Tatra Mt. Math. Publ. 28 (2004), 11–19 tm

Mathematical Publications

PROXIMITIES DEFINED BY OPEN COVERS AND CONVERGENCE OF NETS OF MULTIVALUED MAPS

Agata Sochaczewska

ABSTRACT. Proximities defined by open covers and convergence of nets of multivalued maps are investigated.

In this paper we will consider the following conditions on the relation δ defined on the power set of Y : (1) A δ B =⇒ B δ A; (2) (A ∪ B) δ C ⇐⇒ A δ C ∨ B δ C ; (3) A δ B =⇒ A ≠ ∅ ∧ B ≠ ∅; (4) A ∩ B ≠ ∅ =⇒ A δ B ; (5) A ̸δ B implies that there exists an E ⊂ Y such that A ̸δ E and (Y \ E) ̸δ B ;

(6) p ̸δ B implies that there exists an E ⊂ Y such that p ̸δ E

and (Y \ E) ̸δ B ; (7) (A δ B ∧ ∀ b ∈ B : b δ C) =⇒ A δ C . Definition 1. ([2], [7]). A relation δ on the power set of Y having the

properties (1)–(4), is called: a Efremovic (EF-), a regular (R-) and Lodato (LO-) proximity on Y if it satisfies (5), (6), and (7), respectively.

It is known that EF implies R and LO but LO and R are independent [2]. Let (Y, U) be a uniform space. The relation δU defined by A δU B ⇐⇒ ∀_{U∈}U(A × B) ∩ U ≠ ∅ is an EF-proximity compatible with the topology in Y ([4], [7]).

2000 M a t h e m a t i c s S u b j e c t C l a s s i f i c a t i o n: 54E05, 54C60.

K e y w o r d s: proximity space, uniform space, multivalued map, uniform convergence, Leader convergence.

AGATA SOCHACZEWSKA

In the sequel, various topological spaces will be considered on which none separation axioms will be assumed if it is not explicitly stated. Thus a regular (normal, compact, paracompact) space need not be Hausdorff.

Let Y be a topological space and let A be an open cover of Y .

Definition 2. The set St(A, A) =^⋃{U ∈ A : U ∩ A ≠ ∅} is called a star of

a set A with respect to a cover A of a space Y .

Lemma 1. [3] If Y is a regular space and A is a subset of Y , then A = ⋂ A St(A, A) , where the intersection runs through all open covers A of Y .

Definition 3. In the topological space Y we define the relation δ^⋆ by

A δ^⋆ B ⇐⇒ A ∩ St(B, A) ≠ ∅ for every open cover A of Y.

Theorem 1. Let Y be a regular space. The relation δ^⋆ is an LO and R-pro-

ximity compatible with the topology in Y .

P r o o f . Let A, B ⊂ Y be such that A δ^⋆ B and let A be any open cover of the space Y . From the assumption A ∩ St(B, A) ≠ ∅. Then exists a set U ∈ A such that A ∩ U ≠ ∅ and B ∩ U ≠ ∅. So B ∩ St(A, A) ≠ ∅ for every open cover A of space Y . That means B δ^⋆ A.

Now, we show that the following condition (A ∪ B) δ^⋆ C ⇐⇒ A δ^⋆ C ∨ B δ^⋆ C is satisfied. Let A, B, C ⊂ Y and let (A ∪ B) δ^⋆ C . Suppose that A ̸δ^⋆ C and B ̸δ^⋆ C . Then there exist the open covers A and B of the space Y such that A ∩ St(C, A) = ∅ and B ∩ St(C, B) = ∅. We consider the family of sets G = {U ∩ V : U ∈ A , V ∈ B} . Then G is an open cover of Y which refines A and B . So A ∩ St(C, G) = ∅ and B ∩ St(C, G) = ∅. That means (A ∪ B) ∩ St(C, G) = ∅. Hence (A ∪ B) ̸δ^⋆ C . Now, we assume that A δ^⋆ C or B δ^⋆ C . Let A be any open cover of the space Y . Assume that A δ^⋆ C . Then A ∩ St(C, A) ≠ ∅, so (A ∪ B) ∩ St(C, A) ≠ ∅. That means (A ∪ B) δ^⋆ C . Analogously for B δ^⋆ C .

