Tatra Mt. Math. Publ. 28 (2004), 29–33 tm

Mathematical Publications

ON DARBOUX Q-DIFFERENTIABLE FUNCTIONS AND DARBOUX WRIGHT CONVEX FUNCTION

Zbigniew Grande

ABSTRACT. It is shown that for each function f : R! R there is an additive almost continuous function g (an additive function h) such that the sum f + g (f + h) is almost continuous in the sense of Stallings (does not have the Darboux property).

Let R be the set of all reals.

Additive functions play a very important role in the theory of functional equations and inequalities.

A function h : R → R is said to be additive if it satisfies Cauchy’s equation

h(x + y) = h(x) + h(y) for x, y ∈ R .

An additive function h : R → R is continuous if and only if there is a real a with h(x) = ax for x ∈ R ([5]).

A function g : R → R is said almost continuous (in the sense of Stallings) if for each open set U ⊂ R^2 containing the graph Gr(g) of the function g there is a continuous function f : R → R with Gr(f) ⊂ U ([6]).

Evidently each almost continuous function has the Darboux property. In [3,4] some examples of discontinuous additive almost continuous functions from R to R are shown.

Additive functions appear in different divisions of theory of functional equations and inequalities. For example, a function f : R → R is a Wright-convex function if and only if it is the sum of an additive function and a convex function (see [7]). Moreover, a function g : R → R is strongly Q-differentiable if and only if it is the sum of an additive function and a continuously differentiable function (see [1]).

2000 M a t h e m a t i c s S u b j e c t C l a s s i f i c a t i o n: 26A15, 26A99.

K e y w o r d s: additive functions, Stallings almost continuity, Darboux property strong Q-dif-ferentiability, Wright-convex functions.

Supported by Bydgoszcz Academy 2002.

ZBIGNIEW GRANDE

In this article we show some general theorems, which imply the answers to the questions if there are any Wright-convex functions and strongly Q-differentiable functions with (without) the Darboux property.

For this, we remember that a closed set K ⊂ R^2 is said to be a blocking set for a function f : R → R if K ∩ Gr(f) = ∅ and K ∩ Gr(h) ≠ ∅ for every continuous function h : R → R. An irreducible blocking set (IBS) K of f is a blocking set of f such that no proper subset of K is a blocking set. It is known that f is an almost continuous function if and only if it has no blocking set. Moreover, if f is not almost continuous, then there is an (IBS) K of f, and the x-projection pr_x(K) is a nondegenerate connected set (see [4]).

Throughout the article we assume Continuum Hypothesis CH. Let ω_1 be the first uncountable ordinal number and let K_0, K_1, . . . , K_α, . . . ; α < ω_1 , (∗) be a transfinite sequence of all irreducible blocking sets in R^2 of functions from

R to R.

Theorem 1. For each function f : R → R there is an almost continuous

additive function g : R → R such that the function f + g is almost continuous.

P r o o f . Let H ⊂ R be a Hamel basis (of the linear space R over the field

Q of all rationals) such that for each open interval I the intersection I ∩ H is

of the cardinality continuum (see [5, 2]).

By transfinite induction, in each projection pr_x(K_α), where α < ω_1 , we find two points x_{1,α}, x_{2,α} ∈ pr_x(K_α) ∩ H such that x_{i,α} ≠ x_{j,β} if (i, α) ≠ (j, β) , i, j = 1, 2 and α , β < ω_1 . Moreover, for each ordinal α < ω_1 we find two real y_{1,α} and y_{2,α} with

(x_{1,α} , y_{1,α}) ∈ K_α and ( x_{2,α} , y_{2,α} + f(x_{2,α}) ) ∈ K_α . Let ϕ(x) = y_{1,α} if x = x_{1,α} , α < ω_1 , y_{2,α} if x = x_{2,α} , α < ω_1 , 0 otherwise on H and let g : R → R be the additive extension of the function ϕ : H → R. Then g is an additive function. Since for each ordinal α < ω_1 we have

Gr(g) ∩ K_α ≠ ∅ and Gr(f + g) ∩ K_α ≠ ∅ ,

both the functions g and f + g are almost continuous.

ON DARBOUX Q-DIFFERENTIABLE FUNCTIONS

Theorem 2. For each function f : R → R there is an additive function g : R → R such that the sum f + g does not have the Darboux property.

