Tatra Mt. Math. Publ. 28 (2004), 109–116 tm

Mathematical Publications

STRONG SUPMEASURABILITY OF FUNCTIONS OF TWO VARIABLES

Katarzyna Chmielewska

ABSTRACT. We introduce and investigate the strong supmeasurability of functions of two variables.

Let R and N denote the real line and the set of positive integers, respectively.

Let (X, M ) be a measurable space and let I ⊂ M be a proper σ-ideal of subsets of X . Let Z be a Banach space.

Let h : X → Z . Recall that h is measurable, if h^{−1}(U) ∈ M for every open set U ⊂ Z . In [5] the following were introduced two kinds of measurability of a function. We say that h is nearly simple, if it is measurable and its range is at most countable. We say that h is strongly measurable with respect to (M , I), if there exists a sequence of nearly simple functions (h_n) and a set A ∈ I such that h_n → h on X \ A.

Clearly, Bochner integrable functions are strongly measurable, because they are limits of simple functions (i.e., measurable functions with finite range). Moreover, strongly measurable functions are measurable. Easy examples show that the converse implications do not hold.

Remark 1. In functional analysis (see, e.g., [19]) we usually consider another kind of strong measurability, namely, we require that there exists a sequence of simple functions (h_n) and a set A ∈ I such that h_n → h on X \ A. If Z is a separable (in particular, finitely dimensional) Banach space, then this notion is equivalent to the measurability, and consequently, to the strong measurability defined above. However, we do not know whether two notions of strong measurability coincide in a general case.

Problem. Assume that f : X → Z is strongly measurable. Does there exist a sequence of simple functions f_n : X → Z such that f_n(x) → f(x) for I-almost every x ∈ X ?

The following proposition is closely related to this problem.

2000 M a t h e m a t i c s S u b j e c t C l a s s i f i c a t i o n: 26B05, 26B99, 26A15. K e y w o r d s: measurability, strong measurability, strong supmeasurability.

Supported by Bydgoszcz Academy.

Proposition 1. Assume that there is a σ-finite measure μ : M → [0, ∞]

such that I is the σ-ideal of μ-null sets and h : X → Z is strongly measurable. There exists a sequence of simple functions h_m : X → Z such that h_m(x) → h(x) for I-almost every x ∈ X .

P r o o f . First assume that μ(X) < ∞. Let (f_k) be a sequence of nearly simple functions which is μ-a.e. convergent to h. Fix an m ∈ N.

For each l ∈ N define A_{m,l} = { x ∈ X : ‖f_k(x) − h(x)‖ ≥ m^{−1} for some k ≥ l } . Since the sequence (A_{m,l})^∞_{l=1} is descending and μ ( ⋂ l∈N A_{m,l} ) = 0, there is an L_m ∈ N with μ(A_{m,L}m ) < m^{−1} .

Choose z_{m,1}, z_{m,2}, · · · ∈ Z and pairwise disjoint sets X_{m,1}, X_{m,2}, · · · ∈ M such that f_Lm = z_{m,n} on X_{m,n} for each n and X = ⋃ n∈N X_{m,n} . Since μ(X) < ∞,

there is an N_m ∈ N with μ ( ⋃ n>Nm^{Xm,n} ) < m^{−1} . Define

g_m = ∑ n≤Nm z_{m,n} χ_{m,n} . Clearly, g_m is a simple function.

Observe that μ ( {x ∈ X : ‖g_m(x) − h(x)‖ ≥ m^{−1}} ) ≤ μ ( {x ∈ X : g_m(x) ≠ f_Lm(x)} ) + μ ( {x ∈ X : ‖f_Lm (x) − h(x)‖ ≥ m^{−1}} ) ≤ μ ( ⋃ n>Nm X_{m,n} ) + μ ( A_{m,L}m ) < 2m^{−1 m→∞}−→ 0 . So, the sequence (g_m) is convergent in measure to h. Consequently, we can choose a subsequence of this sequence convergent μ-a.e. to h.

Now we consider a general case. Let (X_n) be a sequence of pairwise disjoint

M -measurable sets of finite measure whose union is X . For each n, by the

first part of the proof, there is a sequence (h_{n,m}) composed of simple functions defined on X_n , μ-a.e. convergent to h ¯ X_n . Define

h_m(x) = { h_{n,m}(x) if x ∈ X_n , n ≤ m , 0 otherwise .

One can easily see that the sequence (h_m) has all desired properties.

We will need the following theorem containing a condition equivalent to the strong measurability. It is a consequence of [5, Corollary 3 and Lemma 4] and [6, Proposition 1].

