibly with some additional properties, e.g., uni-
form exhaustivity).

ExXAMPLE 1.12. Let T' = [0,1], let B be the Borel o-algebra of 7" and X\ : B
— [0, 1] be the Lebesgue measure. For n =1,2,... and F € B put

1 (F) = A(F) A % 4 <n <)\(F) _ %) A %) Vo,

where a V b, resp. a A b, means the maximum, resp. the minimum, of the real
numbers a, b. Then each p, : B — [0, 1] is a uniform D-(net)-submeasure. Put

u(E) =suppun(E),  E€B.
neN
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Let F, = [0,1/2+ 1/(k+ 1)] for k = 1,2,... Then Fj, \, [0,1/2] = F and
wu(Fy) =1 for each k = 1,2,..., but u(F) = 1/2. By Corollary 1 of Theorem 7
in [3], u is not a D-(net)-submeasure.

The following lemma shows a limit process of creating new D-net-submeasures.
Its proof is easy and therefore omitted. The second statement follows immedi-
ately from the monotonicity of the considered set functions. However, we do not
solve the question on existence of a limit on this place. A sufficient condition for
the existence of a limit is given in Theorem 3.2.

LEMMA 1.13. Let ), w € §, be a net of D-net-submeasures. If a limit
p(E) = limyeq pw) (E) exists for each E C R, then p is a D-net-submeasure,
and moreover, fi(y), w € Q, are uniformly continuous.

In the following two sections we show a more sophisticated method of creating
new D-net-submeasures.

2. Some classes of D-net-submeasures

Let (7, -||) be an (additive) l-group, cf. [1], of real functions on R equipped
with the following system of gauges

[flle=suplf®)],  ECR,feF,
telE

such that
frgeF, ECR and [fI<|g[=|fle<lglle-

In short, we say that F is an (L, || - ||)-group.

DEFINITION 2.1. We say that a class Dr = {ps; f € F} of D-net-submeasures
is an F-class of D-net-submeasures if it satisfies the following conditions:

(a) py € Dy implies p_y € Dy and p¢(E) = p_s(E),

(b) pus € Dy and pg € Dr implies ppig € D and ppyg(E) < pp(E) + pg(E)
for every f,g € F and E C R.

Moreover, if there exists a D-net-submeasure a on 2% such that

(c) pr(E) <a(E) - flle
for every finite interval £ C R, then we say that the F-class of D-net-submeasures
is a-dominated. For an a-dominated F-class of D-net-submeasures we write D% .

Remark 2.2. Note that although both « and ||f||. are D-(net)-submeasures,
their product need not be a D-(net)-submeasure in general.
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DEFINITION 2.3. Let a be a D-net-submeasure on 28. A net of D-net-submea-
sures fi(y), w € €2, is a-equicontinuous if for every e > 0 there exist a finite
E € 2% and k > 0, such that a(E) < x and the net p,)(R\ E), w € Q, is
eventually in the interval [0;¢).

DEFINITION 2.4. Let 3 be a D-net-submeasure on 2%. A net of D-net-submea-
sures fi(.), w € {1, is uniformly absolutely (3-continuous if for every € > 0 there
exists 7 > 0, such that for every A € 2% with 8(A4) < 7, the net ) (A), w € Q,
is eventually in the interval [0;¢).

ExaMPLE 2.5. Let (R,X,\) be the Lebesgue measure space. If F; is the space
of all integrable functions, then the following D-net-submeasure

= i < . R
psB)=, it [l <a®) Ifle, B2 feA,
A

is a-dominated, where a(E) = inf gex, pca A(A).

EXAMPLE 2.6. Let F7 be the space of all real measurable functions, and A\ be
a Borel measure. Then the D-net-submeasure

u(E) = a({t € B; 1£(t)] = 6}) < a(B) - |Ifle,
is a-dominated, where « is the same as in the previous example.

EXAMPLE 2.7. The D-net-submeasure jis is not A-dominated in general in Ex-
ample 1.7, because the condition (c) in Definition 2.1 does not hold (e.g.,) for
f(x) =z, x >0, and X the Lebesgue measure.

3. Construction of new D-net-submeasures

It is obvious from definition that the D-(net)-submeasures are not subadditive
in general. But according to the results in [6] it is, in fact, inessential because
every D-(net)-submeasure p is equivalent to a subadditive D-(net)-submeasure
1 such that, in addition, p is absolutely n-continuous. Therefore, in the sequel
of this paper, we reduce our considerations to the case of the subadditive D-net-
submeasures even if it is not explicitly stated.

DEFINITION 3.1. Let Fi,Fs, be two (l, II - H)-groups of functions and let 3
be a D-net-submeasure. A net f, € Fi1, w € Q, of functions (3-converges to
a function f € Fy if for every § > 0,

lim 3({t € B | (1) - (1)] > 6} ) = 0.