Let A, B ⊂ Y be such that A δ^⋆ B . Then A ∩ St(B, A) ≠ ∅ for every open cover A of the space Y , hence A ≠ ∅ and St(B, A) ≠ ∅. Thus B ≠ ∅.

Now, we will show that (4) holds.

Suppose A ∩ B ≠ ∅. Since B ⊂ St(B, A) for every open cover A of Y then we obtain A ∩ St(B, A) ≠ ∅, so A δ^⋆ B .

PROXIMITIES DEFINED BY OPEN COVERS

Now, we will show that (A δ^⋆ B ∧ ∀ b ∈ B : b δ^⋆ C) =⇒ A δ^⋆ C . Let A, B, C ⊂ Y , A δ^⋆ B and let b δ^⋆ C for every b ∈ B . If b δ^⋆ C , then for every open cover A of Y we have {b} ∩ St(C, A) ≠ ∅ for each b ∈ B . So b ∈ St(C, A) for every open cover A of Y . Consequently, b ∈ ⋂ A St(C, A) for b ∈ B . Since Y is a regular space, then in accordance with Lemma 1 we have ⋂ A St(C, A) = C . That is b ∈ C for each b ∈ B . That means B ⊂ C . Since A δ^⋆ B and B ⊂ C , so A δ^⋆ C . Hence, since St(C, A) = St(C, A), it is clear that A δ^⋆ C .

We have shown that δ^⋆ is LO-proximity. Now, we will show that the following condition p ̸δ^⋆ B =⇒ ∃_{E⊂Y} [ p ̸δ^⋆ E ∧ (Y \ E) ̸δ^⋆ B ] is satisfied. If p ̸δ^⋆ B , then there exists an open cover G of Y such that p /∈ St(B, G). Hence p /∈ B . There exist open sets U_1, U_2, V_1 ⊂ Y such that p ∈ U_2 ⊂ U_2 ⊂ U_1 , B ⊂ V_1 and U_1 ∩ V_1 = ∅. The family

G^′ = { U_1, V_1, Y \ [U_2 ∪ B ] } forms an open cover of Y . Of course, p /∈ V_1 = St(B, G^′).

Let E = Y \ U_1 . Then p /∈ Y \ U_2 = St(E, G^′). So p ̸δ^⋆ E . Since U_1 ∩ V_1 = ∅ so U_1 ∩ St(B, G^′) = ∅. Hence U_1 ̸δ^⋆ B . From definition of the set E we have (Y \ E) ̸δ^⋆ B . We have shown that δ^⋆ is R-proximity.

Now we will show, that the relation δ^⋆ is compatible with the topology in Y . For a set B ⊂ Y by B^{δ⋆} we denote the closure determined by δ^⋆. Assume that p ∈ B = ⋂ A St(B, A), where the intersection runs through all

open covers A of Y . That means that {p} ∩ St(B, A) ≠ ∅ for each A. From the definition of relation δ^⋆ we have δ^⋆ B which means p ∈ B^{δ⋆} . Thus B = B^{δ⋆} .

The assumption of the regularity is essential.

Example 1. We take the real line R with the topology T defined by T =^{∅ , R , R \ {a} , R \ {c} , R \ {a, c}^} , where a, c ∈ R , a < c. Let us notice that there are not two open, non-empty and disjoint sets in this space. Hence (R, T) is not a regular space.

Now, we will show that the relation δ^⋆ is not an LO-proximity.

AGATA SOCHACZEWSKA

Let b ∈ R and a < b < c. We take the open cover B = {_R \ {a}, R \ {c} } of space R . Since St(c, B) = R \ {a}, so a /∈ St(c, B). Then a ̸δ^⋆ c. Let us notice that b belongs to each non-empty open set, so it belongs to St(a, A) and St(c, A), where A is any open cover of R . So a δ^⋆ b and b δ^⋆ c. Thus the relation δ^⋆ is not an LO-proximity.

Let us notice, that δ^⋆ need not be the EF-proximity.