P r o o f . There is a Hamel basis H ⊂ (0, 1) \ Q (see [5]). Let H = {h_α ; 0 ≤ α < ω_1} , where h_α ≠ h_β for α ≠ β , and for each ordinal α < ω_1 let H_α be the linear space over Q generated by the set Z_α = {h_β : β ≤ α} . Observe that each set H_α , α < ω_1 , is countable, H_α ⊂ H_β for α < β < ω_1 , and R =^⋃_{α<ω1} H_α .

Now, we will define, by transfinite induction, an additive function g : R → R satisfying all the requirements.

For this we find values ϕ(h_0) and ϕ(h_1) such that ϕ(h_0) + f(h_0) < 0 and ϕ(h_1) + f(h_1) > 0 and for all pairs (r, s) ≠ (0, 0) of rationals we have r ϕ(h_0) + sϕ(h_1) ≠ −f(rh_0 + sh_1) .

Such values ϕ(h_0) and ϕ(h_1) exist because the set H_1 and the set of all pairs of rationals are countable.

Moreover, for x ∈ H_1 choose r, s ∈ Q such that x = rh_0 + sh_1 and let g_1(x) = r ϕ(h_0) + sϕ(h_1) .

Since the rational coefficients in this representation are unique, we have defined a function g_1 : H_1 → R. It is clear that g_1 is additive and g_1(x) + f(x) ≠ 0 for every x ∈ H_1 \ {0} .

Fix a countable ordinal α > 1 and suppose that we have defined, for every β < α , an additive function g_β : H_β → R such that g_β(x) + f(x) ≠ 0 for every x ∈ H_β \ {0} and g_γ is the restriction of g_β to H_γ if γ < β < α.

Consider the set H_α . For each point x ≠ 0 belonging to H_α there exists exactly one pair (u, r), where r ∈ Q and u ∈ H_β , with β < α, such that x = u + rh_α .

ZBIGNIEW GRANDE

Since for each rational r ≠ 0 there is only one real y_{r,u} such that g_β(u) + r y_{r,u} + f(u + rh_α) = 0 (1) and since the sets Q and W_α = ⋃ β<α H_β are countable, there is a real ϕ(h_α) ≠ y_{r,u} for all pairs (r, u) ∈ Q × W_α . (2) Now, for x ∈ H_α choose β < α, u ∈ H_β and r ∈ Q such that x = u + rh_α and let ( g_α(x) = g_β(u) + rϕ(h_α) ) . Then g_α : H_α → R is additive, g_α(x) + f(x) ≠ 0 for every x ∈ H_α \ {0} , and, for every β < α, g_β is the restriction of g_α to H_β . Thus, g = ⋃ α<ω1 g_α is an additive function from R to R such that g(x) + f(x) ≠ 0 for every x ∈ R \ {0} . (3) Note that h_0, h_1 ∈ (0, 1), f(h_0) + g(h_0) = f(h_0) + ϕ(h_0) < 0, and f(h_1) + g(h_1) = f(h_1) + ϕ(h_1) > 0 . Moreover, if x ∈ (0, 1) then f(x) + g(x) ≠ 0 by (3).

So, the sum f + g does not have the Darboux property and the proof is finished.

However, if f(x) = ax for x ∈ R, then for each additive almost continuous function g : R → R the sum f + g is almost continuous (so it has the Darboux property) ([2]).

REFERENCES

[1] BOROS, Z. : Strongly Q-differentiable functions, Real Anal. Exchange 27 (2001–2002), 17–26.

[2] GRANDE, Z. : On almost continuous additive functions, Math. Slovaca 46 (1996), 203–211. [3] JONES, F. B. : Connected and disconnected plane sets and the functional equation f(x + y) = f(x) + f(y), Bull. Amer. Math. Soc. 48 (1942), 115–120.

[4] KELLUM, K. R. : Almost continuity and connectivity—sometimes it’s as easy to prove a stronger result, Real Anal. Exchange 8 (1982–1983), 244–282.

ON DARBOUX Q-DIFFERENTIABLE FUNCTIONS

[5] KUCZMA, M. : An Introduction to the Theory of Functional Equations and Inequalities.

Cauchy’s equation and Jensen’s inequality, PWN, Warszawa, 1985.

[6] STALLINGS, J. : Fixed points theorem for connectivity maps, Fund. Math. 47 (1959), 249–263.

[7] WRIGHT, E. M. : An inequality for convex functions, Amer. Math. Monthly 61 (1954), 620–622.

Received October 1, 2002 Institute of Mathematics Bydgoszcz Academy Plac Weyssenhoffa 11 PL–85-078 Bydgoszcz POLAND E-mail: grande@wsp.bydgoszcz.pl