Tatra Mt. Math. Publ. 31 (2005), 75–86 tm

Mathematical Publications

ON ASYMPTOTIC AND LOGARITHMIC DENSITIES

Florian Luca — Štefan Porubský

ABSTRACT. In the present paper, a construction of a set with prescribed values of lower and upper asymptotic and logarithmic densities is given.

Two important density concepts are the asymptotic and logarithmic density. For their role in the additive or multiplicative number theory the reader is referred to [3]. In general, the density concepts are important tools for measuring of the size of sequences of positive or non-negative integers. One of the most natural questions is whether there are sequences with prescribed admissible values of the chosen density type. An analogous question for a pair of density concepts is posed more seldom. A bit surprising fact is that a result expressing the independence (within admissible bounds of the existence) of the asymptotic and logarithmic densities was proved only recently [4]. In this paper we give a constructive proof of this result (see Theorem 1 below).

For every subset A of N, the set of positive integers, let σ_l(A), σ_u(A), σ_{ll}(A) and σ_{ul}(A) be the lower and upper regular asymptotic and logarithmic densities of A, respectively.

In this connection note that a sequence A of positive integers with a positive lower asymptotic density, say d, does not necessarily contain a subsequence B ⊂ A with asymptotic density d. The set of pairs ( σ_l(B), σ_u(B) ) , where B runs over all subsequences of A is described in [1, 2]. To construct examples in which such subsets exist one can also use some results from the theory of distribution functions [7]. Let 0 6 α 6 β 6 γ 6 δ 6 1 (1)

be real numbers in [0, 1] which will remain fixed in what follows.

2000 M a t h e m a t i c s S u b j e c t C l a s s i f i c a t i o n: 11B05. K e y w o r d s: asymptotic density, logarithmic density.

The first author was supported in part by Grants SEP-CONACyT 37259-E, 37260E and UNAM-PAPIIT 104602 and the second author was supported by the Institutional Research Plan AV0Z10300504 and the grant # 201/04/0381 of the Grant Agency of the Czech Republic.

Theorem 1. Given α, β, γ, δ ∈ [0, 1] with (1), there exists a sequence A ⊂ N

such that σ_l(A) = α , σ_u(A) = δ , σ_{ll}(A) = β , σ_{ul}(A) = γ . To start, we point out that the constructed set A is of the form

A = N ∩ ( ⋃ n¿1^{[xn, yn)} ) , for some sequences (x_n)_n¿_1 and (y_n)_n¿_1 which range in the set of positive integers or infinity and satisfying x_n < y_n < x_{n+1} for all n ¿ 1. Clearly, x_n > 1 for n ¿ 2. In what follows, for a real number x > 1 we use log x for the natural logarithm of x.

For any n ¿ 2 write

σ_l(n) = 1 x_n n−1∑ i=1 (y_i − x_i) , (2)

σ_u(n) = 1 y_n n∑ i=1 (y_i − x_i) , (3)

σ_{ll}(n) = 1 log x_n n−1∑ i=1 log(y_i/x_i) , (4)

σ_{ul}(n) = 1 log y_n n∑ i=1 log(y_i/x_i) . (5)

The following observation is trivial:

Lemma 2. The following equalities hold

σ_l(A) = lim inf_n σ_l(n) , σ_u(n) = lim sup_n σ_u(n) . (6)

Assume moreover that lim_{n→∞} n x_n = 0 . (7) Then the equalities σ_{ll}(A) = lim inf_n σ_{ll}(n) , σ_{ul}(A) = lim sup_n σ_{ul}(n) (8)

hold.

P r o o f . For a real number x > 1 let

σ_x(A) = #{m ∈ A : m 6 x} #{m 6 x}^{= #{m ∈ A : m} 6 x} ⌊x⌋ .

