Tatra Mt. Math. Publ. 28 (2004), 1–10 tm

Mathematical Publications

ON PT-SPACES

Janina Ewert — Stanisław Kowalczyk

ABSTRACT. The research in the selection theory led to define some class of topological spaces, so called pt-spaces. In this paper the relations between pt-spaces and other classes of ones are studied. It is also shown that each Hausdorff pt-space is a Baire space and that any locally compact paracompact space is a pt-space.

Throughout the whole paper (X, T ) or simply X denotes a topological space on which no separation axioms are assumed unless it is explicitly stated. Thus, similarly as in [1], compact, locally compact and paracompact spaces need not be T_2 .

A subset A of a topological space X is said to be:

– regularly open (regularly closed) if A = Int(A), (resp. A = Int(A) );

sometimes the names “open domain” and “closed domain” are also used [5, 3];

– semi-open, if there exists an open set U satisfying U ⊂ A ⊂ U (equivalently A ⊂ Int(A) ), [6];

– regularly semi-open if there exists a regularly open set U such that U ⊂ A ⊂ U , [4].

The relations among these classes of sets are illustrated by the following diagram

regularly open fflffl // open fflffl regularly semi-open // semi-open

The simple examples show that all inclusions in the above diagram are proper. In the sequel, some properties of these sets will be used; we list them as a lemma.

2000 M a t h e m a t i c s S u b j e c t C l a s s i f i c a t i o n: 54D20.

K e y w o r d s: semi-open set, pt-space, locally compact space, paracompact space.

Lemma 1.

(a) The complement of a regularly open (regularly closed) set is regularly closed (regularly open), [5].

(b) The interior (closure) of a closed (resp. open) set is regularly open (resp.

regularly closed), [5].

(c) The closure of any semi-open set is regularly closed, [4]. (d) If A is regularly semi-open and B is regularly open, then A ∩ B is regularly semi-open [4].

(e) The union of a locally finite family of regularly closed sets is regularly closed.

A topological space X is called a pt-space if there exists a cover {W_j : j ∈ J} of X consisting of pairwise disjoint regularly semi-open sets with W_j compact for j ∈ J , [4].

Theorem 1. Every Hausdorff pt-space is a Baire space.

P r o o f . Let X be a Hausdorff pt-space and let A be a cover of X consisting of pairwise disjoint regularly semi-open sets with compact closure. By {W_n : n ∈ N} denote a sequence of open dense sets in X . For any open nonempty set U ⊂ X and a point x ∈ U there is A ∈ A such that x ∈ A. Hence V = U ∩ Int(A) ≠ ∅, V is compact and V ∩ W_n ≠ ∅ for n ∈ N. Let ~V ∩ W_n be the closure of V ∩ W_n in the subspace V . Then ~V ∩ W_n = V ∩ W_n ∩ V = V , so V ∩ W_n is an open dense subset of the compact Hausdorff space V . Hence ∞⋂ n=1 V ∩ W_n is dense in V . Thus we obtain ∅ ≠ V ∩^∞ ⋂ n=1 W_n ⊂ U ∩^∞ ⋂ n=1 W_n , i.e., ∞⋂ n=1 W_n is dense in X which completes the proof.

Theorem 2. A separable pt-space does not contain a closed discrete subspace

of the cardinality continuum.

P r o o f . On the contrary suppose that a separable pt-space X contains a closed discrete subspace L of the cardinality continuum. Since L is discrete, for each compact set M ⊂ X the set M ∩ L is at most finite. Let A be a regularly semi-open cover of X consisting of pairwise disjoint sets such that U is compact for U ∈ A. For each p ∈ L we fix U_p ∈ A with p ∈ U_p . The set U_p is compact, so U_p ∩ L is nonempty finite for p ∈ L and L = ⋃ p∈L U_p ∩ L. From this it follows that the cardinality of A is at least continuum. Let D be a countable dense subset of X . For each U ∈ A we have D ∩ U ≠ ∅, so {U ∩ D : U ∈ A} is a family of pairwise disjoint nonempty sets. Furthermore D = D ∩ ⋃ U∈A U = ⋃ U∈A D ∩ U which is a contradiction finishing the proof. 2

As an immediate consequence of Theorem 2 we obtain:

Examples 1.

