Tatra Mt. Math. Publ. 28 (2004), 117–124 tm

Mathematical Publications

SUMS OF TI -QUASI-CONTINUOUS FUNCTIONS

Katarzyna Flak — Ewa Łazarow — Aleksander Maliszewski

ABSTRACT. For each finite family of cliquish functions A we can find a Lebesgue function ff such that f + ff is strong Świa_,tkowski and TI -quasicontinuous for every f 2 A. Consequently, each cliquish function is the sum of

two T_I -quasi-continuous strong^´Swia_,tkowski functions. This result is a strength-

ened version of theorems proved earlier by H. W. Pu & H. H. Pu, Z. Grande, and A. Maliszewski, and it solves a problem posed by K. Flak.

1. Preliminaries

1.1 Notation

The real line (−∞, ∞) is denoted by R and the set of positive integers by N. The word function means a mapping from R into R. The words measure, summable, a symbol like ∫ A f , etc. always refer to the Lebesgue measure and integral in R.

The Euclidean metric in R will be denoted by ϱ. If A ⊂ R is nonempty, then let diam A be its diameter; i.e., diam A = sup { |x − y| : x, y ∈ A } . Let f be a function and let A ⊂ R be nonempty. The oscillation of f on A will be denoted by ω(f, A); i.e., ω(f, A) = sup f[A] − inf f[A]. Similarly, the oscillation of f at a point x ∈ R will be denoted by ω(f, x); i.e., ω(f, x) = lim_{δ→0}+ ω ( f, [x − δ, x + δ ] ) . The set of points of continuity of f will be denoted

by C(f).

Throughout the paper, B denotes the family of all subsets of R possessing the Baire property, and I denotes the σ-ideal of all meager sets. For brevity, we introduce the notation A @ B for A \ B ∈ I .

2000 M a t h e m a t i c s S u b j e c t C l a s s i f i c a t i o n: Primary 26A24; Secondary 26A21, 54C08. K e y w o r d s: TI topology, quasi-continuity, cliquishness.

Supported by Łódź University; Supported by PAP Słupsk; Supported by Bydgoszcz Academy.

1.2 Topology T_I

The notion of the I-density point was introduced in [11]. Its further properties were studied in [14].

We say that 0 is an I-density point of a set A ∈ B iff for every increasing sequence (n_m) of positive integers there exists a subsequence (n_{mp} ) such that χ_{(nmp ·A)∩[−1,1]} −→ χ_{[−1,1]} as p → ∞ except for a meager set. (The symbol n_{mp} · A stands for {n_{mp} y : y ∈ A}.) A point x_0 is an I-density point of a set A ∈ B iff 0 is an I-density point of −x_0 + A. (Similarly, −x_0 + A = {−x_0 + y : y ∈ A}.)

It is well-known that the family of all sets A ∈ B with the property that each x ∈ A is an I-density point of A is a topology in R finer than the Euclidean one ([11]). We will denote this topology by T_I .

1.3 Quasi-continuity and cliquishness

The notion of quasi-continuity was introduced in 1932 by S. K e m p i s t y [4], and the notion of cliquishness—by H. T h i e l m a n [13].

Let T be a topology in R and f : R → R. We say that f is T -quasi-

continuous (T -cliquish) at a point x ∈ R, if for each ε > 0 and each T -open set U ∋ x we can find a nonempty T -open set V ⊂ U such that ω ( f, {x} ∪ V ) < ε (such that ω(f, V ) < ε, respectively). We say that f is T -quasi-continuous

(T -cliquish), if it is T -quasi-continuous (T -cliquish) at each point x ∈ R. If T is the Euclidean topology in R, then we will write simply quasi-continuous

and cliquish. It is well-known that a function f is cliquish iff it is pointwise discontinuous; i.e., iff the set C(f) is dense in R.