If y_{n−1} 6 x < x_n for some n ¿ 2, then

σ_x(A) = n−1∑ i=1 (y_i − x_i) ⌊x⌋ ¿ n−1∑ i=1 (y_i − x_i)

x_n − 1

= σ_l(n) + O ( 1 x_n ) , (9)

while if x_n 6 x < y_n then

σ_x(A) = n−1∑ i=1 (y_i − x_i) + ( ⌊x⌋ − x_n + 1 ) ⌊x⌋ 6 n∑ i=1 (y_i − x_i)

y_n − 1

= σ_u(n) + O ( 1 y_n ) . (10) Inequalities (9) and (10) clearly show that limits asserted at (6) hold. A similar argument applies to show that σ_{ll}(A) = lim inf_n σ^′_{ll}(n) and σ_{ul}(n) = lim sup_n σ^′_{ul}(n), where σ^′_{ll}(n) = 1 log x_n (_{n−1} ∑ i=1 ∑ x_i6k<y_i 1 k ) and σ^′_{ul}(n) = 1 log y_n (_n ∑ i=1 ∑ x_i6k<y_i 1 k ) , for all n ¿ 2. The fact that these limits are equal to the ones appearing in (8) follows from the estimate ∑ s6k<t 1 k = log(t/s) + O ( 1 s )

holding uniformly in positive integers t > s, and the fact that (7) is equivalent to the vanishing of the asymptotic density of the sequence {x_n}, which in turn implies that also the logarithmic density of {x_n} is zero.

Here is how we construct our set A.

Theorem 3. Let 0 6 α 6 β 6 γ 6 δ 6 1 be given numbers. Let (α_n)_n¿_1 ,

(β_n)_n¿_1 , (γ_n)_n¿_1 , (δ_n)_n¿_1 be sequences of real numbers such that the inequalities 1 (log n)^{1/2} < α_n < β_n < γ_n < δ_n < 1 − 1 (log n)^{1/2}

(11)

hold for all n ¿ e^4, and which converge to α, β, γ, δ , respectively. Put λ_n = 1 +^1_{log n} , u_n = λ^n and v_n = λ^′_nλ^n , where λ^′_n = 1 +^{ζn}_{log n} , with

ζ_n = β_n if n ∈ [ 2^{k2} + k^4 log k, 2^{(k+1)2} − (k + 1)^4 log(k + 1) ] and k ≡ 0 (mod 2), k ¿ 2 ;

γ_n if n ∈ [ 2^{k2} + k^4 log k, 2^{(k+1)2} − (k + 1)^4 log(k + 1) ] and k ≡ 1 (mod 2) ;

δ_n if n ∈ (2^{k2} − k^4 log k, 2^{k2} + k^4 log k) and k ≡ 0 (mod 2), k ¿ 2 ;

α_n if n ∈ (2^{k2} − k^4 log k, 2^{k2} + k^4 log k) and k ≡ 1 (mod 2) .

Finally, set x_n = ⌊u_n⌋ and y_n = ⌊v_n⌋. Then there exists n_0 so that the inequalities x_n < y_n < x_{n+1} hold for all n ¿ n_0 . Moreover, if we set

A = N ∩ ( ⋃ n¿n0^{[xn, yn)} )

then σ_l(A) = α, σ_{ll}(A) = β , σ_{ul}(A) = γ , and σ_u(A) = δ .

P r o o f . We first show that x_n < y_n < x_{n+1} holds for n > n_0 . Clearly, it suffices to show that the inequalities v_n − u_n > 1 and u_{n+1} − v_n > 1 hold for

n ¿ n_0 . There exists t_0 > 0 so that the inequality

1 + t > e^{t/2} holds for all t ∈ (0, t_0) . Thus, v_n − u_n = ζ_n log n · λ^n ¿ α_n log n ( 1 + 1 log n )_n ¿^{en/(2 log n)}

(log n)^{3/2}

(12)

holds for n > e^{1/t0} . Clearly, the function of n appearing in the right hand side of (12) tends to infinity with n, therefore the inequality v_n − u_n > 1 will certainly hold for n sufficiently large. We now study u_{n+1} − v_n . Notice that log ( u_{n+1} v_n ) = log(u_{n+1}) − log(v_n)