Example 2. Let Y be the Niemytzki plane and let T_E be the natural topology on the real line. The symbols Int_{TE} A and A^{TE} are used to denote the interior and the closure of the set A in (R, T_E). By L_1 we denote the line y = 0. For each p ∈ L_1 and i ∈ N let K_{p,i} be the set of points belonging to L_2 = Y \ L_1 contained in the ball with radius 1/i tangent to L_1 at the point p. Then we put U_i(p) = K_{p,i} ∪ {p}. Let A = { p = (x, 0) : x ∈ Q } , B = { p = (y, 0) : y ∈ IQ } . We will show that the condition (5) is not satisfied.

Let us notice that for the open cover A = {L_2} ∪ { U_i(p) : p ∈ L_1 , i ∈ N } of the space Y we have A ∩ St(B, A) = ∅ so A ̸δ^⋆ B . Let E ⊂ Y . We will show that (Y \ E) δ^⋆ A or B δ^⋆ E . We consider two situations.

At first, if (Y \ E) δ^⋆ A, then we are done. Secondly, if (Y \ E) ̸δ^⋆ A, then there exists an open cover G of Y such that (Y \ E) ∩ St(A, G) = ∅. Hence St(A, G) ⊂ E . It is known A ⊂ St(A, G). So for each x ∈ Q there exists a set W ∈ G containing a point (x, 0) such that A ∩ W ≠ ∅. So there exists i_x ∈ N such that U_{ix} (x, 0) ⊂ W . Of course, ⋃ x∈Q U_{ix} (x, 0) ⊂ St(A, G) ⊂ E . We choose any open cover B of Y . For every point p = (y, 0) ∈ B there exists a set V ∈ B such that p ∈ V . So there exists j_y ∈ N such that U_{jy} (p) ⊂ V . Hence ⋃ y∈IQ U_{jy} (p) ⊂ St(B, B). We denote by M_n = {y ∈ IQ : j_y = n} . Then IQ = ⋃ n M_n . Because the set IQ is of the second category, there exists m ∈ N such that M_m is nowhere dense. That means, that there exists a point x_0 ∈ Q with x_0 ∈ Int_{TE} M^{TE}_m . There exists a sequence {y_k : k ∈ N} such that y_k ∈ M_k for k ∈ N and |y_k −x_0| → 0, k → ∞. That is U_{jyk} ( (y_k, 0) ) ⊂ St(B, B). So for sufficiently large k we have ( ⋃ j_{yk} U_{jyk} (p_k) ) ∩ U_{ix0} (x_0) ≠ ∅, where p_k =

(y_k, 0). Consequently, we have St(B, B) ∩ E ≠ ∅ for each open cover B of Y . So B δ^⋆ E .

PROXIMITIES DEFINED BY OPEN COVERS

This means that the relation δ^⋆ is not the EF-proximity.

In the consequence, the proximity δ^⋆ is not determined by a compatible uniformity in the Niemytzki plane.

Definition 4. Let U be a uniformity in Y . For each set V ∈ U the family { V [p] : p ∈ Y } is called a uniform cover.

Lemma 2. Let (Y, U) be a uniform space. Then for each set U ∈ U there exists

a uniform cover G of Y such that St(M, G) ⊂ U[M] for each M ⊂ Y .

The standard proof of this lemma is omitted.

Definition 5. [5] A uniform space (Y, U) is said to have the Lebesgue prop-

erty if for each open cover A of Y there is a uniform cover which refines A.

The connections between δ^⋆ and δU are given by the following

Theorem 2. Let Y be a Tychonoff space and let U be a uniformity compat-

ible with the topology in Y . Then

(a) δU ≤ δ^⋆;

(b) if (Y, U) has Lebesgue property, then δ^⋆ = δU .

P r o o f . Let A, B ⊂ Y and A δ^⋆ B and let U ∈ U. There exists an open uniform cover A of Y such that St(M, A) ⊂ U[M] for each M ⊂ Y . If A δ^⋆ B , then A ∩ St(B, A) ≠ ∅. Moreover, St(B, A) ⊂ U[B], so A ∩ U[B] ≠ ∅ for each

U ∈ U. Hence A δ_U B .