STRONG SUPMEASURABILITY OF FUNCTIONS OF TWO VARIABLES

Theorem 2. Let h : X → Z . The following are equivalent:

i) h is strongly measurable, ii) h is measurable and

there is an A ∈ I such that h(X \ A) is a separable subspace of Z . (1)

Moreover, if the condition ii) holds, then there exists a sequence of nearly simple functions convergent uniformly to h on X \ A.

Let (Y, N , ν) be a measure space. We assume that we have a net structure J in (Y, N , ν) (see, e.g., [3]). Recall that a net in Y is an at most countable cover of Y consisting of pairwise disjoint measurable sets of positive finite measure.

The individual sets in the net are called cells. The family J =^∞ ⋃ n=1J_n , where

each J_n is a net, is called a net structure. Observe that for each y ∈ Y and

n ∈ N, there is a unique cell from the net J_n which contains y . We denote

this cell by J_n(y). Several examples of net structures can be found, e.g., in [15] or [16].

In most theorems, functions from the Cartesian product X × Y into Z are considered. We will consider the product σ-ideal ~I in X × Y (the family of all subsets of the sets of the form A × Y , where A ∈ I ) and the product σ-field

M ⊗ N (the smallest σ-field containing the σ-ideal^~I and the family of all sets

of the form M × N , where M ∈ M and N ∈ N ). The strong measurability of a function h : X × Y → Z can be defined analogously as in the above case; i.e., a function f : X × Y → Z is strongly measurable, if there exists a sequence of nearly simple functions (f_n) from X × Y into Z and a set A ∈ I such that f_n → f on (X \ A) × Y . In the main theorems, we assume that the vertical sections of a given function are derivatives with respect to the net structure J . Recall the appropriate definitions.

Let f : X × Y → Z . For each x ∈ X , the function f_x : Y → Z defined by f_x(y) = f(x, y) is called a vertical section of f . Similarly, for each y ∈ Y , the function f^y : X → Z defined by f^y(x) = f(x, y) is called a horizontal section of f .

A function g : Y → Z is called a derivative (with respect to the net structure

J ) if g is Bochner integrable over each J ∈ J , and for each y ∈ Y , we have lim_{n→∞} ∫ Jn(y)^{g(v) ν(dv)} ν ( J_n(y) ) = g(y) . The notion of supmeasurability of functions from the Cartesian product X×Y into Z needs some kind of measurability of functions from X into Y . In general, we have no topological structure in Y . Therefore we will use the net structure. One can easily see that for real functions defined on R, the notion of supmeasurability defined below coincides with the classical one (see, e.g., [18]).

A function φ : X → Y is called (M ,J )-measurable, if for each J ∈ J , the inverse image φ^{−1}(J) ∈ M .

A function f : X × Y → Z is strongly supmeasurable (i.e., superpositionally measurable), if for each (M ,J )-measurable function φ : X → Y , the superpo- sition x → f ( x, φ(x) ) is strongly measurable.

Remark 2. Clearly, a function which is the pointwise limit of a sequence of strongly supmeasurable functions is strongly supmeasurable.

The notion of supmeasurability was investigated by many mathematicians. Most often a function from R^2 into R is considered, and it is assumed that the σ-field in the definition of this notion is either the σ-field of all Lebesgue measurable sets or the σ-field of all sets with the Baire property.

It is very easy to construct a Lebesgue measurable function f : R^2 → R, which is not Lebesgue supmeasurable and whose all sections are continuous except of at most one point. (Such functions were constructed by, e.g., J. W. Š r a g i n [18, Remark 3] and M. B a l c e r z a k [1, Corollary 1.4].) It was observed by Z. G r a n d e and J. L i p i ń s k i [11], A. B. K h a r a z i s h v i l i [12], [13], and M. B a l c e r z a k [1] that if we assume the Continuum Hypothesis or a similar set-theoretical assumption, then there are Lebesgue supmeasurable functions which are not Lebesgue measurable. An analogous construction can be made for the σ-field of sets with the Baire property [8].

One can ask whether some set-theoretical assumption is really necessary in the above theorems. It turns out that it is, both in the case of Lebesgue supmeasurability [17], and in the case of Baire supmeasurability [2], [7].

In this article, we examine the properties which guarantee the strong supmeasurability of functions of two variables. First, recall a very old theorem due to C. C a r a t h é o d o r y [4].

Theorem 3. Let f : R^2 → R. If all vertical sections of f are continuous,

and all horizontal sections of f are Lebesgue measurable, then f is Lebesgue supmeasurable.