= (n + 1) log ( 1 + 1 log(n + 1) ) − n log ( 1 + 1 log n ) − log ( 1 + ζ_n log n ) ¿ (n + 1) log^(1 +^1_{log(n + 1)}^) − n log^(1 +^1_{log n}^) − log^(1 +^{δn}_{log n}^) ._{(13)}

We shall make use of the fact that log ( 1 + 1 x ) = 1 x + O ( 1 x^2 ) (14)

holds for large x together with the fact that

(x + 1) log ( 1 + 1 log(x + 1) ) − x log ( 1 + 1 log x ) = 1 log x + O ( 1 (log x)^2 ) (15)

holds for large x. Indeed, (14) is well-known, while (15) follows from the intermediate value theorem together with the fact that d dx ( x log ( 1 + 1 log x ))

= log ( 1 + 1 log x ) − 1 (log x)^2 · 1 (1 + 1/log x) = 1 log x + O ( 1 (log x)^2 ) holds for large values of x. Using (14) and (15) in (13), we get log ( u_{n+1} v_n ) ¿^{1 − δn}_{log n} + O^{( 1}_{(log n)2}^) ¿^1_{2(log n)3/2} , (16)

where (16) holds for large n because of inequality (11.). Thus, for large n we have u_{n+1} ¿ e^{1/(2 log n)3/2} v_n , therefore the inequality u_{n+1} − v_n > v_n ( e^{1/(2 log n)3/2} − 1 ) > ( 1 + 1 log n )_n 1 (2 log n)^{3/2} > e^{n/(2 log n)} (2 log n)^{3/2}

(17)

holds for large enough values of n. The function of n appearing on the right hand side of (17) tends to infinity when n tends to infinity, thus u_{n+1} − v_n > 1 certainly holds for n sufficiently large. From now on, we write n_0 > e^4 with the meaning understood in the statement of the Theorem 3.

We now look at the densities. Since

u_n = λ^n > e^{n/(2 log n)} > n^2

holds for large n, it follows that the condition (7) is fulfilled, so we are entitled to apply Lemma 2. It is also clear that in formulas (2)–(5) we may replace x_n by u_n and y_n by v_n up to an error which is o(1). Indeed, for n ¿ n_0 + 1 we have

σ_l(n) = 1 x_n ∑ n06i6n−1^{(yi − xi) =} 1 x_n ∑ n06i6n−1^{(vi − ui) + O} ( n x_n )

= 1 x_n ∑ n06i6n−1^{(vi − ui) + o(1) .} In particular, 1 x_n ∑ n06i6n−1^{(vi − ui)} is bounded and therefore

σ_l(n) = 1 x_n ∑ n06i6n−1^{(vi − ui) + o(1) =} 1 u_n ∑ n06i6n−1^{(vi − ui) + O} ( 1 u_n ) + o(1) = 1 u_n ∑ n06i6n−1^{(vi − ui) + o(1) .}

Similar arguments show that all the estimates

σ_u(n) = 1 v_n ∑ n06i6n^{(vi − ui) + o(1) ,} σ_{ll}(n) = 1 log u_n ∑ n06i6n−1^{log(vi/ui) + o(1) ,} and σ_{ul}(n) = 1 log v_n ∑ n06i6n^{log(vi/ui) + o(1)} hold. From now on, for n > n_0 we write

σ^′_l(n) = 1 u_n ∑ n06i6n−1^{(vi − ui) , σ} ′ u(n) = 1 v_n ∑ n06i6n^{(vi − ui) ,} σ^′_{ll}(n) = 1 log u_n ∑ n06i6n−1^{log(vi/ui) , σ} ′ ul(n) = 1 log v_n ∑ n06i6n^{log(vi/ui) ,} and use the above estimates together with Lemma 2 to conclude that in order to complete the proof of Theorem 3 it suffices to show that lim inf_n σ^′_l(n) = α, lim inf_n σ^′_{ll}(n) = β , lim sup_n σ^′_{ul}(n) = γ , and lim sup_n σ^′_u(n) = δ .