154



ON DOBRAKOV NET SUBMEASURES

THEOREM 3.2. Let o, 3 be D-net-submeasures on 2%. Let Fy, Fo, be two (I, ||-||)-
-groups of functions and let a net of functions f, € F1, w € Q, B-converge to
a function f € Fa. If s, (-) € DF , w € Q, is a net of D-net-submeasures such
that it is

(i) uniformly absolutely (3-continuous, and
(ii) a-equicontinuous,
then the limit
ns(F)=1 F 1
iy (F) = lim pug (F), 1)

exists for every F' C R and [iz(-) is a D-net-submeasure.

Proof. Let F' C R. If the limit 7i;(F) exists for every F' C R, then it is a
D-net-submeasure by Lemma 1.13. Let us show that 7i,(F') exists.

Since R is complete, it is sufficient to show that for every € > 0 there exists
we € €1, such that for every w,w’ > we, there is |us, (F) — py , (F)| <e.

By (ii), the net p_(-), w € €2, is a-equicontinuous. So, for a given € > 0 there
exist £ C R, k > 0, and wy € Q, such that a(F) < k and for every w > ws, with
w € €, there is

np, (R\E) <. 2)
By Definition 2.1(b), we have that

pr (ENFE) <pg, 5, (ENF)+pp, (ENF).
This implies
s (BEOF) = p (ENF)| <pgp-p, (ENF). (3)
By (3), monotonicity, and subadditivity of uy, (-) and py ,(-), we get
|, (F) = pg,, (F)|
< g (F O R\ E)) + g, (FOE) + g, (F O R\ E)) — oy, (F 1 E)|
< s, (FO R\ E)| + |, (FO R\ E))| + | (EOF)|

Clearly, FN(R\ E) C R\ E. By (2),
o (F) = pg,, (F)| <2+ pg, 5, (ENF)
for every w,w’ > wy. According to Definition 2.1(c), we obtain
pfot (BEOF) <pgp, g, (E) < a(E) - |fo = fulle < k- llfo = fulle-
Then for a given € > 0 there exists § = £/k > 0, such that
[fo = furlle <6 = pp—p, (ENF) <e. (4)
Put G = {t € R;|fu,(t) — fur(t)| < 6}. From subadditivity of ys,_s_,(-) we have

w

fro—t, (FOE)<pp,—y , (FOENG)+pp,—r,(FNE)\G).  (5)

w
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In view of (4) and (5) we get
|, (F) = g, (F)| < 3e+ pg, 5, (ENF)\G). (6)

The net of functions f,, w € Q, G-converges to f. Denote by x4 the charac-
teristic function of the set A C R. Since (8 is a monotone set function, the net
foxa, w € Q, of functions S-converges to f,xa, w € 0 as well, where A C R.
Therefore, for every n > 0 there exists wy € Q2 such that for every w > wy with
w € Q,

Blt € A |fu(t) — fr ()] = 6} <. (7)

From uniform absolute 3-continuity of . (-), w € €2, we obtain that for every
€ > 0 there exist n > 0 and w3 €  such that for every w > w3 with w € ,

ACR,  BA) <n= g (A) <e. (3)
Further, if py (A) <e,w € Q, A CR, then
ffo—fo(A) < pp,(A) + g, (A) < 2e (9)

for every w,w’ > ws.

Put A = (ENF)\ G and take w. € 2 such that w. > w1, we > wy and
we > ws. Then (6), (7), (8), and (9) imply that for every F' C R and € > 0 there
exists we = wy € 2 such that for every w > w. there is |y, (F) — py, (F)| < 5e.
Hence the result. g

Remark 3.3. It is clear that the family {7i;(-)} U {py, (-); w € Q} is uniformly
absolutely (-continuous and a-equicontinuous. Also, it may be easily verified
that, for a fixed directed set €2, the limit (1) does not depend on the choice of
the net of functions f, € Fi, w € Q.

For 8 a D-net-submeasure, the following concept of S-approximate continuity
is a generalization of the notion of approximate continuity, cf. e.g., [9].

DEFINITION 3.4. Let 3: 2% — [0,00) be a D-net-submeasure.

A (-density of a set FF C R at t € R, written ”Dg(t), is imB(ENF)/B(E)
provided the limit exists, where the limit is taken over E,t € E, and [(FE)
approaching 0.

A point t is a point of B-density of F if ’Dg(t) = 1. A function f : R — R is
said to be B-approximately continuous at t if t is a point of G-density of a set F’
and f is continuous at ¢ with respect to F'.

A function f is B-approximately continuous in (a,b), where a,b € R, a < b if
f is -approximately continuous at each ¢ € (a, b).

For our next result we need the following theorem which generalizes the result
from [14], Theorem 1.
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THEOREM 3.5. Let 3 be a D-net-submeasure and F be a space of all 3-ap-
prozimately continuous real functions on R. If a net f, : R — R, w € Q, of
monotone functions (3-converges to f € F on a finite interval (a,b), a < b, then
a net f,,w € Q, of functions B-converges to f in each point of the B-approrimate
continuity of f.