Now, we will prove the condition (b). From the condition (a) we have δU ≤ δ^⋆. Now, let A δU B . Let A be any open cover of Y . Because the space (Y, U) has the Lebesgue property, some U ∈ U can be chosen such that the family B = { U[y] : y ∈ Y } is a refinement of A. Moreover U[B] = ⋃ y∈B U[y] ⊂ St(B, B) ⊂ St(B, A). Since A ∩ U[B] ≠ ∅, so A ∩ St(B, A) ≠ ∅ for each open cover A of Y . That means A δ^⋆ B . We have shown that δ^⋆ = δU .

Theorem 3. [5] Let Y be a uniformisable Hausdorff topological space, then

Y possesses a uniformity compatible with the topology of Y for which Y has the Lebesgue property if and only if Y is paracompact. Under this condition, this uniformity is the finest of all uniformities compatible with the topology of Y , and is unique.

Corollary. If Y is a paracompact Hausdorff space, U—the finest uniformity

compatible with the topology of Y , then δ^⋆ = δU .

Example 2 shows that in the above corollary the assumption of the paracompactness is essential.

Let X be a non-empty set and let (Y, δ) be any proximity space of the type EF, LO or R.

AGATA SOCHACZEWSKA

Definition 6. A net {F_j : j ∈ J} of multivalued maps F_j : X → Y is said

to be convergent in a sense of Leader to a multivalued map F : X → Y (shortly F_j^{LC}−→ F ) if ∀_{A⊂X,B⊂Y} [ F (A) ̸δ B =⇒ ∃_{j0∈J} ∀_{j≥j0} F_j (A) ̸δ B ] .

For the sequences of functions the above gives the convergence introduced by L e a d e r [2].

The convergence in the sense of Leader essentially depends on the relation.

Example 3. Let R be the real line with the relation δ^⋆ and with the relation δ which is defined by A δ B ⇐⇒ [ dist(A, B) = 0 ∧ A ≠ ∅ ≠ B ] , where dist(A, B) = inf { |a − b| : a ∈ A, b ∈ B } . We define functions f, f_n : R → R as follows: f(x) = x^2 and f_n(x) = x^2 +^1_n for every x ∈ R and n ∈ N . The relations δ^⋆ and δ are compatible with the topology in R , the sequence {f_n : n ∈ N} is convergent in the sense of Leader to the function f : R → R with respect to δ , but it is not convergent in the sense of Leader to f with respect to δ^⋆.

Definition 7. [3] Let X be a non-empty set, Y — a topological space. A

net {F_j : j ∈ J} of multivalued maps F_j : X → Y is said to be upper strongly uniformly convergent to a multivalued map F : X → Y if for each open cover A of Y there exists j_0 ∈ J such that F_j (x) ⊂ St(F (x), A) for every j ≥ j_0 and x ∈ X . The above upper strong uniform convergence (Def. 7) is weaker than the strong convergence considered in [6].

In a topological space (Y, τ ) we denote by 2^Y the family of all non-empty subsets of Y . For an open set U ⊂ Y we write

U^+ = {B ∈ 2^Y : B ⊂ U} .

The family B^+ = {U^+ : U ∈ τ } forms a base of the upper Vietoris topology. This topology will be denoted by τ^+ . We will write A ∈ τ^+-lim A_j if the net {A_j : j ∈ J} converges to A in the space ( 2^Y , τ^+ ) . We have obtained the following connections between the Leader convergence and some other ones. Let X be a non-empty set and let (Y, δ) be any proximity space of the type EF or R.

PROXIMITIES DEFINED BY OPEN COVERS

Theorem 4. If a multivalued map F : X → Y has compact values, then

the Leader convergence of a net {F_j : j ∈ J} to F implies the τ^+-pointwise convergence.

P r o o f . Let us take x_0 ∈ X and U^+ ∈ B^+ such that F (x_0) ∈ U^+ . This means that U is an open set and F (x_0) ⊂ U . Of course F (x_0) ∩ (Y \ U) = ∅. Furthermore, the values of F are compact, so F (x_0) ̸δ (Y \ U). By the Leader convergence there exists j_0 ∈ J such that F_j (x_0) ̸δ (Y \ U) for each j ≥ j_0 . Hence F_j (x_0) ∩ (Y \ U) = ∅. This means F_j (x_0) ⊂ U . Thus F ∈ τ^+-lim F_j .