We start with the logarithmic means. Notice that 1 log u_n ∑ n06i6n−1^{log(vi/ui) =} 1 log u_n ∑ n06i6n−1^{log} ( 1 + ζ_i log i )

= 1 log u_n ∑ n06i6n−1 ζ_i log i + O ( 1 log u_n ∑ n06i6n−1 1 (log i)^2 ) . (18)

Since for a large positive integer n we have ∑ n06i6n 1 (log i)^2 = n∫ n0 dt (log t)^2

+ O(1) ≪ n (log n)^2 , while log u_n ¿ n/(2 log n), we get that the error shown in (18) is o(1). Thus, 1 log u_n ∑ n06i6n−1^{log(vi/ui) =} 1 log u_n ∑ n06i6n−1 ζ_i log i

+ o(1) . (19)

In particular, 1 log u_n ∑ n06i6n−1 ζ_i log i is bounded. We now use the fact that

log u_n = n log ( 1 + 1 log n ) = n log n + O ( n (log n)^2 )

to conclude that in (19) we may replace log u_n by n/ log n creating an error of o(1). All these arguments show that if we take

σ_{log}(n) = 1 n/ log n ∑ n06i6n ζ_i log i

then σ^′_{ll}(n) = σ_{log}(n) + o(1) and σ^′_{ul}(n) = σ_{log}(n) + o(1) .

Thus, it suffices to compute the lower and upper limits of σ_{log}(n). For this, we claim that for all n we have 1 n/log n ∑ n06i6n β_i log i

+ o(1) 6 σ_{log}(n) 6 1 n/log n ∑ n06i6n γ_i log i

+ o(1) , (20)

with equality in both sides occurring infinitely often. To see why this is so, notice that ζ_n takes the extreme values α_n and δ_n in very few n’s. Specifically, let n be a very large positive integer. If i < n is such that ζ_i ∉ {β_i, γ_i}, then there exists k such that 2^{k2} − k^4 log k < n and i ∈ ( 2^{k2} − k^4 log k, 2^{k2} + k^4 log k ) . Clearly, the largest such k is ≪ √ log n, and so the number of such i < n is certainly not more than ∑ k≪ √ log n

(2k^4 log k + 1) ≪ ∑ k≪ √ log n

k^5 ≪ (log n)^3 .

This argument shows that 1 n/log n ∑ n06i6n ζ_i ∉{β_i ,γ_i} ζ_i log i ≪ (log n)^3 n/log n = o(1) .

This shows that the extremal occurrences of ζ_i ∈ {α_i, δ_i} do not influence the limiting behavior of σ_{log}(n), and so we get the inequalities asserted at (20) To see that equality in both sides of (20) occurs infinitely often, take, for example, n = ⌊2^{(k+1)2} − (k + 1)^4 log(k + 1)⌋ with a large even integer k . Then

σ_{log}(n) = 1 n/log n ∑ n06i6n ζ_i log i = 1 n/log n ∑ 2^k2 +k4 log k6i6n β_i log i + 1 n/log n ∑ n06i<2^{k2} +k^4 log k ζ_i log i = 1 n/log n ∑ n06i6n β_i log i + O ( 2^{k2} n/log n )

= 1 n/log n ∑ n06i6n β_i log i + O ( k^2 · 2^{k2} 2^{(k+1)2} )

= 1 n/log n ∑ n06i6n β_i log i + O ( k^2 2^{2k} )

= 1 n/log n ∑ n06i6n β_i log i

+ o(1) ,

which proves the equality from the left hand side of (20). The equality on the right hand side of (20) follows similarly by letting n go to infinity through numbers of the form n = ⌊2^{(k+1)2} − (k + 1)^4 log(k + 1)⌋ with an odd integer k . It now suffices to notice that lim_{n→∞} 1 n/log n ∑ n06i6n β_i log i

= β and lim_{n→∞} 1 n/log n ∑ n06i6n γ_i log i

= γ . (21)

Indeed, (21) follows by Cesàro’s theorem by noticing, for example, that lim_{n→∞} β_n/ log n (n + 1)/ log(n + 1) − n/ log n

= lim_{n→∞} β_n ( log(n + 1) (n + 1) log n − n log(n + 1) ) = β , and a similar argument deals with the limit appearing in the right hand side of (21).