Proof. Let f,,w € Q be a net of nondecreasing functions, and ¢y € (a,b) be
a point of the f-approximate continuity of f. Suppose the contrary, i.e., that
anet f,(tg),w € Q does not [-converge to f(tg). Then there exists n > 0 such
that

limsup [fy(to) = f(to)| = n-

w'rw>w!

Let us define a set
Q= {weQ|fulto) — fto)| = n}.
Clearly, the sets © and € are cofinal. We define the sets
Q' ={we; futy) > f(to) +n}

and
Q" ={w e fult) < f(to) —n}.
Since Q = Q' UQ”, there are two possible cases:

(i) the sets " and 2 are cofinal, or

(ii) the sets Q" and Q are cofinal.

Let us suppose that the case (i) is true. The net f,,w € Q' is a subnet of
fuw,w € Q and for every w € ' we have

Ju(to) > f(to) +n.

Since tq is a point of the S-approximate continuity of f, there exists a measurable
subset F of (a,b) such that t¢ is the point of its S-density and f|r is S-continuous
at to. There exists § > 0 such that for every t’ € F we have |f(t') — f(to)| < n/2
whenever 0 < t' —ty < § and so

fo®) = ft') = fu(to) — (') = f(to) +n— f(') >
for arbitrary w € Q. It follows that
(toto+o)nF e () {t fuld) - f0) > 1},

weY

N3

Since tg is the point of G-density of F', then
1((to, to + ) NF) > 0.
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Hence

we

inf u({t; fult) — 1(1) > g}) > u((torto+8) N F) >0,

but it denies the J-convergence in measure of the net f,,w € Q to the limit f.
We proceed analogously in the case (ii). This proves the theorem. O

Using the fact that a measurable function is (-a.e., approximately continuous,
cf. [9], and from Theorem 3.5, we get the following corollary.

COROLLARY 3.6. Let 8 be a D-net-submeasure. Let F be a space of all B-ap-
prozimately continuous real functions on R. If a net f, : R — R, w € Q, of
monotone functions (3-converges to f € F on a finite interval (a,b), a < b, then
the net f,, w € Q, of functions (3-a.e., converges to f on (a,b).

Now, we are able to prove the following main result of this section.

THEOREM 3.7. Let o, be D-net-submeasures. Let Fy be an (I, - ||)-group
of functions, and Fs be an (I,| - ||)-group of functions (-approzimately con-
tinuous on each open finite interval, such that each f € Fo is a B-limit of a
net of monotone functions from Fy. If i (+) is defined as in Theorem 3.2, then
{7 (); f € Fa} is an a-dominated Fo-class of D-net-submeasures, i.e.,

D%, = {;(); f € Fa}.
Proof. Let FF C R. We have to verify the conditions of Definition 2.1
() Clearly, 7i,(F) =7i_;(F).
(b) If a net g, € F1, w € Q, of functions F-converges to g € .7:2, and f1,(F) =

limyeq g, (F) exists, then iy, ,(F') exists and iy, (F) = i (F) —i—,ug( ).
This yields from the equality

Hf—i—g (F) = ilé% Hfotge (F)a
and the obvious inclusion

{teFwa )+ 9.()] = [f(&) +9(t)]| = }

C{te F:lfult) = ()] > 8} U {t € Fi lgu(t) —g(t) 25}, 6>0.

l\DIQ')

(c) Let a net f, € F1, w € Q of monotone functions -converge to a function
[ € Fo. Let py (-), w € Q, be a net of D-net-submeasures such that it is
uniformly absolutely (-continuous and a-equicontinuous.

Let us show that for 7i;(F) given by (1) the inequality

g (F) < a(F) - | fllr
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holds, where F' = (a,b), for a,b € R with a < b.

By Theorem 3.5 and Corollary 3.6 the net f,,, w € €2, of functions
[-a.e., converges to f on F'. Hence, there exists H C R, such that || f, || m\ x
converges to || f|| p\z and 3(H) = 0. Then

. < . :
}Jlgsl),ufw(F\H) < a(F) }JlgéwaHF\Ha

ie.,

iy, (FNH) < a(F) - [ fllma-
By uniform absolute S-continuity of py (), w € Q, we have that §(H) = 0,
and w € Q imply py, (H) = 0. Thus,

fig(H) = lim pg, (H) = 0.
So,

(F\H) +7y(H) =7, (F\ H)

Ay(F) <7y
a(F) - [[fllre < aF) - || fllr-

This completes the proof. O

COROLLARY 3.8. Combining Theorems 3.2 and 3.7, we see that we have de-
scribed a recursive procedure how to create new classes of D-net-submeasures
from the given ones.
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