Tatra Mt. Math. Publ. 28 (2004), 141–151 tm

Mathematical Publications

NOTE ON THE SUP-MEASURABILITY OF MULTIVALUED FUNCTIONS

Grażyna Kwiecińska

ABSTRACT. For a multivalued function of two variables there is established a possibility of reinforcement of the conditions of measurability concerning the first variable and the conditions of semicontinuity concerning the second one that causes F to be sup-measurable.

1. Introduction

For multivalued function of two variables besides of measurability (more precisely product-measurability or joint measurability), a superpositional measurability (or shortly sup-measurability) can be considered. If F : X × Y → Z is a multivalued function and a superposition of Carathéodory type F ( x, G(x) ) is measurable for every measurable multivalued function G : X → Y , then F is called sup-measurable.

It is known (see [Cal], [Pap] and [Zy1]) that under suitable assumptions on the spaces X , Y and Z , a multivalued function F : X × Y → Z with measurable y-sections and continuous x-sections (called Carathéodory multivalued function) is sup-measurable. A multivalued function F having lower (resp. upper) semicontinuous x-sections and measurable y-sections (called lower (resp. upper) semi-Carathéodory) may not be sup-measurable. Some possibilities of reinforcement of the condition that F is a semi-Carathéodory multivalued function causing F to be sup-measurable are given in [Pap] and [Zy2]. In this note we show that a lower semi-Carathéodory multivalued function F with upper quasicontinuous x-sections is sup-measurable.

We give this theorem for multivalued functions in the possible general abstract spaces.

2000 M a t h e m a t i c s S u b j e c t C l a s s i f i c a t i o n: 54C60, 54C08, 28B20. K e y w o r d s: multivalued functions, semi-Carathéodory multivalued functions, product measurability, superpositional measurability.

This research was supported by the University of Gdańsk, grant BW Nr 5100-5-0151-0.

2. Preliminaries

Let R denote the set of real numbers, N the set of positive integers and L(R)

the family of all Lebesgue measurable subsets of R.

Let T and Z be two arbitrary nonempty sets and let Φ : T → Z be a multivalued function, i.e., Φ denotes a mapping such that Φ(t) is a nonempty subset of Z for t ∈ T .

The set Gr(Φ) ⊂ T × Z defined by the formula

Gr(Φ) = { (t, z) ∈ T × Z : z ∈ Φ(t) } is called a graph of Φ.

Any function ϕ : T → Z such that ϕ(t) ∈ Φ(t) for each t ∈ T is called a selection of Φ.

If Φ : T → Z is a multivalued function, then two inverse images of a subset G ⊂ Z may be defined as

Φ^+(G) = { t ∈ T : F (t) ⊂ G } and Φ^−(G) = { t ∈ T : F (t) ∩ G ≠ ∅ } . The following relations between these inverse images hold:

Φ^−(G) = T \ Φ^+(Z \ G) and Φ^+(G) = T \ Φ^−(Z \ G) . (1)

We also define the image of a subset U ⊂ T under Φ by the formula

Φ(U) = ⋃ u∈U Φ(u) . (2) Let ( T, T (T ) ) be a topological space. The closure of a set A ⊂ T will be denoted by Cl(A).

Definition 1. ([Lev]) A set A ⊂ T is called semi-open if there is an open

set V ⊂ T such that V ⊂ A ⊂ Cl(V ). Let ( T, T (T ) ) and ( Z, T (Z) ) be two topological spaces.

Definition 2. A multivalued function Φ : T → Z is called lower (resp.

upper) semicontinuous at a point t_0 ∈ T if for each V ∈ T (Z) such that Φ(t_0) ∩ V ≠ ∅ (resp. Φ(t_0) ⊂ V ) there exists an open neighbourhood U of the point t_0 such that Φ(t) ∩ V ≠ ∅ (resp. Φ(t) ⊂ V ) for each t ∈ U .

If a multivalued function Φ is simultaneously lower and upper semicontinuous at a point t_0 ∈ T , then Φ is said to be continuous at t_0 .

A multivalued function Φ being lower (resp. upper) semicontinuous at each point t ∈ T is said to be lower (resp. upper) semicontinuous.

It is clear that a multivalued function Φ is lower (resp. upper) semicontinuous if and only if Φ^−(G) ∈ T (T ) (resp. Φ^+(G) ∈ T (T )) whenever G ∈ T (Z).

