Tatra Mt. Math. Publ. 28 (2004), 57–63 tm

Mathematical Publications

ON COUNTABLY CONTINUOUS FUNCTIONS

Zbigniew Grande — Anna Fatz-Grupka

ABSTRACT. A function f : R! R is countably continuous if there are continuous functions fn : R! R such that the graph of f is contained in the union of the graphs of fn . We prove that the family of all countably continuous functions is closed with respect to the algebraic and lattice operations and that the superposition of two countably continuous functions is countably continuous. Moreover, we show some examples of monotone function and an approximately continuous function which are not countably continuous.

1. Essential properties

Definition 1. Let R be the set of all reals. We will say that a function f : R → R is countably continuous if there is a sequence of continuous functions

f_n : R → R such that Gr(f) ⊂ ⋃ n≥1 Gr(f_n) , (1)

where Gr(f) denotes the graph of the function f .

Theorem 1. If functions f, g : R → R are countably continuous and F : R^2 → R is continuous, then the function x → F^(f(x), g(x)^) is also countably

continuous.

P r o o f . There are sequences (f_n) and (g_n) of continuous functions such that Gr(f) ⊂ ⋃ n≥1 Gr(f_n) and Gr(g) ⊂ ⋃ n≥1 Gr(g_n) .

For n ≥ 1 let

A_n = { x : f_n(x) = f(x) } and B_n = { x : g_n(x) = g(x) } . 2000 M a t h e m a t i c s S u b j e c t C l a s s i f i c a t i o n: 26A05, 26A15.

K e y w o r d s: countably continuos functions, approximate continuity, monotone function, algebraic operations, superposition, discrete convergence.

Then

R =^⋃_{n≥1} A_n =^⋃_{n≥1} B_n . Put C_{n,k} = A_n × B_k and D_{n,k} = A_n ∩ B_k for n, k ≥ 1 .

The functions F (f_n, g_k) are continuous and for every point (x, y) ∈ C_{n,k} we have F ( f_n(x), g_k (y) ) = F ( f(x), g(y) ) . Consequently, for all points x ∈ D_{n,k} (if D_{n,k} ≠ ∅) F ( f_n(x), g_k(x) ) = F ( f(x), g(x) ) . So, Gr ( F (f, g) ) ⊂ ⋃ n,k≥1 Gr ( F (f_n, g_k) ) , and the proof is complete.

Corollary 1. If a, b ∈ R are constant, φ : R → R is a continuous function

and f, g : R → R are countably continuous functions, then the functions af +bg , fg , max(f, g), min(f, g) and φ ∘ f are also countably continuous.

Theorem 2. If functions f, g : R → R are countably continuous and g(x) ≠ 0

for all x ∈ R then the quotient f/g is also countably continuous.

P r o o f . If g(x) ≠ 0 for all x ∈ R and g is countably continuous function then there is a sequence (g_n) of continuous functions such that

g_n(x) ≠ 0 for all x ∈ R and Gr(g) ⊂ ⋃ n≥1 Gr(g_n) .

Then by the same way as in the proof of the last theorem we show that Gr ( f g ) ⊂ ⋃ n,k≥1 Gr ( f_n g_k )

and the proof is complete.

Theorem 3. If functions f, g : R → R are countably continuous, then the

superposition f ∘ g is also countably continuous.

P r o o f . There are sequences (f_n) and (g_n) of continuous functions such that Gr(f) ⊂ ⋃ n≥1 Gr(f_n) and Gr(g) ⊂ ⋃ n≥1 Gr(g_n) .

For n ≥ 1 let

A_n = { x : f_n(x) = f(x) } and B_n = { x : g_n(x) = g(x) } . Then

R =^⋃_{n≥1} A_n =^⋃_{n≥1} B_n . Put C_{n,k} = (g_n)^{−1}(A_k) ∩ B_n for n, k ≥ 1 .

Observe that for each point x ∈ R there is an index n_1 such that g_{n1} (x) = g(x). Next, there is an index k_1 with g(x) ∈ A_{k1} , that is f ( g(x) ) = f_{k1} ( g(x) ) = f_{k1} ( g_{n1} (x) ) . So, x ∈ B_{n1} ∩ (g_{n1} )^{−1}(A_{k1} ) = C_{n1,k1} , and R =^⋃_{n,k≥1}C_{n,k} . If x ∈ C_{n,k} , then f ( g(x) ) = f ( g_n(x) ) = f_k ( g_n(x) ) . So, Gr(f ∘ g) ⊂ ⋃ n,k≥1 Gr(f_k ∘ g_n) .

Since the superpositions f_k ∘ g_n are continuous, the proof is complete.

2. Examples

Example 1. ([2]) A monotone function f : R → R which is discontinuous on a dense set is not countably continuous.

Suppose that f is countably continuous. Then there is a sequence (f_n) of continuous functions such that (1) holds. Let

A_n = { x : f(x) = f_n(x) } for n ≥ 1 .

Since

R =^⋃_{n≥1} A_n ,

there is an index k such that the set A_k is of the second category. So, there is an open interval I such that the intersection I ∩ A_k is dense in I. Since the functions f_k and f are equal on the set A_k ∩ I which is dense in I, they are equal at all continuity points of f belonging to I. But there is a discontinuity point u ∈ I of the function f . Then lim x→u� f^k(x) = lim_{x→u}� f(x) ≠ lim_{x→u}+ f(x) = lim_{x→u}+ f^k(x) , which contradicts the continuity of f_k .

Definition 2. A function f : R → R is called additive if it satisfies Cauchy’s

equation f(x + y) = f(x) + f(y) for all points x, y ∈ R.