Having dealt with the logarithmic means, we now turn our attention to the regular asymptotic means. Notice that

σ^′_l(n) = 1 u_n ∑ n06i6n−1 ζ_iu_i log i = 1 u_n ∑ n06i6n ζ_iu_i log i − ζ_n log n = 1 u_n ∑ n06i6n ζ_iu_i log i

+ o(1) .

In particular, 1 u_n ∑ n06i6n ζ_iu_i log i is bounded. Since

v_n = u_n + ζ_nu_n log n

= u_n + O ( u_n log n ) = u_n + o(u_n) ,

it follows that in the formula of σ^′_u(n) we may replace v_n by u_n creating an error of o(1). Hence, 1 u_n ∑ n06i6n ζ_iu_i log i

= σ^′_l(n) + o(1) = σ^′_u(n) + o(1) .

Thus, it suffices to investigate the upper and lower limits of the sequence

σ_{reg}(n) = 1 u_n ∑ n06i6n ζ_iu_i log i . Since α_i 6 ζ_i 6 δ_i holds for all i ¿ n_0 , it is clear that the inequalities 1 u_n ∑ n06i6n α_iu_i log i 6 σ_{reg}(n) 6 1 u_n ∑ n06i6n δ_iu_i log i

(22)

hold for all n > n_0 . It is easy to see, by employing Cesàro’s theorem again, that the sequence appearing on the left hand side of inequality (22) tends to α, while the sequence appearing on the right hand side of inequality (22) tends to δ . Indeed, we have lim_{n→∞} α_nu_n/ log n u_n − u_{n−1} = lim_{n→∞} α_n 1 ( 1 −^{un}�^1_{un} ) log n = α ,

where here we used the fact that the sequence ( 1 − u_{n−1} u_n ) log n = ( 1 − exp ( (n − 1) log ( 1 + 1 log(n − 1) ) − n log ( 1 + 1 log n ))) log n

= ( 1 − exp ( − 1 log n + O ( 1 (log n)^2 ))) log n = ( 1 log n + O ( 1 (log n)^2 )) log n = 1 + O ( 1 log n )

tends to 1. It remains to show each one of the estimates

σ_{reg}(n) = 1 u_n ∑ n06i6n α_iu_i log i

+ o(1) (23) and σ_{reg}(n) = 1 u_n ∑ n06i6n δ_iu_i log i

+ o(1) (24)

holds for infinitely many values of n. We shall prove only that (23) holds infinitely often, for the proof of the fact that (24) holds infinitely often is entirely similar. To see (23), let k be a large even integer, write n = n_k = ⌊2^{(k+1)2} + (k + 1)^4 log(k + 1)⌋ and m = m_k = ⌊2^{(k+1)2} − (k + 1)^4 log(k + 1)⌋. Then

σ_{reg}(n) = 1 u_n ∑ m6i6n α_iu_i log i + O 1 u_n ∑ n06i6m u_i log i . (25)

It suffices to show that the error appearing in the right hand side of (25) is o(1). But this error is certainly ≪ u_{mk} u_{nk} ∑ n06i6mk 1 log i ≪ u_{mk} u_{nk} · m_k log m_k 6 u_{mk} u_{nk} · n_k log n_k = ( 1 + 1 log m_k )_{mk} ( 1 + 1 log n_k )_{−nk} n_k log n_k = ( 1 + 1/ log m_k 1 + 1/ log n_k )_{mk} ( 1 + 1 log n_k )_{mk −nk} n_k log n_k

. (26)