Definition 3. ([N-N]) A multivalued function Φ : T → Z is said to be lower

quasicontinuous (resp. upper quasicontinuous) at a point t_0 ∈ T if for any open set V ⊂ T such that Φ(t_0) ∩ V ≠ ∅ (resp. Φ(t_0) ⊂ V ) and any open U containing t_0 there exists an open set W ⊂ V , W ≠ ∅ such that Φ(t) ∩ V ≠ ∅ (resp. Φ(t) ⊂ V ) for each t ∈ W .

A multivalued function Φ is said to be lower (resp. upper) quasicontinuous if it is lower (resp. upper) quasicontinuous at every point t ∈ T .

The notion lower semiquasicontinuous and upper semiquasicontinuous would be more appropriate. It would correspond to lower semicontinuous and upper semicontinuous, respectively. We omit the word “semi” for the sake of shortening.

Proposition 1. ([N-N, Theorem 2]) Let^(T, T (T )^) be a first countable Haus-

dorff space and ( Z, T (Z) ) a second countable topological one. Let Φ : T → Z be a compact-valued multivalued function. Then Φ is upper quasicontinuous at a point t_0 ∈ T if and only if there exists a quasi-open set A containing t_0 such that the restriction Φ|A is upper semicontinuous at t_0 . Let ( T, A(T ) ) be a measurable space, where A(T ) stands for some σ-algebra of subsets of T and let ( Z, T (Z) ) be a topological space.

Definition 4. A multivalued function Φ : T → Z is called A(T )-measurable

(resp. weakly A(T )-measurable) if the inverse image Φ^−(G) belongs to A(T ) for every closed (resp. open) set G ⊂ Z .

Proposition 2. ([K-S, Proposition 1]) Let^(T, A(T )^) be a measurable space

and let ( Z, T (Z) ) be a topological one. Then (i) If ( Z, T (Z) ) is a perfect space and Φ is A(T )-measurable, then Φ is weakly A(T )-measurable.

(ii) If ( Z, T (Z) ) is a perfectly normal and Φ is compact-valued, then Φ is A(T )-measurable if and only if Φ is weakly A(T )-measurable.

Proposition 3. Let^(T, A(T )^) be a measurable space, (Z, ρ) a metric space

and Φ : T → Z a multivalued function with closed values. For a fixed z ∈ Z let us define a real function g_z : T → R by the formula

g_z(t) = ρ ( z, Φ(t) ) . (i) ([Him], Theorem 3.3) Consider the statements:

(a) Φ is weakly A(T )-measurable;

(b) for each z ∈ Z the real function g_z is A(T )-measurable; (c) Gr(Φ) ∈ A(T ) ⊗ B(Z), where A(T ) ⊗ B(Z) stands for the σ-algebra generated by the family of sets A × B whenever A ∈ A(T ) and B is a Borel subset of Z .

If (Z, ρ) is separable, then (a) ⇐⇒ (b) =⇒ (c) .

(ii) ([C-V], Theorem III. 30) If (Z, ρ) is complete and separable, then Φ

is weakly A(T )-measurable if and only if Φ admits a sequence of

A(T )-measurable selections (ϕ_n)_{n∈N} such that Φ(t) = Cl{ϕ_n(t) : n ∈ N}

for any t ∈ T .

Definition 5. ([Frm], Definition 1) A measurable space with negligibles is

a triple ( T, A(T ), I(T ) ) , where T is a set, A(T ) is a σ-algebra of subsets of

T , and I(T ) ⊂ P(T ) is a σ-ideal of the Boolean algebra P(T ) generated by I(T ) ∩ A(T ). This concept of a measurable space with negligibles is a common gener-

alization of the two principal examples: the space ( T, A(T ), N (T ) ) , where ( T, A(T ), μ ) is a measure space and N (T ) is σ-ideal of μ-measure zero subsets

of T , and the space ( T, ^B(T ), M(T ) ) , where ( T, T (T ) ) is a topological space,

^B(T ) is σ-algebra of subsets of T with the Baire property, and M(T ) is σ-ideal

of meager subsets of T .