(a) The Niemytzki plane (comp. [3, Examples 1.2.4, 1.3.9, 1.4.5, 1.5.9]) is not a pt-space.

(b) Let X be the Sorgenfrey line; then X × X is not a pt-space.

Also, various other well-known spaces do not have the considered property.

Examples 2.

(a) Every infinite dimensional Hausdorff topological vector space is not a pt-space.

For instance, in such space a neighbourhood V of zero with V compact does not exist [2]. In the consequence, for each subset A such that Int(A) ≠ ∅ the closure of A is not compact.

(b) R^n with the ordinary density topology τ_d is not a pt-space. In the space ( R^n, τ_d ) each compact set is of the Lebesgue measure zero, while the measure of an open nonempty set is positive [7].

From above examples it follows that Theorem 1 is not invertible.

Theorem 3. Every locally compact second countable space is a pt-space.

P r o o f . Let B be a countable base of a locally compact space X . For each x ∈ X we choose its neighbourhood belonging to B and possessing the compact closure. Thus we obtain an open cover A = {U_n : n ∈ N} of X with U_n compact for n ∈ N. Now let

W_1 = U_1 , W_2 = U_2\U_1 , . . . , W_n = U_n \ n−1⋃ k=1 U_k , . . . Then {W_n : n ∈ N} is a regularly semi-open cover of X , W_n ∩ W_m = ∅ for n, m ∈ N, n ≠ m and W_n is compact for n ∈ N.

In [4] I. K u p k a stated the following question: is every regular locally compact topological space a pt-space?

In the next theorem some connections between pt-spaces and the local compactness are formulated. At first we give the necessary definition.

A topological space X is called almost paracompact if for each open cover A of X there is a locally finite family V of open sets which refines A and whose union is dense in X, [9].

Theorem 4. In a topological space X the following conditions are equivalent:

(a) there exists a locally finite cover with properties from the definition of a pt-space;

(b) there exists a locally finite cover consisting of regularly closed compact sets;

(c) there exists a locally finite cover consisting of closed compact sets; (d) there exists a locally finite open cover consisting of the sets which closure is compact;

(e) X is a locally compact and paracompact space; (f) X is a locally compact and almost paracompact space.

P r o o f . We will prove that (a) ⇒ (b) . Let {M_j : j ∈ J} be a locally finite cover of X consisting of pairwise disjoint regularly semi-open sets such that M_j is compact for j ∈ J . Then the family {M_j : j ∈ J} has all properties mentioned in (b).

The implication (b) ⇒ (c) is obvious.

Now we will show that (c) ⇒ (d) . Let F = {F_j : j ∈ J} be a locally finite closed compact cover of X . For each point x ∈ X there is a neighbourhood U intersecting only finite number of sets F_{j,1}, . . . , F_{j,n} ∈ F . Then U ⊂ F_{j,1} ∪ · · · ∪ F_{j,n} , so U is compact. Thus we have shown that X is locally compact.

For each j ∈ J and x ∈ F_j there is a neighbourhood W_{j,x} which meets only finite number of sets belonging to F . Since F_j are compact we can select a finite sequence of points x_{j,1}, . . . , x_{j,n(j)} ∈ F_j such that F_j ⊂ W_{j,xj,1} ∪ · · · ∪ W_{j,xj,n(j)} . This means that W_{j,xj,1}∪ . . . ∪ W_{j,xj,n(j)} is a neighbourhood of F_j which intersects only finite number of sets from F . Hence for each j ∈ J the set A_j = {i ∈ J : F_j ∩ F_i ≠ ∅} is nonempty finite. The family F is locally finite, therefore for each z ∈ J the set ⋃ j∉Az F_j is closed and disjoint with F_z . Since