The first factor appearing in the right hand side of (26) is ( 1 + 1/ log m_k 1 + 1/ log n_k )_{mk} = ( 1 + log n_k − log m_k log n_k log m_k(1 + 1/ log m_k) )_{mk}

= ( 1 + log ( n_k/m_k) (1 + o(1) ) log n_k log m_k )_{mk}

< ( 1 + 2(k + 1)^4 log ( k + 1) m_k(1 + o(1) ) (log n_k)^2 )_{mk} 6 exp^{( 2(k + 1)4 log(k + 1)}

(1 + o(1) ) (log n_k)^2 ) 6 exp^{( 2 log(k + 1)}

(1 + o(1) ) (log 2)^2 ) < k^5 ,

where for the last inequality we used the fact that 2/(log 2)^2 < 5. Thus, ( 1 + 1/ log m_k 1 + 1/ log n_k )_{mk} 1 log n_k

≪ k^3 . (27)

Finally ( 1 + 1 log n_k )_{mk −nk} n_k 6 exp ( m_k − n_k log n_k

+ log n_k )

= exp ( − 2(k + 1)^4 log ( k + 1) (1 + o(1) ) · k^2 · log 2 + ( 1 + o(1) ) k^2 log 2 )

= exp ( − ( 1 + o(1)

) 2k^2 log k log 2 + ( 1 + o(1) ) k^2 log 2 ) < exp(−2k^2) , (28)

where the above inequality holds for large values of k because log 2 < 1. From (27) and (28), we get that the right hand side of (26) is bounded above by

k^3 · exp(−2k^2)

and this last function clearly tends to zero when k tends to infinity. Theorem 3 is therefore proved.

It is clear that Theorem 3 implies Theorem 1.

In [5] a [6] a relation between asymptotic and logarithmic density is modelled using weighted means in a more general setting for arithmetical semi-groups. In a forthcoming paper we show that under certain assumptions these ideas are also applicable in a modified form in the frame developed in [5].

The authors would like to thank to Oto S t r a u c h for useful comments and careful reading of the original version of the manuscript.

REFERENCES

[1] GREKOS, G. : Répartition des densités sous-suites d’entiers, J. Number Theory 10 (1978), 177–191.

[2] GREKOS, G.—VOLKMANN, B. : On densities and gaps, J. Number Theory 26 (1987), 129–148.

[3] HALBERSTAM, H.—ROTH, K. F. : Sequences, Clarendon Press, Oxford, 1966. [4] MIŠÍK, L. : Sets of positive integers with prescribed values of densities, Math. Slovaca 52 (2002), 289–296.

[5] PORUBSKÝ, Š. : Notes on density and multiplicative structure of sets of generalized integers, in: Colloquia Mathematica Societatis János Bolyai, Vol. 34, Topics in Classical Number Theory, Akadémiai Kiadó, Budapest, 1984, pp. 1295–1315.

[6] PORUBSKÝ, Š. : Notes on densities of sets of generalized integers, in: Proceedings of the Elementary and Analytic Number Theory (ELAZ) Conference, Mainz, Germany (May 24–28, 2004), pp. 255–266.

[7] STRAUCH, O.—PORUBSKÝ, Š. : Distribution of Sequences: A Sampler, Peter Lang, European Academic Publisher, Frankfurt am Main, 2005.

Received October 20, 2004 Florian Luca Instituto de Matematicás de la UNAM Campus Morelia Apartado Postal 61–3 (Xangari) CP–58 089 Morelia, Michoácan MEXICO E-mail: fluca@matmor.unam.mx

Štefan Porubský Institute of Computer Science Academy of Sciences of the Czech Republic Pod Vodárenskou věží 2 CZ–182 07 Praha 8-Libeň CZECH REPUBLIC

Department of Algebra Geometry and Didactic of Mathematics Faculty of Sciences University of Žilina ul. J. M. Hurbana SK–010 26 Žilina SLOVAK REPUBLIC E-mail: porubsky@cs.cas.cz