In 1978 Z. G r a n d e proved (assuming Continuum Hypothesis) that there is a non-supmeasurable function f : R^2 → [0, 1] whose all vertical sections are approximately continuous (so they are derivatives) and whose all horizontal sections are measurable.

The function constructed by Z. G r a n d e is nonmeasurable, too. So, we can ask, whether each Lebesgue measurable function f : R^2 → R whose all vertical

STRONG SUPMEASURABILITY OF FUNCTIONS OF TWO VARIABLES

sections are approximately continuous (or derivatives) is Lebesgue supmeasurable. Both these questions have been answered in the affirmative by Z. G r a n d e [9], [10].

It should be noted that it is consistent with ZFC that each function f : R^2 →

R whose all vertical sections are approximately continuous and whose all horizon-

tal sections are Lebesgue measurable, is Lebesgue measurable [14]. Consequently, such functions are Lebesgue supmeasurable.

For the Baire property, we have a different case. E. G r a n d e and Z. G r a n - d e showed in 1984 that there is a function f : R^2 → [0, 1], which is Lebesgue measurable and possesses the Baire property, whose all vertical sections are approximately continuous (so they are derivatives), whose all horizontal sections possess the Baire property, and which is not Baire supmeasurable [8].

The goal of this paper is to generalize the theorem of Z. G r a n d e . We start with a few auxiliary results. Despite of its simplicity, Lemma 4 is useful in applications.

Lemma 4. Assume that all vertical sections of a function f : X × Y → Z are

derivatives. For each n ∈ N define f_n : X × Y → Z by f_n(x, y) = ∫ Jn(y)^{fx(v) ν(dv)} ν ( J_n(y) ) . (2)

Then the sequence (f_n) is pointwise convergent to f .

P r o o f . For each (x, y) ∈ X × Y , since f_x is a derivative, we obtain f(x, y) = f_z(y) = lim_{n→∞} ∫ Jn(y)^fx^{(v) ν(dv)} ν ( J_n(y) ) = lim_{n→∞} f_n(x, y) .

Proposition 5. Assume that all vertical sections of a function f : X×Y → Z

are derivatives. The following are equivalent:

i) f is strongly measurable, ii) for each J ∈ J , the mapping h_J : X → Z defined by

h_J (x) = ∫ J f_x(v) ν(dv) (3)

is strongly measurable, iii) for each n ∈ N the function f_n : X × Y → Z , defined by (2), is strongly measurable.

P r o o f . The implication iii) ⇒ i) is the consequence of Lemma 4 and the fact that the pointwise limit of a sequence of strongly measurable functions is strongly measurable (cf. [5, Proposition 5]), and the implication i)⇒ii) follows by the Fubini theorem. (Observe that since J is a net structure in Y and each net is countable, the measure ν is σ-finite.)

ii) ⇒ iii) Assume that each mapping h_J is strongly measurable. Fix n ∈ N. By Theorem 2, for each J ∈ J_n there exists an A_J ∈ I with the property that

h_J (X \ A_J ) is a separable subspace of Z . Define A^∗ = ( ⋃ J∈Jn^{AJ} ) × Y . Then A^∗ ∈ ~I , and since f_n ( (X × Y ) \ A^∗ ) ⊂ ⋃ J∈Jn^{fn} ( (X \ A_J ) × J ) = ⋃ J∈Jn h_J ν(J) (X \ A_J ) ,

the set f_n ( (X × Y ) \ A^∗ ) is a separable subspace of Z . Moreover, for each open set G ⊂ Z the inverse image

f^{−1}_n (G) = ⋃ J∈Jn { (x, y) ∈ X × J : h_J (x) ν(J) ∈ G } = ⋃ J∈Jn (( h_J ν(J) )_{−1} (G) × J )

is measurable. So, the function f_n is measurable. Using again Theorem 2, we conclude that f_n is strongly measurable.

Theorem 6. Assume that a function f : X × Y → Z is strongly measurable,

and all vertical sections of f are derivatives. Then f is strongly supmeasurable.

P r o o f . For each n ∈ N define the function f_n : X × Y → Z by (2). By Lemma 4, it suffices to show that each function f_n is strongly supmeasurable. (See Remark 2.)

Fix n ∈ N and let φ : X → Y be an (M , J )-measurable function. Define the function g : X → Z by g ( x) = f_n ( x, φ(x) ) . To show that g is strongly measurable, we will use Theorem 2.