X is locally compact an open set U_z can be chosen such that F_z ⊂ U_z , U_z is compact and U_z ∩ ⋃ j∉Az F_j = ∅. This implies that for every two indices j_1, j_2 ∈ J

for which U_{j1} ∩F_{j2} ≠ ∅ it holds F_{j1} ∩F_{j2} ≠ ∅. Hence {j ∈ J : U_j ∩F_z ≠ ∅} = A_z . The family A = {U_j : j ∈ J} is an open cover of X and U_j is compact for j ∈ J . It remains to show that A is locally finite. Let us take any z ∈ J . If U_j ∩ U_z ≠ ∅ for certain j ∈ J , then there exists F_i ∈ F such that U_j ∩ U_z ∩ F_i ≠ ∅. Thus F_j ∩ F_i ≠ ∅ ≠ F_z ∩ F_i which gives i ∈ A_z and j ∈ A_i . This means that {j ∈ J : U_j ∩ U_z ≠ ∅} ⊂ ⋃ i∈Az A_i . So we have shown that for each z ∈ J the set

{j ∈ J : U_j ∩ U_z ≠ ∅} is finite, i.e., the cover A is locally finite.

To prove the implication (d) ⇒ (e) , we take a locally finite open cover A = {U_j : j ∈ J} of X such that U_j is compact for j ∈ J . The existence of such cover means that X is locally compact. We will show that X is paracompact. Let V = {V_s : s ∈ S} be an open cover of X . Since X is locally compact, for each j ∈ J and for each x ∈ U_j we can choose an open set W_{j,x} such that x ∈ W_{j,x} , W_{j,x} is compact and W_{j,x} is contained in some set belonging to V . For each j ∈ J , using the compactness of U_j , we can select a finite sequence of points x_{j,1}, . . . , x_{j,n(j)} ∈ U_j such that U_j ⊂ W_{j,xj,1}∪· · ·∪W_{j,xj,n(j)} . Let us put ^W_{j,xj,k} = W_{j,xj,k} ∩ U_j for j ∈ J , k = 1, . . . , n(j); then U_j = ^W_{j,xj,1}∪ · · · ∪ ^W_{j,xj,n(j)} . The cover B = {^ W_{j,xj,k} : j ∈ J , k = 1, . . . , n(j) } is locally finite because it refines A.

As it follows from the construction of B , it also refines V ; thus we have shown that X is a paracompact space.

The implication (e) ⇒ (f) is evident since each paracompact space is almost paracompact.

Finally, we will prove that (f) ⇒ (a) . For each x ∈ X we fix a neighbourhood U_x of this point such that U_x is compact. By the assumption, there is a locally finite open refinement V of A = {U_x : x ∈ X} such that ⋃ V ∈V V = X . Then

V_1 = {V : V ∈ V} is a locally finite cover of X consisting of regularly closed compact sets. Let “<” be a well order in V_1 and let α be the order type of (V_1, <). Then V_1 can be represented as the transfinite sequence V_0 , V_1 , . . . , V_ξ , . . . ; ξ < α . Let us put

W_0 = V_0 , W_1 = V_1 \ V_0 , . . . , W_ξ = V_ξ \ ⋃ β<ξ V_β , . . . ; ξ < α . Since W_ξ ⊂ V_ξ , each of the sets W_ξ is compact. Furthermore, {W_ξ : ξ < α} refines V_1 , so {W_ξ : ξ < α} is locally finite. For any ξ < α the family {V_β : β < ξ} is locally finite, thus ⋃ β<ξ V_β = ⋃ β<ξ V_β . Hence ⋃ β<ξ V_β is regularly closed.