Definition 6. ([Frm], Definition 1B) Let^(T, A(T ), I(T )^) be a measurable

space with negligibles and κ a cardinal. (a) ( T, A(T ), I(T ) ) is said to be complete if I(T ) ⊂ A(T ). (b) ( T, A(T ), I(T ) ) is κ-saturated if whenever E ⊂ A(T ) \ I(T ) and cardi-

nality of E is κ there are distinct E and F in E such that E ∩F ∉ I(T ). (c) ( T, A(T ), I(T ) ) is proto-decomposable if there is a family U ⊂ A(T )

such that whenever W ⊂ U is disjoint, then (i) ⋃ W ∈ A(T ), (ii) if {E_W }_{W ∈W} is a family in I(T ), then ⋃ W ∈W (W ∩ E_W ) ∈ I(T ),

(iii) if E ⊂ T and E \ ⋃ W ∈ A(T ) \ I(T ), then there is a non-empty

set U ∈ U such that U ∩ ⋃ W = ∅ and U \ E ∈ I(T ). Among examples of proto-decomposable spaces there are ( T, A(T ), N (T ) ) , where (T, A(T ), μ) is a complete measurable space and ( T, B(T ), M(T ) ) , where ( T, T (T ) ) is a topological space (see [Frm], 6Bf and 7C). If ( T, A(T ), I(T ) ) is an arbitrary measurable space with negligibles, we can

determine its completion ( S, ^A(T ), I(T ) ) by putting:

^A(T ) = {H ⊂ T : there exist sets A ∈ A(T ) and B ∈ A(T )

such that A ⊂ H ⊂ B and B \ A ∈ I(T ) } . (3)

Proposition 4. ([Frm, 1D, 1G and 1H]) Let^(T, T (T ), I(T )^) be a measur-

able space with negligibles. Then (a) ( T, ^A(T ), I(T ) ) is a complete measurable space with negligibles.

(b) If ( T, A(T ), I(T ) ) is proto-decomposable, so is ( T, ^A(T ), I(T ) ) . (c) If ( T, A(T ), I(T ) ) is ω_1-saturated, then it is proto-decomposable.

(d) If ( T, A(T ), I(T ) ) is complete and proto-decomposable, then A(T ) is closed under the Suslin’s operation. Let ( X, A(X) ) be a measurable space and let ( Y , T (Y ) ) and ( Z, T (Z) ) be topological ones. Let B(Y ) denote the Borel σ-algebra of the space Y . Finally, let A(X) ⊗ B(Y ) stand for a σ-algebra generated by the family of sets A × B , where A ∈ A(X) and B ∈ B(Y ).

Definition 7. A multivalued function F : X × Y → Z is said to be product

measurable if it is A(X) ⊗ B(Y )-measurable and A(X)-sup-measurable if for each A(X)-measurable multivalued function G : X → Y with closed values the Carathéodory’s superposition Φ : X → Z defined by the formula

Φ(x) = F ( x, G(x) ) = ⋃ y∈G(x) F (x, y) (4) is an A(X)-measurable multivalued function.

Let X and Y be two abstract sets. For every set Z ⊂ X × Y let us denote by proj_X (Z) the projection of Z on X , i.e.,

proj_X (Z) = {x ∈ X : there exists y ∈ Y such that (x, y) ∈ Z} .

For every class Q of sets let us denote by A(Q) the class of all sets obtained by applying the operation A restricted to the class Q.

A class Q of sets is called compact if for every sequence (Q_n)_{n∈N} of sets of

the family Q, we have ⋂ n∈N Q_n ≠ ∅ whenever^n ⋂ i=1 Q_i ≠ ∅ for each n ∈ N.

Lemma 1. ([M-N, Theorem, p. 161]) Let X and Y be two abstract sets. Let

X denote a class of subsets of X and Y a class of subsets of Y .

If Y is compact, then proj_X (S) ∈ A(X ) for every set S ∈ A(X × Y).

Lemma 2. Let^(X, A(X)^) be a measurable space and let (Y, d) be a com-

pact metric one. Then the σ-algebra A(X) ⊗ B(Y ) is contained in the class A ( A(X) × K ) , where K denotes the family of compact subsets of Y .

This fact is established in Lemma 2.a of [Bie] for the case where Y is the real line. Then it was generalized by D. A. F r e e d m a n and J. N e v e u for the present case of a compact space Y by substitution of the family K for the family of compact intervals in Bierlein’s proof.

