Tatra Mt. Math. Publ. 28 (2004), 43–56 tm

Mathematical Publications

A NOTE ON σ -DISCRETE AND MASSIVE SPACES

Stanislaw P. Ponomarev

ABSTRACT. Some cardinality properties of σ-discrete and massive spaces are considered. These spaces were essentially used in the study of the problem on the existence of ω-primitives [Z. Dusyński, Z. Grande and S. P. Ponomarev: On the ω-primitive, Math. Slovaca 51 (2001), 469–476], [J. Ewert and S. P. Ponomarev: ω-primitives on σ-discrete metric spaces, Tatra Mt. Math. Publ. 24 (2002), 13–37], [J. Ewert and S. P. Ponomarev: On the existence of ω-primitives on arbitrary metric spaces, Math. Slovaca 3 (2003), 51–57], [J. Ewert and S. P. Ponomarev: Oscillation and ω-primitives, Real Anal. Exchange 26 (2001–2002), 687–702]. It is shown, in particular, that unlike metric spaces, a topological space which is not locally σ-discrete, need not contain a massive subspace. Moreover, a locally σ-discrete topological space need not be σ-discrete, and a massive topological space may contain a discrete subset of cardinality greater than the remaining set (in contrast with the case of metric spaces). Some other cardinality properties of the mentioned spaces, in particular under GCH or MA, are also discussed.

1. Preliminaries

In this section we will give necessary definitions and formulate the basic problems.

Definition 1. ([1]–[4]). A topological space X = (X, τ ) is called

• σ-discrete at x ∈ X if there is a neighborhood U of x which is a σ-discrete subset of X, i.e., U = ∞⋃ n=1 A_n , where A_n are discrete sets;

• locally σ-discrete if X is σ-discrete at each of its points; • massive if X is not σ-discrete at any x ∈ X.

Let us write “USC function” instead of “upper semicontinuous function”.

2000 M a t h e m a t i c s S u b j e c t C l a s s i f i c a t i o n: 26A15, 54C30.

K e y w o r d s: oscillation, ω-primitive, σ-discrete space, massive space, cardinal functions, Q-space.

Definition 2. ([1]) Let f : X → [0, ∞] be an USC function. A function

F : X → ⋛ is called an ω-primitive for f if ∀x ∈ X : ω(F, x) = f(x) , where ω(F, x) is the oscillation of F at x.

The main problem in the theory of ω-primitives could be formulated as follows. Does any USC function f : X → [0, ∞], vanishing at isolated points of X, have an ω-primitive? This problem was solved (and the answer is ‘Yes’) for all metric spaces [3] and for some particular class of nonmetrizable spaces [4]. It should be pointed out that the solutions to the problem given in [1]–[4] involved the use of σ-discrete spaces and massive spaces essentially. This is the main reason for considering these spaces in the present paper.

The second problem. Assume that f has an ω-primitive. Does there a Borel ω-primitive F for f exist and what could the minimal Baire class of F be? In the mentioned papers it was shown that for the considered spaces ω-primitives could be always found in at most Baire class 2. So far, neither of the problems have been solved in the general setting for nonmetrizable spaces.

Throughout the paper, we consider only spaces with infinitely many elements.

2. On a decomposition of a space into the union of σ-discrete and massive subspaces

Definition 3. A set E ⊂ X = (X, τ ) is called discrete, σ-discrete, locally

σ-discrete, massive if it is such as a subspace of X for the induced topology.

Theorem 1. (a) Discreteness, σ-discreteness, local σ-discreteness, massive-

ness are invariant under homeomorphisms.

(b) Let E ⊂ X = (X, τ ) be a massive set. Then each set A such that E ⊂ A ⊂ X is neither σ-discrete nor locally σ-discrete.

(c) Let X = (X, τ ) be a massive space. Then for any space Y the product space X × Y is massive.

The proofs of (a), (b) are straightforward from the definitions. To prove (c), suppose not. Then there is a σ-discrete open set U ×V ⊂ X ×Y . Fix any y ∈ V . Since U ⊂ X is massive, the set U × {y} is also massive as a set homeomorphic to U . However, then by (b), the set U × V is not σ-discrete, a contradiction.

Definition 4. ([3]) Given a topological space X, we set

Σ(X) = {x ∈ X : X is σ-discrete at x}

A NOTE ON σ-DISCRETE AND MASSIVE SPACES and M(X) = X \ Σ(X) . It is immediate that Σ(X) is a locally σ-discrete and open subset of X while M(X) is a closed subset of X. Question: is Σ(X) σ-discrete and M(X) massive (whenever nonempty)? For metric spaces, the answer is ’Yes’. Namely, we have the following result.

Theorem 2. ([3]) (i) Each locally σ-discrete metric space is σ-discrete.

(ii) Each metric space X can be written in the form

X = Σ(X) ∪ M(X) , (1)

where Σ(X) is σ-discrete and M(X) is massive, whenever nonempty.