In consequence, W_ξ is the intersection of regularly semi-open set V_ξ and regularly open set X\ ⋃ β<ξ V_β , so W_ξ is regularly semi-open. Now, let us take any

point x ∈ X . Since V_1 is a cover of X , V_x = {V_ξ : x ∈ V_ξ} is a nonempty subset of the well ordered set (V_1, <). Therefore there is ξ < α such that x ∈ V_ξ and x ∉ V_β for β < ξ . It means x ∈ W_ξ , i.e., {W_ξ : ξ < α} is a cover of X possessing all properties from the definition of a pt-space. Thus the proof is completed.

Corollary 1. Every locally compact metric space is a pt-space.

On the other hand a metric pt-space need not be locally compact.

JANINA EWERT — STANISŁAW KOWALCZYK

Example 3. Let us consider X = ( [0, 1] × {0} ) ∪^∞ ⋃ n=2 ( {^1_n } ×

[_1 n , 1 ]) with

the euclidean metric. The sets A_1 = [0, 1] × {0}, A_n = {^1_n } ×

[_1 n , 1 ] , n ≥ 2,

are regularly closed compact pairwise disjoint and X =^∞ ⋃ n=1 A_n . Thus X is

a pt-space. But none neighbourhood of the point p = (0, 0) has the compact

closure, so X is not locally compact.

Taking the last example into account it seems to be sensible to use the fol-

lowing definition: a topological space X is said to be locally compact at a point

x ∈ X if there is a neighbourhood U of x such that the set U is compact. We set E(X) = {x ∈ X : the space X is not locally compact at x} .

Then we immediately obtain:

– E(X) = ∅ if and only if X is locally compact;

– E(X) is a closed set;

– E(X) ⊂ X^d , where X^d is the derived set of X ;

– if X is a pt-space then E(X) is a nowhere dense subset of X .

Now, let (X, d) be a metric space. By B(x, r) we denote the open ball with

center x and radius r . For two sets A_1, A_2 ⊂ X we write dist(A_1, A_2) = inf x∈A1,y∈A2 d(x, y). Theorem 5. Let (X, d) be a dense in itself metric space. If the set E(X) is

discrete, then X is a pt-space.

P r o o f . Under assumptions, { {x} : x ∈ E(X) } is a discrete family of closed

sets. By the paracompactness of X , there exists a discrete family { U_x : x ∈ E(X) } of pairwise disjoint open sets with x ∈ U_x for x ∈ E(X), [3, Th. 5.1.18

and 5.1.17]. For each x ∈ E(X) we fix r(x) > 0 such that B ( x, r(x) ) ⊂ U_x . Thus

we get the discrete family of pairwise disjoint sets { B ( x, r(x) ) : x ∈ E(X) } . Since E(X) ⊂ X^d , for each x ∈ E(X) we choose a sequence { y_n(x) : n ∈ N } of points belonging to B ( x, r(x) ) and a sequence { r_n(x) : x ∈ N } of numbers

satisfying the following conditions:

0 < r_n(x) < min { r(x), d ( x, y_n(x) )} , n ∈ N, d ( x, y_n(x) ) ↘ 0 and r_n(x) ↘ 0, whenever n → ∞, B ( y_n(x), r_n(x) ) ⊂ B ( x, r(x) ) , n ∈ N, B ( y_n(x), r_n(x) ) is compact, n ∈ N,

dist ( B ( y_n(x), r_n(x) ) , B ( y_m(x), r_m(x) )) > 0 for n, m ∈ N, n ≠ m.