Remark 1. It is well-known ([4]) that the affine functions are the only continuous additive functions. However there are countably continuous discontinuous additive functions. For example every discontinuous additive function which has only countably many values is such a function ([4]).

Example 2. There are countably continuous additive discontinuous functions with uncountable images.

Let H ⊂ R be a Hamel basis of the linear space R over the field Q of all rationals. Fix a point h_0 ∈ H and put f(x) = { x for x ∈ H \ {h_0} , 0 for x = h_0 .

Denote by Φ the family of all functions g_r(x) = x − rh_0 for x ∈ R and r ∈ Q .

Evidently the family Φ is countable and each function belonging to Φ is continuous.

The additive extension g : R → R of f : H → R is discontinuous (see [4]) and the image g(R) is uncountable. For each point x ∈ R there is a positive integer k and two systems h_1, . . . , h_k ∈ H and r_0, r_1, . . . , r_k ∈ Q such that x = r_0h_0 + r_1h_1 + · · · + r_kh_k .

Since the function g is additive, we obtain

g(x) = r_1f(h_1) + · · · + r_kf(h_k) = r_1h_1 + · · · + r_kh_k = x − r_0h_0 . Consequently, we have ( x, g(x) ) ∈ Gr(g_{r0} ) ⊂ ⋃ ψ∈Φ Gr(ψ) and Gr(g) ⊂ ⋃ ψ∈Φ Gr(ψ) .

So, the function g is countably continuous.

Definition 3. By μ denote the Lebesgue measure in R. For a Lebesgue

measurable set A ⊂ R and a point x we define the density D(A, x) of the set A at the point x as

lim_{h→0+} μ ( A ∩ [x − h, x + h] ) 2h . Definition 4. A function f : R → R is called approximately continuous at a

point x if there is a Lebesgue measurable set A ∋ x such that D(A, x) = 1 and the restricted function f|A is continuous at x [1].

Example 3. There is a bounded approximately continuous function which is not countably continuous.

Let A = {x_n : n ≥ 1} be a countable set dense in R and let g(x) = ∑ xn<x 1 2^n . Then g : R → (0, 1) is a monotone function continuous at each point x /∈ A and discontinuous at all points x ∈ A. Let B ⊃ A be a G_δ-set of measure zero. Since the function g belongs to the first Baire class (as a monotone function), by Laczkovich–Petruska theorem [5] there is an approximately continuous function

f : R → (0, 1) such that f(x) = g(x) for x ∈ B .

For the proof that f is not countably continuous it suffices to repeat the argument used above for monotone function.

Suppose that there is a sequence of continuous functions f_n : R → R such that (1) holds. For n ≥ 1 let

A_n = { x : f(x) = f_n(x) } . Since

R =^⋃_{n≥1} A_n ,

there is an index k such that the set A_k is of the second category. There is an open interval I such that the set I ∩ A_k is residual in I. Since the set B is residual, the intersection A_k ∩ B ∩ I is also residual in I.

Fix a point u ∈ I ∩ A. Since lim x→u� g(x) < lim_{x→u}+ g(x) and f_k|(A_k ∩ B) = f|(A_k ∩ B) = g|(A_k ∩ B) , we obtain a contradiction with the continuity of f_k at u.

3. Limits of sequences of countably continuous functions

Remark 2. Since all functions having countably many values are countably continuous and every function f : R → R is the limit of a uniformly converging sequence of functions with countable images, the uniform convergence does not preserve the countable continuity.

Definition 5. A sequence (f_n) of functions f_n : R → R discretely converges

to a function f if for each point x ∈ R there is an index n(x) such that f_n(x) = f(x) for n ≥ n(x).

Theorem 4. If a function f is the discrete limit of a sequence of countably

continuous functions f_n : R → R then f is also countably continuous.

P r o o f . Of course, for each positive integer n there are continuous functions f_{n,k} : R → R, k ≥ 1, such that

Gr(f_n) ⊂ ⋃ k≥1 Gr(f_{n,k}) .

Since f is the discrete limit of a sequence (f_n),

Gr(f) ⊂ ⋃ n≥1 Gr(f_n) . So, Gr(f) ⊂ ⋃ n,k≥1 Gr(f_{n,k}) , and consequently, f is countably continuous.

REFERENCES

[1] BRUCKNER, A. M. : Differentiation of Real Functions, Lectures Notes in Math., Vol. 659, Springer-Verlag, Berlin, 1978.

[2] CSÁSZÁR, Á.—LACZKOVICH, M. : Some remarks on discrete Baire classes, Acta Math.

Acad. Sci. Hungar. 33 (1979), 463–472.

[3] GRANDE, Z. : La mesurabilité des fonctions de deux variables et de la superposition F � x, f(x) � , Dissertationes Math. 159 (1978), 1–45.

[4] KUCZMA, M. : An Introduction to the Theory of Functional Equations and Inequalities, Cauchy’s Equation and Jensen’s Inequality, PWN, Warszawa, 1985.

[5] PETRUSKA, G.—LACZKOVICH, M. : Baire 1 functions, approximately continuous functions and derivatives, Acta Math. Hungar. 25 (1974), 189–212.

[6] TALL, F. D. : The density topology, Pacific J. Math. 62 (1976), 275–284.

Received October 22, 2002 Zbigniew Grande College of Informatics Sciences and Economy TWP Olsztyn Wyzwolenia 30 PL–10-106 Olsztyn POLAND E-mail: grande@ab.edu.pl

Anna Fatz-Grupka Institute of Mathematics Bydgoszcz Academy Pl. Weyssenhoffa 11 PL–85-072 Bydgoszcz POLAND E-mail: annafa@ab.edu.pl