1.4 Lebesgue functions

We say that x ∈ R is a Lebesgue point of a function α : R → R, if α is locally

summable at x and lim_{δ→0} x+δ∫ x | α − α(x) | /δ = 0. We say that α is a Lebesgue

function, if each x ∈ R is a Lebesgue point of α. Recall that each Lebesgue function is an approximately continuous derivative.

1.5 Strong Światkowski functions

We say that a function φ : R → R is strong Światkowski ([7]), if whenever α < β and ( f(α) − y )( f(β) − y ) < 0, there is an x_0 ∈ (α, β) ∩ C(f) with f(x_0) = y . Recall that strong Światkowski functions are both Darboux and quasi-continuous. (See, e.g., [7] or [9].)

SUMS OF TI -QUASI-CONTINUOUS FUNCTIONS

2. Introduction

In 1987 H. W. P u and H. H. P u proved the following theorem [12].

Theorem 2.1. Let f_1, . . . , f_k be Baire one functions. There exists a Baire

one function α such that f_i + α is Darboux for each i ∈ {1, . . . , k}.

This theorem was generalized in 1992 by Z. G r a n d e [3].

Theorem 2.2. Let f_1, . . . , f_k be cliquish functions. There exists a Baire one

function α such that α ≠ 0 only on a null set and f_i + α is Darboux for each i ∈ {1, . . . , k}. In 1996 A. M a l i s z e w s k i showed that we can require even more [10, Theorem 4]. (See also [9, Theorem I.3.2].) Clearly, we cannot require that α ≠ 0 only on a null set.

Theorem 2.3. Let f_1, . . . , f_k be cliquish functions and τ > 0. There exists

a Lebesgue function α such that f_i + α is strong Światkowski^1 for each i ∈ {1, . . . , k}, |α| < sup { ω(f_i, x) : i ∈ {1, . . . , k}, x ∈ R } + τ on R, and C(α) ⊃ k⋂ i=1 C(f_i).

K. F l a k proved in her PhD thesis [1] that each T_I-quasi-continuous function is quasi-continuous and that the converse is not true, while the notions of

T_I-cliquishness and cliquishness coincide. So, it is natural to ask whether we

can strengthen the conclusion of Theorem 2.3, adding the requirement that each sum f_i + α be moreover T_I -quasi-continuous. We will show we can. As a corollary we obtain that each cliquish function is the sum of two T_I-quasi-continuous functions, which answers a question posed by K. F l a k [2] in the positive.

3. Auxiliary results

We will need the following lemmas. The first of them is a part of [6, Lemma 1]. (See also [5, Theorem 1].)

Lemma 3.1. Suppose that U ∈ B and x is an I-density point of U . Then

there are η > 0 and r ∈ N such that for each δ ∈ (0, η), we can find p, q ∈ {1, . . . , r} with ( x − p r δ , x − p − 1 r δ ) ∪ ( x + q − 1 r δ , x + q r δ ) @ U . 1Actually A. M a l i s z e w s k i did not use this notion, which was introduced later in [7].

The proof of the next lemma is straightforward. (See also [9, Lemma I.3.1], [10, Lemma 3], and [8, Lemma 3.3].)

Lemma 3.2. Let k ≥ 1, I be a compact interval, functions g_1, . . . , g_k be

cliquish, K ⊂ R be nowhere dense and closed, τ > max { ω(g_i, I) : i ∈ {1, . . . , k} } , and L, ε > 0. There exists a nowhere dense perfect set F ⊂ I ∩^k ⋂ i=1 C(g_i) \ K

and a continuous function α such that |α| < L + τ on R, α = 0 on K ∪ (R \ I), ∫ I |α| < ε, and (g_i + α)[F ] ⊃ [ inf g_i[I ] − L, sup g_i[I ] + L ] for each i.

4. Main results

The proof of our main result is patterned on that of [10, Theorem 4].

Theorem 4.1. Let k ≥ 1, f_1, . . . , f_k be cliquish functions and τ > 0.