Proposition 5. Let^(X, A(X), I(X)^) be a measurable space with negligi-

bles and let Y be a Polish one. Then for every set M ∈ ^A(X) ⊗ B(Y ), it holds proj_X M ∈ A ( ^ A(X) ) . P r o o f . Let I denote the Hilbert cube. It is well known (see, e.g., [Kur, p. 249]) that Y is homeomorphic to a subspace ^Y of I . Then B(Y ) is isomorphic to B( ^Y ), and since ^Y is G_δ in I (see [Kur, p. 441]), ^Y ∈ B(I) and hence B( ^Y ) ⊂ B(I). Now let M ∈ ^A(X) ⊗ B(Y ). Then, using an obvious notation, ^M ∈ ^A(X) ⊗ B( ^Y ) ⊂ ^A(X) ⊗ B(I). Finally, since I is compact, by Lemma 2 we get M ∈ A ( ^ A(X) × K ) . Now K is a compact class on I and, so, by Lemma 1 proj_X M = proj_X ^M ∈ A ( ^ A(X) ) which finishes the proof of Proposition 5. Let ( X, A(X), I(X) ) be a measurable space with negligibles and let ^A(X) be the I(X)-completion of A(X). We define the following projection property of measurable space with negligibles:

Definition 8. We say that^(X, A(X), I(X)^) has the projection property if

proj_X(A) ∈ ^A(X) whenever Y is a Polish space and A ∈ A(X) ⊗ B(Y ) . (5)

Among examples of spaces having projection property (5) there are measure spaces (X, A(X), μ) with σ-finite measure μ by the known projection theorem (see, e.g., [C-V, Theorem III. 23]). Then ^A(X) is the Lebesgue extension of A(X). The spaces ( X, B(X), M(X) ) , where ( X, T (X) ) is a topological space, are proto-decomposable, so, by Proposition 4(b) and (d) ^B(X) are closed under Suslin’s operation, which in turn insures the projection property of ( X, B(X), M(X) ) by Proposition 5.

Analogously by Proposition 4(c) each abstract measurable space with negligibles ( X, A(X), I(X) ) which is also ω_1-saturated has the projection property (5).

Let F : X×Y → Z be a multivalued function. Then the multivalued functions F_x : Y → Z defined by y → F (x, y) and F^y : X → Z defined by x → F (x, y) are called x-section of F and y-section of F , respectively.

Definition 9. Let^(X, A(X)^) be a measurable space,^(Y , T (Y )^) and ( Z, T (Z) ) topological ones. A multivalued function F : X × Y → Z is called lower (resp. upper) semi-Carathéodory if for each fixed y ∈ Y its y-section F^y is A(X)-measurable and for each fixed x ∈ X its x-section F_x is lower (resp. upper) semicotinuous.

A multivalued function F : X × Y → Z is said to be Carathéodory if it is simultaneously lower and upper semi-Carathéodory.

3. Product-measurability

Theorem 1. Let^(X, A(X)^) be a measurable space, Y a Polish space and

(Z, ρ) a separable metric one. Suppose that a lower semi-Carathéodory multi-

valued function F : X × Y → Z with compact values has all x-sections upper

quasicontinuous. Then F is A(X) ⊗ B(Y )-measurable.

P r o o f . Let z ∈ Z be fixed. It is sufficient to prove that the real function g_z(x, y) = ρ ( z, F (x, y) ) is A(X) ⊗ B(Y )-measurable . (6)

Then by Proposition 3(i) F is weakly A(X) ⊗ B(Y )-measurable and hence by

Proposition 2 (ii) it is also A(X) ⊗ B(Y )-measurable.

Let K(z, r) ⊂ Z be the open ball centered in z with radius r > 0 and

let (x, y) ∈ X × Y be a fixed point. According to the assumption, F^y is

A(X)-measurable, so, by Proposition 2 (i) F^y is weakly A(X)-measurable.

Therefore (F^y )^− ( K(z, r) ) ∈ A(X). Furthermore,

(F^y)^− ( K(z, r) ) = { x ∈ X : F^y(x) ∩ K(z, r) ≠ ∅ } = { x ∈ X : ρ ( z, F^y(x) ) < r } = ( g^y_z )_{−1} (−∞, r) . Therefore we have ( g^y_z )_{−1} (−∞, r) ∈ A(X) for each y ∈ Y , i.e., all y-sections of g_z

are A(X)-measurable . (7)

Moreover, multivalued function F_xis lower semicontinuous. Thus (F_x)^− ( K(z, r) ) is an open subset of Y . Since ( (g_z)_x )_{−1} (−∞, r) = { y ∈ Y : ρ ( z, F_x(y) ) < r } = { y ∈ Y : F_x(y) ∩ K(z, r) ≠ ∅ } = (F_x)^− ( K(z, r) ) we conclude that ( (g_z )_x )_{−1} (−∞, r) is an open subset of Y , hence ( (g_z)_x )_{−1} (−∞, r) is an open subset of Y for each x ∈ X ,

i.e., all x-sections of g_z, are upper semicontinuous. (8)

