Tatra Mt. Math. Publ. 28 (2004), 21–27 tm

Mathematical Publications

ON SET OF CONVERGENCE POINTS OF TRANSFINITE SEQUENCE OF QUASI-CONTINUOUS FUNCTIONS

Jolanta Wesołowska

ABSTRACT. The aim of the paper is to characterize the class of sets of points at which a transfinite sequence of quasi-continuous real functions converges.

The notion of the convergence of ω_1-sequences of functions was introduced by W. S i e r p i ń s k i in [S1]. In his paper Sierpiński proved that the class of all continuous functions from R into R as well as the first class of Baire are closed under taking ω_1-limit. This problem was also considered by many mathematicians for other classes of functions, see, e.g., P. K o s t y r k o [Ks], T. Š a l á t [Sa], A. N e u b r u n n o v á [N2] (who showed that a limit of a transfinite sequence of quasi-continuous functions is again quasi-continuous), J. L i p i ń s k i [Li], Z. G r a n d e [Gr], P. K o m j á t h [Ko] and M. D i n d o š [Di], who showed that the problem whether the classes of all approximately continuous functions and of all derivatives are closed with respect to transfinite limits cannot be solved in ZFC.

Our investigation takes a different direction, namely we are interested in characterizing the class of sets of points at which a transfinite sequence of real functions converges. The first result describing sets of convergence points is due to H a h n [Ha] and S i e r p i ń s k i [S2]. It concerns pointwise convergence of sequences of continuous functions and it states that a subset A of a Polish space X is of type F_{σδ} if and only if there exists a sequence {f_n : n ∈ N} ⊂ R^X of continuous functions convergent exactly at each point of A.

The same problem arises when we replace pointwise convergence with some other types of convergence. In [NW] the transfinite sequences of functions are examined. In particular, a characterization of a set of convergence points for

2000 M a t h e m a t i c s S u b j e c t C l a s s i f i c a t i o n: 26A21, 26A03, 54C50. K e y w o r d s: sequence of functions, sets of convergence points, transfinite convergence, quasicontinuity.

Supported by Gdańsk University, grant BW/5100-5-0231-2.

JOLANTA WESOŁOWSKA

a transfinite sequence of quasi-continuous functions defined on a real line is given. Here, we give a characterization of this set for quasi-continuous functions defined on a separable metric space. Moreover, we show that the assumption on a separability of a domain cannot be omitted.

We will use the standard terminology and notation. In particular, ordinal numbers will be identified with the set of their predecessors and cardinal numbers with the initial ordinals.Thus the first infinite cardinal ω is identified with the set of natural numbers N = {0, 1, 2, . . . }. The cardinality of a set A is denoted by |A|. The letter R stands for the set of real numbers. The cardinality of R is denoted by c .

Let X be a metric space. For a subset A of X we denote by int(A), cl(A) and fr(A) the interior, closure and boundary of A, respectively. For x ∈ X and ε > 0 let B(x, ε) denote an open ball centred at x with the radius ε. Throughout the paper the following abbreviations for some classes of subsets of X are used:

SO(X) – semi-open subsets of X : A ∈ SO(X) iff A ⊂ cl(int A) [Le]; Baire(X) – sets with the Baire property;

M(X) – σ-ideal of meager (first-category) subsets of X . For two arbitrary functions f, g : X → R let [f = g ]= { x ∈ X : f(x) = g(x) } . For a function f : X → R, by C(f) we denote the set of all continuity points of f .

A transfinite sequence {x_α : α < ω_1} of real numbers is said to be convergent to x ∈ R iff for every positive number ε there exists an ordinal α_0 < ω_1 such that |x_α − x| < ε for any α ≥ α_0 . Then we say that x is a limit of a sequence {x_α : α < ω_1} and we denote this by x = lim_α x_α .

Remark 1. A transfinite sequence {x_α : α < ω_1} is convergent if and only if there exists an ordinal α_0 < ω_1 such that x_α = x_{α0} for each α ≥ α_0 .

Let {f_α : α < ω_1} ⊂ R^X be a transfinite sequence of real functions. Then x ∈ X is said to be a convergence point of {f_α : α < ω_1} iff a corresponding sequence of values { f_α(x) : α < ω_1 } is convergent. A function f : X → R is said to be ω_1-limit of {f_α : α < ω_1} iff f(x) = lim_α f(x)_α for every x ∈ X . Then we write f = lim_α f_α .