Theorem 5. Let X be a non-empty set and Y a T_4 space. If a net {F_j :

j ∈ J} of multivalued maps F_j : X → Y is upper strongly uniformly convergent to a multivalued map F : X → Y , then it is convergent to F in the sense of Leader with respect to δ^⋆.

P r o o f . Let A ⊂ X , B ⊂ Y and let F (A) ̸δ^⋆ B . Then F (A) ̸δ^⋆ B . Since Y is a normal space, so there exist open sets U_1, U_2 ⊂ Y such that F (A) ⊂ U_1 , B ⊂ U_2 and U_1 ∩ U_2 = ∅. The family A = { U_1, U_2, Y \ B ∪ F (A) } forms an open cover of Y . There exists j_0 such that for each j ≥ j_0 and x ∈ X we have F_j (x) ⊂ St ( F (x), A ) . Hence F_j (A) ⊂ St ( F (A), A ) for each j ≥ j_0 . Since St ( F (A), A ) = U_1 and St(B, A) = U_2 and U_1 ∩ U_2 = ∅, then F_j (A) ∩ St(B, A) = ∅ for j ≥ j_0 . Hence F_j (A) ̸δ^⋆ B for each j ≥ j_0 . This means, that the net {F_j : j ∈ J} is convergent in the sense of Leader to F with respect to δ^⋆.

Lemma 3. Let X be a topological space, Y —a regular one and let x_0 ∈ X. If

a multivalued map F : X → Y has compact values, then the following conditions are equivalent:

(a) F is lower semi-continuous at x_0 ∈ X ;

(b) for each open cover A of Y there exists a neighbourhood U of x_0 ∈ X such that F (x_0) ⊂ St(F (x), A) for every x ∈ U .

P r o o f . (a) ⇒(b) Let A be an open cover of Y and x_0 ∈ X , then for each y ∈ F (x_0) we fix W_y ∈ A with y ∈ W_y . The family { W_y : y ∈ F (x_0) } is an open cover of F (x_0). Furthermore, F (x_0) is compact, we can choose

W_{y1} , W_{y2} , . . . , W_{yn} such that F (x_0) ⊂^n ⋃ i=1 W_{yi} , where n ∈ N . By the lower

semi-continuity of F for each i ≤ n there exists a neighbourhood U_i of x_0 such

that F (x) ∩ W_{yi} ≠ ∅ for x ∈ U_i . Letting U =^n ⋂ i=1 U_i we obtain F (x) ∩ W_{yi} ≠ ∅

for all x ∈ U , i ≤ n. For y ∈ F (x_0) we have y ∈ W_{yi} for some i ≤ n. Thus y ∈ St ( F (x), A ) for x ∈ U which give F (x_0) ⊂ St(F (x), A).

AGATA SOCHACZEWSKA

(b)⇒(a) Let V ⊂ Y be an open set with F (x_0)∩V ≠ ∅ and let y ∈ F (x_0)∩V . By the regularity space of Y there exists an open set K ⊂ Y such that y ∈ K ⊂ K ⊂ V . The family A = {V, Y \ K } is an open cover. By assumption there exists a neighbourhood W of x_0 such that F (x_0) ⊂ St(F (x), A) for x ∈ W . Hence y ∈ St ( F (x), A ) for x ∈ W , which implies F (x) ∩ V ≠ ∅ for x ∈ W , and the proof is complete.

Theorem 6. Let X be a regular space, Y — a paracompact Hausdorff one,

and let F, F_j : X → Y , j ∈ J be multivalued maps. Suppose that F is continuous with compact values. If the net {F_j : j ∈ J} is convergent to F in the sense of Leader with respect to δ^⋆ then this net convergence to F upper strongly uniformly on compact sets.

P r o o f . Let A ⊂ X be a compact set and let G be an open cover of the space Y . Since Y is a paracompact space, there exists an open cover G^′ which is a star refinement of G . Let p ∈ A. It is known that F (p) ⊂ St ( F (p), G^′ ) and F is upper semi-continuous then there exists a neighbourhood K^′_p of the point p such that for every x ∈ K^′_p we have F (x) ⊂ St ( F (p), G^′ ) . The map F is a lower semi-continuous with the compact values, then there exists a neighbourhood K^{′′}_p of the point p such that for every x ∈ K^{′′}_p we have F (p) ⊂ St ( F (x), G^′ ) . Let K_p = K^′_p ∩ K^{′′}_p . Of course, p ∈ K_p , F (x) ⊂ St ( F (p), G^′ ) and F (p) ⊂ St ( F (x), G^′ ) for every x ∈ K_p . Moreover, X is a regular space, so there exists a neighbourhood U_p of the point p such that x ∈ U_p ⊂ U_p ⊂ K_p . Thus for every p ∈ A there exists an open neighbourhood U_p of the point p such that