Since F_x is also upper quasicontinuous at y , by Proposition 1, there exists a

quasi-open set A(y) containing y such that the restriction F_x | |_{A(y)} is upper

semicontinuous at y . Therefore

there exists an open set V (y) such that V (y) ⊂ A(y) ⊂ Cl ( V (y) ) , y ∈ Cl ( V (y) ) , and F_x | |_{V (y)∪{y}} is continuous at y . (9)

Let S = {s_1, s_2, . . . } be a dense subset of Y . Then by (9), to each point (x, y) ∈ X × Y there corresponds a sequence ( s_n(x, y) ) n∈N such that s_n(x, y) ∈ S, lim_{n→∞} s_n(x, y) = y and lim_{n→∞} ρ ( z, F (x, s_n(x, y)) ) = ρ ( z, F (x, y) ) , i.e., lim_{n→∞} g_z ( x, s_n(x, y) ) = g_z(x, y) . (10)

Now we define a multifunction G : X → Y × R as follows: G(x) = { (y, r) ∈ Y × R: g_z(x, y) ≥ r } . By virtue of (8)

the values of the multivalued function G are closed subsets of Y × R . (11)

We will show that

the multifunction G is weakly A(X)-measurable . (12)

Let (q_m)_{m∈N} be an enumeration of the rational numbers. Define a sequence of functions f_{n,m} : X → Y × R by the formula f_{n,m}(x) = ( s_n(x, y), min ( q_m, g_z ( x, s_n(x, y) ))) . It is clear that

all functions f_{n,m} : X → Y × R are A(X)-measurable and

f_{n,m}(x) ∈ G(x) for each x ∈ X and n, m ∈ N . (13)

Thus { f_{n,m}(x) : n, m ∈ N } ⊂ G(x) for each x ∈ X . (14)

Since G(x) is closed (see (11)), we have Cl ({ f_{n,m}(x) : n, m ∈ N }) ⊂ G(x) . (15)

Now let (y, r) ∈ G(x), i.e., g_z(x, y) ≥ r . We can choose the sequence (q_m)_{m∈N} such that q_m ≤ g_z ( x, s_n(x, y) ) for each m ∈ N, and lim_{m→∞} q_m = r . Then

lim_{n→∞} lim_{m→∞} f_{n,m}(x) = (y, r), this means (y, r) ∈ Cl ({ f_{n,m}(x) : n, m ∈ N }) and G(x) ⊂ Cl ({ f_{n,m}(x) : n, m ∈ N }) . Thus by (15)

G(x) = Cl ({ f_{n,m}(x) : n, m ∈ N }) . (16)

Now (12) is a simple consequence of (13), (16), and Proposition 3 (ii). The statement (12) has been proved.

Then by Proposition 3 (i),

Gr(G) = { (x, y, r) ∈ X × Y × R: (y, r) ∈ G(x) } ∈ A(X) ⊗ B(Y × R) . and then ( Gr(G) )_r = { (x, y) ∈ X × Y : (x, y, r) ∈ Gr(G) } ∈ A(X) ⊗ B(Y ) . (17) Let us note that ( Gr(G) )_r = { (x, y) ∈ X × Y : (y, r) ∈ G(x) } = { (x, y) ∈ X × Y : g_z(x, y) ≥ r } = X × Y \ { (x, y) ∈ X × Y : g_z(x, y) < r } = X × Y \ g^{−1}_z (−∞, r) . Therefore by (17) g^{−1}_z (−∞, r) ∈ A(X)⊗B(Y ), so, (6) is shown and the proof of Theorem 2 is finished.

4. Sup-measurability

Theorem 2. Let^(X, A(X), I(X)^) be a measurable space with negligibles

which has the projection property (5). Let Y be a Polish space and ( Z, T (Z) ) a topological one. Then every A(X) ⊗ B(Y )-measurable multivalued function F : X × Y → Z is ^A(X)-sup-measurable.