We denote by L^t ( {f_α : α < ω_1} ) a set of all convergence points of {f_α : α < ω_1}, i.e., L^t ( {f_α : α < ω_1} ) = { x ∈ X : lim_α f_α(x) exists } . For a family of functions F(X) ⊂ R^X define L^t ( F(X) ) = { L^t ( {f_α : α < ω_1} ) : {f_α : α < ω_1} ⊂ F(X) } .

We examine the class QC(X) of quasi-continuous real functions defined on X . A function f ∈ QC(X) iff for every p ∈ X and for every open sets U ⊂ X , W ⊂ R such that p ∈ U and f(p) ∈ W there exists a nonempty open set G ⊂ U such that f(G) ⊂ W (or, equivalently f^{−1}(V ) ∈ SO(X) for every open V ⊂ R, see, e.g., [N1, Theorem 1.1]). Denote also by Cliq(X) the collection of all cliquish functions, i.e., f ∈ Cliq(X) iff for every x ∈ X , its open neighbourhood U and ε > 0 there exists a nonempty open set G ⊂ U such that | |f(t) − f(t^′) | | < ε for every t, t^′ ∈ G, [Th].

The following lemma is a key to a construction of quasi-continuous functions.

Lemma 1. (cf. Borsík [B1, Lemma 1]) Let X be an arbitrary metric space.

For every nonempty nowhere dense closed set F ⊂ X satisfying F ⊂ cl(G) for some nonempty open set G ⊂ X there exists a collection {K_{n,m} : n ∈ N, m ≤ n} of nonempty open sets such that

(i) cl(K_{n,m}) ⊂ G \ F for all n ∈ N and m ≤ n; (ii) cl(K_{n,m}) ∩ cl(K_{i,j} ) = ∅ for (n, m) ≠ (i, j);

(iii) for every x ∉ F there exists an open neighbourhood V of x such that the set { (n, m) : cl(K_{n,m}) ∩ V ≠ ∅ } has at most one element;

(iv) for every x ∈ F , its open neighbourhood V and a number m ∈ N there exists n ≥ m such that K_{n,m} ∩ V ≠ ∅.

Consequently, F ⊂ cl ( ⋃ n≥m K_{n,m} ) for each m ∈ N and both F ∪ ⋃ n≥m cl(K_{n,m}) and F ∪ ⋃ n∈N ,m≤n cl(K_{n,m}) are closed in G.

Corollary 1. Let X be an arbitrary metric space. For every nonempty

nowhere dense closed set F ⊂ X satisfying F ⊂ cl(G) for some nonempty open set G ⊂ X there exist disjoint semi-open sets S_0, S_1 ⊂ G \ F such that G \ F = S_0 ∪ S_1 and F ⊂ cl(S_0) ∩ cl(S_1).

P r o o f . By Lemma 1, there is a collection {K_{n,m} : n ∈ N , m ≤ n} of sets satisfying (i)–(iv). It is enough to take S_0 = ⋃ n∈N cl(K_{n,0}) and S_1 = G \( F ∪ ⋃ n∈N cl(K_{n,0}) ) . Lemma 2. (cf. Borsík [B2]) Let X be an arbitrary metric space. For every

cliquish function g : X → R there are quasi-continuous functions s, t : X → R such that g = s + t.

Theorem 1. Let X be a separable metric space. The class L^{t(}QC(X)^) is

equal to the family of all sets of the form (G \ M) ∪ N , where G is open, M ∈ M(X) and N is nowhere dense. Therefore, L^t ( QC(X) ) ⊂ Baire(X).

JOLANTA WESOŁOWSKA

P r o o f . First, let A = L^t ( {f_α : α < ω_1} ) for some sequence {f_α : α < ω_1} ⊂ QC(X) and f = lim_α f_α|_A . Consider a set G = int ( cl(A) ) . Then A = (G∩A)∪(A\G) and A\G is nowhere dense. Choose a countable set C_0 ⊂ G∩A dense in G ∩ A. Then there is α_0 < ω_1 such that

f_α|_{C0} = f|_{C0} for every α ≥ α_0 . (∗)

Notice that C(f_{α0} ) is residual, by quasi-continuity of f_{α0} (see, e.g., [Le]). Now, fix x ∈ G ∩ C(f_{α0} ) and α ≥ α_0 . We will show that f_α(x) = f_{α0} (x). By quasicontinuity of f_α at x, for every k < ω there is a non-empty open set V_k ⊂ G ∩ B ( x,^1_{k+1} ) such that f_α(V_k) ⊂ ( f_α(x) −^1_{k+1} , f_α(x) +^1_{k+1} ) . Since C_0 is dense in G there is x_k ∈ C_0 ∩V_k such that f_α(x_k) ∈ ( f_α(x)−^1_{k+1} , f_α(x)+^1_{k+1} ) . Then we get a sequence {x_k : k < ω} ⊂ C_0 such that lim_k x_k = x and lim_k f_α(x_k ) = f_α(x).