There exists a Lebesgue function α such that f_i + α is strong Światkowski and

T_I-quasi-continuous for each i, |α| < sup^{ω(f_i, x) : i ∈ {1, . . . , k}, x ∈ R^} + τ

on R, and C(α) ⊃^{k⋂}_{i=1} C(f_i).

P r o o f . First set τ_0 = sup { ω(f_i, x) : i ∈ {1, . . . , k}, x ∈ R } + τ /2, A_0 = ∅,

and τ_n = τ /5^n , A_n =^k ⋃ i=1 { x ∈ R : ω(f_i, x) ≥ τ_n^} for n ≥ 1. Then each set A_n is

closed, and since f_1, . . . , f_k are cliquish, it is nowhere dense. Let C =^k ⋂ i=1 C(f_i).

We will construct by induction a sequence of nowhere dense closed sets, (F_n), and a sequence of Lebesgue functions, (α_n). Put α_0 = 0 and F_0 = ∅. Fix an

n ∈ N._{Find a family, {I} n,m : m ∈ N } , consisting of nonoverlapping compact intervals, such that ⋃ m∈N I_{n,m} = R \ A_n and each x /∈ A_n belongs to the interior of

the union I_{n,m} ∪ I_{n,p} for some m, p ∈ N. For each m, since I_{n,m} is a compact set, ω(f_i, x) < τ_n for each x ∈ I_{n,m} and each i, and I_{n,m} ⊂ C(α_{n−1}), we can write the interval I_{n,m} as the union of nonoverlapping compact intervals, I_{n,m} = sn,m⋃ j=1 I_{n,m,j} , such that diam I_{n,m,j} < m^{−1}ϱ(I_{n,m}, A_n) and ω(f_i + α_{n−1}, I_{n,m,j}) < τ_n (1) for all i and j .

SUMS OF TI -QUASI-CONTINUOUS FUNCTIONS Fix m ∈ N and j ∈ {1, . . . , s_{n,m}}. Set L_{n,m,j} = { τ_{n−1} if τ_{n−1} < ∞ , max { sup |f_i + α_{n−1}|[I_{n,m,j}] : i ∈ {1, . . . , k} } + m otherwise .

(The lower case is possible only if n = 1.) By Lemma 3.2, there exists a nowhere dense perfect set F_{n,m,j} ⊂ I_{n,m,j} ∩ C \ F_{n−1} and a continuous function α_{n,m,j} such that: |α_{n,m,j}| < L_{n,m,j} + τ_n on R , (2) α_{n,m,j} = 0 on F_{n−1} ∪ (R \ I_{n,m,j} ) , (3) ∫ In,m,j |α_{n,m,j} | < 2^{−m} diam I_{n,m,j} /s_{n,m} , (4) for each i the set (f_i + α_{n−1} + α_{n,m,j})[F_{n,m,j} ] contains the interval [ inf(f_i + α_{n−1})[I_{n,m,j} ] − L_{n,m,j} , sup(f_i + α_{n−1})[I_{n,m,j} ] + L_{n,m,j} ] . (5) Define

F_n = F_{n−1} ∪ A_n ∪ ⋃ m∈N sn,m⋃

j=1 F_{n,m,j} , α_n = α_{n−1} + ∑ m∈N sn,m∑

j=1 α_{n,m,j} . Clearly the set F_n is closed and nowhere dense. Using condition (4) one can easily show that each x ∈ A_n is a Lebesgue point of α_n − α_{n−1} . Since α_n is continuous outside of A_n and α_{n−1} is a Lebesgue function, α_n is a Lebesgue function as well.