P r o o f . Let H : X → Y be an ^A(X)-measurable multivalued function with closed values. We will show that the multivalued function Φ(x) = F ( x, H(x) ) is ^A(X)-measurable. Let D ⊂ Z be a closed set. By A(X) ⊗ B(Y )-measurability of F ,

F^−(D) = { (x, y) ∈ X × Y : F (x, y) ∩ D ≠ ∅ } ∈ A(X) ⊗ B(Y ) . (18) On the other hand, in view of ^A(X)-measurability of H and by Proposition 2 (i), H is weakly ^A(X)-measurable, and by Proposition 3 (i),

Gr(H) = { (x, y) ∈ X × Y : y ∈ H(x) } ∈ ^A(X) ⊗ B(Y ) . (19) Let us remark that { (x, y) ∈ X × Y : F (x, y) ∩ D ≠ ∅ and y ∈ H(x) } = F^−(D) ∩ Gr(H) .

Thus by (18) and (19) { (x, y) ∈ X × Y : F (x, y) ∩ D ≠ ∅ and y ∈ H(x) } ∈ ^A(X) ⊗ B(Y ) . Hence, using (5) we arrive at the following conclusion:

Φ^−(D) = { x ∈ X : F ( x, H(x) ) ∩ D ≠ ∅ } = { x ∈ X : F (x, y) ∩ D ≠ ∅ and y ∈ H(x) } = proj_X { (x, y) ∈ X × Y : F (x, y) ∩ D ≠ ∅ and y ∈ H(x) } ∈ ^A(X) which finishes the proof of Theorem 2.

The following Corollary is an immediate conclusion of Theorem 1 and Theorem 2.

Corollary 1. Let^(X, A(X), I(X)^) be a measurable space with negligibles

which has the projection property (5). Let Y be a Polish space and (Z, ρ) a separable metric one. If F : X×Y → Z is a lower semi-Carathéodory multivalued function with compact values whose every x-section is upper quasicontinuous, then F is ^A(X)-sup-measurable.

Remark 1. If a multivalued function is only lower semi-Carathéodory, then it may not be sup-measurable.

Consider, for example, a multifunction F : R × R → R defined as follows:

F (x, y) = [−1, 2] if x ≠ y , [−1, 0] if x = y and x ∈ A , [1, 2] if x = y and x ∈ R \ A ,

where A ∉ L(R). It is clear that the above multifunction fulfils the mentioned conditions. But taking measurable multivalued function G(x) = {x}, the superposition Φ(x) = F ( x, G(x) ) = F (x, x) is not Lebesgue measurable.

REFERENCES

[Bie] BIERLEIN, D. : Der Graph messbarrer Funktionen mit abstractem Definitionsbereich, Math. Z. 76 (1961), 1–17.

[Cal] TSALYUK, V. Z. : Superpositional measurability of multivalued functions, Mat. Zametki 43 (1988), 98–102. (In Russian) [C-V] CASTAING, C.—VALADIER, M. : Convex Analysis and Measurable Multifunctions, Lecture Notes in Math., Vol. 580, Springer-Verlag, Berlin, 1977.

[Frm] FREMLIN, D. H. : Measure-additive coverings and measurable selectors, Dissertationes Mathematicae CCLX (1987), 1–116.

[Him] HIMMELBERG, C. J. : Measurable relations, Fund. Math. 87 (1975), 53–72. [Kur] KURATOWSKI, K. : Topology, Vol. I., Academic Press, New York; PWN, Warszawa, 1966. (In Russian) [K-S] KWIECIŃSKA, G.—ŚLȨZAK, W. : On complete measurability of multifunctions defined on product spaces, Acta Math. Univ. Comenian., LXVI (1997).

[Lev] LEVINE, N. : Semi-open sets and semi-continuity in topological spaces, Amer. Math.

Monthly 70 (1963), 36–41.

[M-N] MARCZEWSKI, A.—RYLL-NARDZEWSKI, CZ. : Projection in abstract sets, Fund.

Math. 40 (1953), 160–164.

[N-N] NEUBRUNN, T.—NÁTHER, O. : On a characterization of quasicontinuous multifunctions, Čas. Pěst. Mat. 107 (1982), 294–300.

[Pap] PAPAGEORGIU, N. S. : On measurable multifunctions with applications to random multivalued equations, Math. Japonica 32 (1987), 437–464.

[Zy1] ZYGMUNT, W. : Remarks on superpositionally measurable multifunctions, Mat. Zametki 48 (1990), 70–72. (In Russian) [Zy2] ZYGMUNT, W. : The Scorza-Dragoni’s type property and measurability of a multifunction of two variables, Rend. Acad. Naz. Sci., XL. Mem. Mat. 12 (1988), 109–115.

Received November 29, 2002 University of Gdańsk Institute of Mathematics ul. Wita Stwosza 57 PL–80-952 Gdańsk POLAND E-mail: gkk@math.univ.gda.pl