By Proposition 5, f_n is strongly measurable. By Theorem 2, there exists an A ∈ I such that the set f_n ( (X \ A) × Y ) is a separable subspace of Z . Since g ( X \ A) ⊂ f_n ( (X \ A) × Y ) , we conclude that g(X \ A) is a separable subspace of Z , too.

For each J ∈ J_n , define the mapping h_J by (3). Observe that for each open

STRONG SUPMEASURABILITY OF FUNCTIONS OF TWO VARIABLES

set G ⊂ Z , we have

g^{−1}(G) = ⋃ J∈Jn ( φ^{−1}(J) ∩ { x ∈ X : f_n ( x, φ(x) ) ∈ G })

= ⋃ J∈Jn ( φ^{−1}(J) ∩ { x ∈ X : h_J (x) ν(J) ∈ G })

= ⋃ J∈Jn ( φ^{−1}(J) ∩ ( h_J ν(J) )_{−1} (G) ) .

By Proposition 5, each mapping h_J is strongly measurable. Since the function φ is (M ,J )-measurable, we obtain g^{−1}(G) ∈ M . Consequently, g is measurable, and by Theorem 2, the function g is strongly measurable. This completes the proof.

REFERENCES

[1] BALCERZAK, M. : Some remarks on sup-measurability, Real Anal. Exchange 17 (1991– –1992), 597–607.

[2] BALCERZAK, M.—CIESIELSKI, K. : On sup-measurable functions problem, Real Anal.

Exchange 23 (1997–1998), 787–797.

[3] BRUCKNER, A. M. : Differentiation of integrals, p. II., Amer. Math. Monthly 78 (1971), 1–51.

[4] CARATHÉODORY, A. : Vorlesungen Über Reelle Funktionen, B. G. Teubner, Leipzig, 1927.

[5] CHMIELEWSKA, K. : On the strong product measurability, Real Anal. Exchange 26 (2000–2001), 437–443.

[6] CHMIELEWSKA, K. : Functions of two variables whose vertical sections are equiderivatives, J. Appl. Anal. 9 (2003), 123–129.

[7] CIESIELSKI, K.—SHELAH, S. : Category analogue of sup-measurability problem, J. Appl.

Anal. 6 (2000), 159–172.

[8] GRANDE, E.—GRANDE, Z. : Quelques remarques sur la superposition F � x, f(x) � , Fund.

Math. 121 (1984), 199–211.

[9] GRANDE, Z. : La mesurabilité des fonctions de deux variables et de la superposition F � x, f(x) � , Dissertationes Math. (Rozprawy Mat.) 159 (1978), 1–45.

[10] GRANDE, A. : Quelques remarques sur un théorème de Kamke et les fonctions sup-mes-urables, Real Anal. Exchange 4 (1978–1979), 167–177.

[11] GRANDE, Z.—LIPIŃSKI, J. S. : Un exemple d’une fonction sup-mesurable qui n’est pas mesurable, Colloq. Math. 39 (1978), 77–79.

[12] KHARAZISHVILI, A. B. : Some questions of the theory of invariant measures, Soobshch.

Akad. Nauk Gruz. SSR 100 (1980), 533–536. (In Russian) [13] KHARAZISHVILI, A. B. : Sup-measurable and weakly sup-measurable mappings in the theory of ordinary differential equations, J. Appl. Anal. 3 (1997), 211–223.

[14] LACZKOVICH, M.—MILLER, A. W. : Measurability of functions with approximately continuous vertical sections and measurable horizontal sections, Colloq. Math. 69 (1995), 299–308.

[15] MIŠÍK, L. : Über den Mittelwertsatz für additive Zellenfunktionen, Mat.–Fyz. Čas. Slovak.

Acad. Sci. 15 (1963), 260–274.

[16] PAUC, C. : Dérivées et Intégrales: Fonctions de cellule, Conférence faite au Centre Mathématique International de Varenna, 15–25 Aug. 1954, pub. Mathematical Institute, Rome.

[17] ROSŁANOWSKI, A.—SHELAH, S. : On sup-measurability problem, (in preparation). [18] SHRAGIN, I. V. : Conditions for measurability of superpositions, Dokl. Akad. Nauk SSSR 197 (1971), 295–298.

[19] YOSIDA, K. : Functional Analysis, Springer-Verlag, Berlin, 1980.

Received November 5, 2002 Institute of Mathematics Bydgoszcz Academy Pl. Weyssenhoffa 11 PL–85-064 Bydgoszcz POLAND E-mail: KasiaCh@ab.edu.pl