Put α = lim_{n→∞} α_n . By (2), this sequence is uniformly convergent, so α is a Lebesgue function. Moreover by construction, C(α) ⊃ ⋂ n∈N (R \ A_n) = C and

|α| < τ_0 + 2 ∑ n∈N τ_n = sup { ω(f_i, x) : i ∈ {1, . . . , k}, x ∈ R } + τ on R._{Fix an i ∈ {1, . . . , k}. First we will show that}

for each x /∈ C and each T_I -open set U ∋ x , there is an open interval

I @ U ∩ (x, ∞) with I ∩ C ∩ (f_i + α)^{−1(}(f_i + α)(x)^) ≠ ∅ . (6)

Let x /∈ C and let U ∋ x be an arbitrary T_I-open set. Let n ∈ N be such that x ∈ A_n \ A_{n−1} , and choose η > 0 and r ∈ N according to Lemma 3.1. We consider two cases.

Case 1. If τ_{n−1} = ∞, then pick a δ ∈ (0, η) such that

(x − δ, x + δ) ∩ I_{n,m} = ∅ for each m ≤ |(f_i + α)(x)| + 4r. (7) There is a q ∈ {1, . . . , r} such that I = ( x + q − 1 r δ , x + q r δ ) @ U . Since the set A_n is nowhere dense and ⋃ m∈N sn,m⋃ j=1 I_{n,m,j} = R\A_n, there are m ∈ N and j ∈ {1, . . . , s_{n,m}} such that I_{n,m,j} ∩ ( x + 4q − 3 4r δ , x + 4q − 1 4r δ ) ≠ ∅ . (8)

Then by (1) and (7), we obtain diam I_{n,m,j} < m^{−1}ϱ(I_{n,m}, A_n) < (4r)^{−1} 4q − 1 4r δ < 1 4r δ , whence I_{n,m,j} ⊂ ( x + 4q − 3 4r δ − diam I_{n,m,j} , x + 4q − 1 4r δ + diam I_{n,m,j} ) ⊂ I . By (7) and (8), m > | (f_i + α)(x) | . So by (5), there is a t ∈ F_{n,m,j} ⊂ I ∩ C with ( f_i + α_{n−1} + α_{n,m,j} ) (t) = (f_i + α_{n−1})(x). But by (3), (f_i + α)(t) = ( f_i + α_{n−1} + α_{n,m,j} ) (t) and (f_i + α)(x) = (f_i + α_{n−1})(x). This proves the claim (6) in this case.

Case 2. If τ_{n−1} < ∞, then ω(f_i + α_{n−1}, x) < τ_{n−1} , and we can pick a δ > 0 such that ω ( f_i + α_{n−1}, [x − δ, x + δ ] ) < τ_{n−1} . (9) Without loss of generality we may assume that δ < η and (x − δ, x + δ) ∩ I_{n,m} = ∅ for each m ≤ 4r .

There is a q ∈ {1, . . . , r} such that I = ( x + (q − 1)δ/r, x + qδ/r ) @ U .

Proceeding as above we can find m ∈ N and j ∈ {1, . . . , s_{n,m}} such that I_{n,m,j} ⊂ I . By (9) and (5), there is a t ∈ F_{n,m,j} ⊂ I ∩ C with ( f_i + α_{n−1} + α_{n,m,j} ) (t) = (f_i +α_{n−1})(x). But by (3), (f_i +α)(t) = ( f_i +α_{n−1}+α_{n,m,j} ) (t) and (f_i +α)(x) = (f_i + α_{n−1})(x). This proves claim (6).

Let x /∈ C and η > 0. Then by (6), there is an open interval I @ (x, x + η) with I ∩ C ∩ (f_i + α)^{−1} ( (f_i + α)(x) ) ≠ ∅. One can easily see that I ⊂ (x, x + η), and consequently (f_i + α)(x) ∈ (f_i + α)[I ∩ C] ⊂ (f_i + α) [ (x, x + η) ∩ C ] .

SUMS OF TI -QUASI-CONTINUOUS FUNCTIONS

Proceeding analogously we can show that (f_i +α)(x) ∈ (f_i +α) [ (x−η, x)∩C ] for each x /∈ C and each η > 0. Consequently, (f_i + α)[I ] ⊂ (f_i + α)[I ∩ C] for each closed interval I and the function f_i + α is strong Światkowski.