Now, we put A(x) = {x} ∪^∞ ⋃ n=1 B ( y_n(x), r_n(x) ) for x ∈ E(X),

and V_1 = { A(x) : x ∈ E(X) } . Then V_1 is a discrete family consisting of pairwise disjoint regularly closed compact sets, so ⋃ x∈E(X) A(x) is regularly closed. Let Z = X \ ⋃ x∈E(X) A(x). For each

z ∈ Z we choose a neighbourhood W_z such that W_z is compact and W_z ⊂ Z . Thus W = {W_z : z ∈ Z} is an open cover of Z . Since Z is an open paracompact subspace of X , there exists an open in X and locally finite in Z cover V_2 of Z which refines W . Hence for each V ∈ V_2 the set V is compact and V ⊂ Z . Let ~M denote the closure of a set M ⊂ Z in the subspace Z . Then for each set V ∈ V_2 we have ~V = V ∩ Z = V . Now let “<” be a well order in V = {V : V ∈ V_1 ∪ V_2} and let α be the order type of (V, <). Then V can be represented as the transfinite sequence V_0 , V_1 , . . . ,V_ξ , . . . ; ξ < α . We put:

G_0 = V_0 , G_1 = V_1 \ V_0 , . . . , G_ξ = V_ξ \ ⋃ β<ξ V_ξ , . . . ; ξ < α . The sets G_ξ are compact, because G_ξ ⊂ V_ξ for ξ < α. Now,we show that the sets G_ξ are regularly semi-open in X . For any V_β ∈ V_1 we have V_β = V_β , hence ⋃ β<ξ V_β = ⋃ β<ξ {V_β : V_β ∈ V_1} ∪ ⋃ β<ξ {V_β : V_β ∈ V_2} .

Since {V_β : V_β ∈ V_1, β < ξ} is a discrete family of regularly closed sets, the set D_1 = ⋃ β<ξ {V_β : V_β ∈ V_1} is regularly closed in X . For any V_β ∈ V_2 we have

V_β = ~V_β ; furthermore, V_2 is locally finite in Z , so ⋃ β<ξ {V_β : V_β ∈ V_2} = ⋃ β<ξ { ~V_β : V_β ∈ V_2}

= ~ ⋃ β<ξ {V_β : V_β ∈ V_2} = Z ∩ ⋃ β<ξ {V_β : V_β ∈ V_2} .

The set D_2 = ⋃ β<ξ {V_β : V_β ∈ V_2} is regularly closed in X and we obtain ⋃ β<ξ V_β = D_1 ∪ (Z ∩ D_2). Hence

G_ξ = V_ξ \ ( D_1 ∪ (Z ∩ D_2) ) = ( V_ξ \ D_1 ) ∩ ( V_ξ \ Z ∩ D_2 ) .

If V_ξ ∈ V_1 , then V_ξ ∩ Z = ∅; for V_ξ ∈ V_2 we have V_ξ ⊂ Z . Thus

V_ξ \ (Z ∩ D_2) = ( V_ξ \ Z ) ∪ ( V_ξ \ D_2 ) = { V_ξ ∪ ( V_ξ \ D_2 ) = V_ξ if V_ξ ∈ V_1 ,

V_ξ \ D_2 if V_ξ ∈ V_2 .

In consequence, we have

G_ξ = { (V_ξ \ D_1) ∩ V_ξ if V_ξ ∈ V_1 ,

(V_ξ \ D_1) ∩ (V_ξ \ D_2) if V_ξ ∈ V_2 ,

i.e.,

G_ξ = { (V_ξ \ D_1) if V_ξ ∈ V_1 ,

V_ξ \ (D_1 ∪ D_2) if V_ξ ∈ V_2 .

The sets V_ξ , D_1 , D_1 ∪ D_2 are regularly closed, so G_ξ is regularly semi-open. To complete the proof it remains to show that G = {G_ξ : ξ < α} is a cover of X . Let x ∈ X . Since V is a cover of X we have {V_ξ ∈ V : x ∈ V_ξ} ≠ ∅. Hence there is ξ < α such that x ∈ V_ξ and x ∉ V_β for β < ξ . This gives x ∈ G_ξ . Thus we have shown that G has all properties from the definition of a pt-space which completes the proof.