Consequently, by (∗) and continuity of f_{α0} at x we have

f_α(x) = lim_k f_α(x_k) = lim_k f_{α0} (x_k) = f_{α0} (x)

for every α ≥ α_0 , so x ∈ A.

Finally, since G ∩ C(f_{α0} ) ⊂ G ∩ A and C(f_{α0} ) is residual in G, we have G \ A ∈ M(X). Putting G = int ( cl(A) ) , M = G \ A, N = A \ int ( cl(A) ) we get the sets we claimed.

To prove “⊃”, fix A = (G \ M) ∪ N , where G is open, M ∈ M(X), M ⊂ G and N is nowhere dense. We may assume that N ∩ G = ∅ and G is a regular open set (i.e., G = int ( cl(G) ) ), since int ( cl(G) ) \G is nowhere dense and may be consider as a subset of N . Let M = ⋃ i∈N F_i for an increasing sequence {F_i : i ∈ N}

of nowhere dense subsets of G. We need to find {f_α : α < ω_1} ⊂ QC(X) such that A = L^t ( {f_α : α < ω_1} ) . First, consider a function g : G → R given as follows:

g(x) = 1 for x ∈ F_0 , 1 i for x ∈ F_i \ F_{i−1} and i ≥ 1 , 0 otherwise .

It is easy to see that g ∈ Cliq(G). Moreover, [g = 0] = G \ M . By Lemma 2, there are quasi-continuous functions g_0, g_1 : G → R such that g = g_0 − g_1 . Take a bijection φ : ω_1 → 2 × ω_1 , φ = (φ_0, φ_1) and for each α < ω_1 put

f_α|_G = φ_0(α) · g_0 + ( 1 − φ_0(α) ) · g_1 .

Then {f_α|_G : α < ω_1} ⊂ QC(G) and L^t ( {f_α|_G : α < ω_1} ) = G \ M . If X = G, the proof is complete. Suppose X\G ≠ ∅. Since G is a regular open set, X \ G ∈ SO(X). It follows that X \ G = cl ( int(X \ G) ) = int(X \ G) ∪ fr(G) and int(X \ G) ≠ ∅. Let E = cl(N) ∪ fr(G). Then E is nowhere dense and E ⊂ cl ( int(X \ G) ) . If N is nonempty, by Corollary 1, there are semi-open sets S_0, S_1 such that:

(i) S_0 ∩ S_1 = ∅, (ii) int(X \ G) \ E = S_0 ∪ S_1 , (iii) E ⊂ cl(S_0) ∩ cl(S_1).

Define h, k ∈ QC(X \ G) as follows: h(x) = { 0 if x ∈ S_0 ∪ (E ∩ A) , 1 if x ∈ S_1 ∪ (E \ A) , and k(x) = { 1 if x ∈ S_0 , 0 if x ∈ S_1 ∪ E .

If N is empty, take h(x) = 0 and k(x) = 1. Then for f_α|_{X\G} defined by

f_α|_{X\G} = φ_0(α) · h + ( 1 − φ_0(α) ) · k we have {f_α|_{X\G} : α < ω_1} ⊂ QC(X \ G) and L^t ( {f_α|_{X\G} : α < ω_1} ) = N .

Since G is a regular open set, f_α = f_α|_G ∪ f_α|_{X\G} are quasi-continuous. So, a sequence {f_α : α < ω_1} has all desired properties.

It turns out that under the Continuum Hypothesis in Theorem 1 the assumption on X to be separable cannot be dropped. To see this, consider the following example.

Example 1. Let X be a space of all B_1 real functions defined on R equipped with the uniform convergence metric ϱ, i.e., for f, g ∈ X

ϱ(f, g) = sup_{x∈R} ϱ̂ ( f(x), g(x) ) , where ϱ̂(x, y) = min { 1, |x − y| } for x, y ∈ R. We will find a subset M of X such that M ∈ L^t ( QC(X) ) and M cannot be written in the form we claimed in Theorem 1.

For an arbitrary f ∈ X and a number ε > 0 consider a family A = { f + (ε/2) · χ_{{x}} : x ∈ R } ⊂ B(f, ε), where χ_{{x}} is a characteristic function of {x} ⊂

R. Then A is a discrete subspace of X and |A| = c . It follows that there exists

a family of pairwise disjoint open subsets of B(f, ε) which has a cardinality c . Consequently, every subset of X of a power less then c is nowhere dense in X .