Finally we will prove that the function f_i + α is T_I -quasi-continuous. If x ∈ C , then x ∈ C(f_i + α). So let x /∈ C .

Fix an ε > 0 and a T_I-open set U ∋ x. By (6), there is an open interval

I @ U with I ∩ C ∩ (f_i + α)^{−1(}(f_i + α)(x)^) ≠ ∅. There is an open interval J ⊂ I

such that | (f_i + α)(t) − (f_i + α)(x) | < ε/3 for each t ∈ J .

Since I @ U , we have V = J ∩ U ≠ ∅. Clearly the set V is T_I-open and ω ( f, {x} ∪ V ) ≤ ω ( f, {x} ∪ J ) < ε . This completes the proof.

The next corollary is a generalization of [8, Theorem 4.2].

Corollary 4.2. Given a cliquish function f , we can find a T_I -quasi-continu-

ous strong Światkowski Lebesgue function α such that f − α is strong Światkowski and T_I -quasi-continuous, and C(α) ⊃ C(f). Moreover, we can require that α is bounded provided that f is bounded.

P r o o f . Use Theorem 4.1 for the family {−f, 0}.

REFERENCES

[1] FLAK, K. : Klasyfikacja Baire’a różnych rodzin funkcji quasi-cia̧głych, Ph.D. Dissertation, Łódź University, 2001.

[2] FLAK, K. : TI-quasi-continuous functions, a lecture during Real Analysis Conference, Łeba 2001.

[3] GRANDE, Z. : On the Darboux property of the sum of cliquish functions, Real Anal.

Exchange 17 (1991–1992), 571–576.

[4] KEMPISTY, S. : Sur les fonctions quasicontinues, Fund. Math. 19 (1932), 184–197. [5] ŁAZAROW, E. : On the Baire class of I-approximate derivatives, Proc. Amer. Math. Soc.

100 (1987), 669–674.

[6] ŁAZAROW, E.—MALISZEWSKI, A. : Decomposition of I-approximate derivatives, Real Anal. Exchange 20 (1994–1995), 651–656.

[7] MALISZEWSKI, A. : On the limits of strong Świa_,tkowski functions, Zeszyty Nauk. Politech. Łódz. Mat. 27 (1995), 87–93.

[8] MALISZEWSKI, A. : Sums and products of quasi-continuous functions, Real Anal. Exchange 21 (1995–1996), 320–329.

[9] MALISZEWSKI, A. : Darboux Property and Quasi-Continuity, A Uniform Approach, WSP, Słupsk, 1996.

[10] MALISZEWSKI, A. : On theorems of Pu & Pu and Grande, Math. Bohem. 121 (1996), 83–87.

[11] POREDA, W.—WAGNER-BOJAKOWSKA, E.—WILCZYŃSKI, W. : A category analogue of the density topology, Fund. Math. 125 (1985), 167–173.

[12] PU, H. W.—PU, H. H. : On representations of Baire functions in a given family as sums of Baire Darboux functions with a common summand, Časopis Pěst. Mat. 112 (1987), 320–326.

[13] THIELMAN, H. P. : Types of functions, Amer. Math. Monthly 60 (1953), 156–161. [14] WILCZYŃSKI, W.—AVERSA, A. : Some remarks on I-approximately continuous functions, Ricerche Mat. 33 (1984), 63–79.

Received November 5, 2002 Katarzyna Flak Department of Mathematics University of Łódź ul Banacha 22 PL–90-238 Łódź POLAND E-mail: flak@math.uni.lodz.pl

Ewa Łazarow Department of Mathematics Pommern Pedagogical Academy ul. Arciszewskiego 22 PL–76-200 Słupsk POLAND E-mail: elazarow@wshe.lodz.pl

Aleksander Maliszewski Department of Mathematics Bydgoszcz Academy pl. Weyssenhoffa 11 PL–85-072 Bydgoszcz POLAND E-mail: AMal@ab.edu.pl