F (x) ⊂ St ( F (p), G^′ ) and F (p) ⊂ St ( F (x), G^′ ) for every x ∈ U_p . (∗)

In the consequence A ⊂ ⋃ p∈A U_p . The set A is compact, so we can choose the

points p_1, . . . , p_n ∈ A such that A ⊂^n ⋃ k=1 U_{pk} ⊂^n ⋃ k=1 U_{pk} . Thus A =^n ⋃ k=1 A ∩ U_{pk} . Because A ∩ U_{pk} is a compact set, so F (A ∩ U_{pk} ) is compact. Moreover, F (A ∩ U_{pk} ) ⊂ St ( F (p_k), G^′ ) , then F (A∩U_{pk} ) ̸δ^⋆ [ Y \St(F (p_k), G^′) ] for k = 1, 2, . . . , n. From the Leader convergence there exists j_0 such that F_j (A ∩ U_{pk} ) ̸δ^⋆ [ Y \ St(F (p_k), G^′) ] . So

F_j (A ∩ U_{pk} ) ⊂ St ( F (p_k), G^′ ) for j ≥ j_0 and k = 1, 2, . . . , n . (∗∗)

Let x ∈ A. Then x ∈ A ∩ U_{pk} for some k ≤ n. From (∗∗) we have F_j (x) ⊂ St ( F (p_k), G^′ ) for j ≥ j_0 . We fix any j ≥ j_0 . Let y ∈ F_j (x). There exists w ∈ F (p_k) and V ∈ G^′ such that y, w ∈ V . Since G^′ is star refinement of G , so there exists W ∈ G such that St(V, G^′) ⊂ W . From (∗) there exists z ∈ F (x) and U ∈ G^′ such that w, z ∈ U . Then z, y ∈ St(w, G^′) ⊂ St(V, G^′) ⊂ W .

PROXIMITIES DEFINED BY OPEN COVERS

So y ∈ St(z, G) ⊂ St ( F (x), G ) . Since y ∈ F_j (x), so F_j (x) ⊂ St ( F (x), G ) for x ∈ A. This means, that the net {F_j : j ∈ J} is convergent to F upper strongly uniformly on compact sets.

Corollary. Let X be a compact Hausdorff space, Y — a paracompact Haus-

dorff one, and let F, F_j : X → Y , j ∈ J , be multivalued maps. If F is continuous with compact values then the following conditions are equivalent:

(a) the net {F_j : j ∈ J} is convergent to F in the sense of Leader with respect to δ^⋆;

(b) the net {F_j : j ∈ J} is convergent to F upper strongly uniformly.

REFERENCES

[1] BERGE, C. : Espaces Topologiques, Functions Multivoques, Collection universitaire de mathématiques 3., Dunod, Paris, 1966, p. 283.

[2] DI CONCILIO, A.—NAIMPALLY, S. A. : Proximal convergence, Monatsh. Math. 103 (1987), 93–102.

[3] DOMNIK, I. : On strong convergence of multivalued maps, Math. Slovaca 53 (2003), 199–209.

[4] ENGELKING, R. : General Topology, PWN, Warszawa, 1977.

[5] KASAHARA, S.—KASAHARA, K. : Note on the Lebesque property in uniform spaces, Proc. Japan Acad. 31 (1955), 1615–1617.

[6] KUPKA, I. : A convergence preserving upper and lower semicontinuity of multifunctions, Tatra Mt. Math. Publ. 24 (2002), 7–10.

[7] NAIMPALLY, S. A.—WARRACK, B. D. : Proximity Spaces, Cambridge Tracts in Math., 1970.

Received September 6, 2002 Institute of Mathematics Słupsk Pedagogical University Arciszewskiego 22 PL–76-200 Słupsk POLAND E-mail: sochacze@pap.edu.pl