Now, let us consider the following:

Example 4. Let (X, T ) be a T_1 topological space and let Y = X × [0, 1]. For each point p = (x, y) ∈ Y with y > 0 and for each ε > 0 we put

W_ε(p) = { (x, r) ∈ Y : 0 < r ≤ 1, |y − r| < ε } , and B(p) = { W_ε(p) : ε > 0 } . If p = (x, 0) ∈ Y , then for ε > 0 and for a T -neighbourhood U of x we set V_{U,ε}(p) = { (z, r) ∈ Y : z ∈ U, 0 ≤ r < ε } and B(p) = { V_{U,ε}(p) : ε > 0 , U is a T -neighbourhood of p } . The collection { B(p) : p ∈ Y } is a neighbourhood system determining some topology τ on Y . Then we have

(I) (X, T ) is homeomorphic to ( X × {0}, τ_{|X×{0}} ) and X × {0} is a closed subspace of Y .

Let x ∈ X . The set A_x = {x} × (0, 1] is open in Y , A_x = {x} × [0, 1] is compact regularly semi-open and Y = ⋃ x∈X A_x . Evidently A_{x1} ∩ A_{x2} = ∅ if x_1 ≠ x_2 . So we have shown:

(II) (Y, τ ) is a pt-space.

For each neighbourhood V_{U,ε}(p) of any point p ∈ X ×{0} it holds: V_{U,ε}(p) = ( U × [0, ε] ) ∪ ( U × {0} ) . Thus we get:

(III) If (X, T ) is a dense in itself T_1 space, then E(Y ) = X × {0}. (IV) Let (X, T ) be a dense in itself T_1 space which is neither locally compact nor paracompact (for example the square of the Sorgenfrey line). Then the pt-space (Y, τ ) is neither locally compact nor paracompact.

Corollaries 2.

(a) The property “to be a pt-space” is not hereditary with respect to closed subspaces.

(b) Any topological property P hereditary with respect to closed subsets is not a necessary condition for to be a pt-space.

Taking Theorems 4, 5 and [4, Th. 2] into account we get some quasicontinuous selection theorems for multivalued maps with closed values.

We remind that a function f: X → Y , where X , Y are topological spaces, is called quasicontinuous if for each open set V ⊂ Y , the set f^{−1}(V ) is semiopen [8].

Corollary 3. Let X be a regular locally compact and paracompact space

and let Y be a topological space, metrizable by a complete metric. If F : X → Y is a lower semicontinuous multivalued map with closed values, then F has a quasicontinuous selection.

Corollary 4. Let (X, d) be a dense in itself metric space with E(X) discrete

and let Y be a topological space, metrizable by a complete metric. If F : X → Y is a lower semicontinuous multivalued map with closed values, then F has a quasicontinuous selection.

REFERENCES

[1] CSÁSZÁR, Á. : General Topology, Budapest, 1978.

[2] EDWARDS, R. E. : Functional Analysis, Theory and Applications, Moscow, 1969. (In Russian) [3] ENGELKING, R. : General Topology, PWN, Warszawa, 1977.

[4] KUPKA, I. : Quasicontinuous selections for closed-valued multifunctions, Math. Slovaca 52 (2002), 67–78.

[5] KURATOWSKI, K. : Topology, Vol. 1., PWN, Warszawa, 1966.

[6] LEVINE, N. : Semi-open sets and semi-continuity in topological spaces, Amer. Math.

Monthly 70 (1963), 36–41.

[7] LUKEŠ, J.—MALÝ, J.—ZAJÍČEK, L. : Fine topology methods in real analysis and potential theory, Lecture Notes in Math., Vol. 1189, Springer-Verlag, Berlin, 1986.

[8] NEUBRUNN, T. : Quasicontinuity, Real Anal. Exchange 14 (1988–1989), 259–306. [9] SINGAL, M. K.—ARYA, S. P. : On m–paracompact spaces, Math. Ann. 181 (1969), 119–133.

Received September 6, 2002 Department of Mathematics Pedagogical University Arciszewskiego 22b PL–76-200 Słupsk POLAND E-mail: stapon@admin.wsp.slupsk.pl