Now, fix a positive number n ∈ N and consider

P_n = { A ⊂ X : ϱ(f, g) ≥ 1 n for any f, g ∈ A } .

JOLANTA WESOŁOWSKA

Denote by P_n a maximal element of P_n . Define M = ⋃ n>0 P_n . Then M ∈

M(X) and it is dense in X . Since X is complete, M cannot be written as in Theorem 1 but M ∈ L^t ( QC(X) ) . To see this, first observe that |M| = c by the previous remarks. Now, assume the Continuum Hypothesis. Then M = {x_α : α < ω_1}. For any α < ω_1 define M_α = {x_β : β ≤ α} which is nowhere dense. By Corollary 1 we have semi-open sets S^0_α , S^1_α such that

(i) S^0_α ∩ S^1_α = ∅, (ii) X \ cl(M_α) = S^0_α ∪ S^1_α , (iii) M_α ⊂ cl(S^0_α) ∩ cl(S^1_α).

Define g_α, h_α ∈ QC(X) as follows:

g_α(x) = { 0 if x ∈ S^0_α ∪ M_α , 1 if x ∈ S^1_α ∪ ( cl(M_α) \ M_α ) , and h_α(x) = { 1 if x ∈ S^0_α , 0 if x ∈ S^1_α ∪ cl(M_α) .

Take an arbitrary bijection φ : ω_1 → 2 × ω_1 , φ = (φ_0, φ_1) and define

f_α = φ_0(α) · g_{φ1(α)} + ( 1 − φ_0(α) ) · h_{φ1(α)} . Then {f_α : α < ω_1} ⊂ QC(X) and L^t ( {f_α : α < ω_1} ) = M .

REFERENCES

[B1] BORSÍK, J. : Algebraic structures generated by real quasi-continuous functions, Tatra Mt.

Math. Publ. 8 (1996), 175–184.

[B2] BORSÍK, J. : Sums of quasi-continuous functions defined on a pseudometrizable spaces, Real Anal. Exchange 22 (1996–1997), 328–337.

[Di] DINDOŠ, M. : Limits on transfinite convergent sequences of derivatives, Real Anal. Exchange 22 (1996–1997), 338–345.

[Gr] GRANDE, Z. : Sur les suites transfinites, Acta Math. Hungar. 30 (1977), 85–90. [Ha] HAHN, H. : Über die Menge der Konvergenzpunkte einer Funktionfolge, Archiv. der Math.

und Physik 28 (1919), 34–45.

[Ko] KOMJÁTH, P. : Limits of transfinite sequences of Baire-2 functions, Real Anal. Exchange 24 (1998–1999), 497–502.

[Ks] KOSTYRKO, P. : On convergence of transfinite sequences, Mat. Čas. 21 (1971), 233–239. [Le] LEVINE, N. : Semi-open sets and semi-continuity in topological spaces, Amer. Math.

Monthly 70 (1963), 36–41.

[Li] LIPIŃSKI, J. S. : On transfinite sequences of approximately continuous functions, Bull.

Pol. Ac. Sc. (Math.) 21 (1973), 817–821.

[NW] NATKANIEC, T.—WESOŁOWSKA, J. : On the convergence of !1 sequences of real functions, Acta Math. Hungar 91 (2001), 333–350.

[Na] NEUBRUNNOVÁ, A. : On certain generalizations of the notion of continuity, Mat.

Časopis 23 (1973), 374–380.

[N2] NEUBRUNNOVÁ, A. : On quasi-continuous and cliquish functions, Čas. Pěst. Mat. 99 (1974), 109–114.

[S1] SIERPIŃSKI, W. : Sur les suites transfinies convergentes de fonctions de Baire, Fund.

Math. 1 (1920), 134–141.

[S2] SIERPIŃSKI, W. : Sur l’ensemble des points de convergence d’une suite de fonctions continues, Fund. Math. 2 (1921), 41–49.

[Sa] ŠALÁT, T. : On transfinite sequences of B measurable functions, Fund. Math. 78 (1973), 157–162.

[Th] THIELMAN, H. P. : Types of functions, Amer. Math. Monthly 60 (1953), 156–161.

Received September 26, 2002 Institute of Mathematics Gdańsk University Wita Stwosza 57 PL–80-952 Gdańsk POLAND E-mail: jwes@math.univ.gda.pl