This representation is obviously unique. The subsets Σ(X), M(X) may be termed respectively as a “σ-discrete” and a “massive” part of X.

The following example shows that Theorem 2 fails in the case of nonmetrizable spaces.

Example 1. Let ω_1 be the first uncountable ordinal. Consider the classical space X = {α : 0 ≤ α ≤ ω_1} with the usual interval topology. The subspace X_0 = {α : α < ω_1} is locally σ-discrete because each interval (α, β), β < ω_1 , is at most countable. We claim that X_0 is not σ-discrete. Assume this is not the case. Then

X_0 = ∞⋃ n=1 X_n , where each X_n is discrete. There exists X_m , m ≥ 1, which is similar to X_0 (by a similarity mapping we mean an order preserving bijection). Indeed, otherwise, each X_n would be similar to an interval {α : α < γ_n < ω_1} which is countable. However, this is impossible since X_0 is uncountable. So let f : X_m → X_0 be a similarity mapping. Let ω be the least countable ordinal. Since f^{−1}(ω) is an isolated point of X_m there is an interval (β_1, β_2) ⊂ X_0 such that (β_1, β_2) ⋂ X_m = { f^{−1}(ω) } . It follows that f(β_1) ∈ ▲ whence we get f(β_1) < f(β_1) + 1 < ω .

Therefore β_1 < f^{−1} ( f(β_1) + 1 ) < f^{−1}(ω). This contradicts the fact that (β_1, β_2) ⋂ X_m = { f^{−1}(ω) } . Thus X_0 is locally σ-discrete but not σ-discrete.

Now, observe that X is not σ-discrete at ω_1 . Indeed, if there existed a σ-discrete neighborhood (α_0, ω_1] of ω_1 the subspace X_0 would be σ-discrete because (0, α_0] is countable, a contradiction. It follows that Σ(X) = X_0 and M(X) = {ω_1}. Thus X = Σ(X) ∪ M(X) but Σ(X) is not σ-discrete and M(X) is not massive.

Remark 1. Theorem 2 holds, in fact, for topological spaces admitting a σ-discrete base, because only this property was used in the proof of Theorem 2. Recall that spaces having a σ-discrete base need not be metrizable (cf., e.g., [5]). Open problem: describe classes of nonmetrizable spaces for which a corresponding analogue of Theorem 2 is true, i.e., properties (i), (ii) hold (without the adjective “metric”).

3. Comparing the cardinalities for σ-discrete and massive spaces

We adopt the standard notations for cardinal functions (cf. [6]). In particular, |X|, w(X), s(X) stand respectively for the cardinality, weight and spread of X. Denote c = |⋛|. Recall that we consider only infinite spaces.

Definition 5. ([1]) Let A be a nonempty subset of a metric space X =

(X, d). We let ΔA = inf { d(x, y) : x, y ∈ A } if |A| > 1, and ΔA = ∞ if |A| = 1.

It is clear that if ΔA > 0 then A is closed and discrete.

Lemma 1. ([2], Lemma 1) Each σ-discrete metric space X can be written in

the form X = ∞⋃ n=1 A_n , (2)

where ΔA_n > 0 and A_n ∩ A_m = ∅ for n ≠ m.

Lemma 2. ([2], Lemma 3) Let A_1, . . . , A_n be pairwise disjoint subsets of a

metric space X and ΔA_i > 0, 1 ≤ i ≤ n. Then there exists a family of pairwise disjoint open balls B = { B ( x, r(x) ) : x ∈ A_1 ∪ · · · ∪ A_n } . In other words, we may pick a ball around each x ∈ A_1 ∪ · · · ∪ A_n so that all these balls will be pairwise disjoint.

Theorem 3. If X is a σ-discrete metric space then w(X) = |X| . (3) P r o o f . By Lemma 1, we may write (2) whence |X| = max ( sup_n |A_n| , ω ) = sup_n | | | | | n⋃ i=1 A_i | | | | | . (4)

A NOTE ON σ-DISCRETE AND MASSIVE SPACES

Since each collection {A_1, . . . , A_n}, n ∈ ▲, of the sets from (2) satisfies the

assumptions of Lemma 2, we have that^n ⋃ i=1 A_i is a discrete subset of X for each

n ∈ ▲. Therefore the right-hand part of (4) equals s(X), i.e., spread of X, which equals w(X).

Theorem 4. Let D be a σ-discrete subset of a massive metric space X. Then |D| ≤ |X \ D| . (5) P r o o f . By Lemma 1, D = ∞⋃ n=1 D_n , where D_n are pairwise disjoint sets, ΔD_n > 0. Let X_1 = X \ D . Since X is massive and D σ-discrete, the set X_1 is massive. Consider the family of pairwise disjoint open balls

B_1 = { B(x, r_1) : x ∈ D_1 , r_1 = ΔD_1/3 } . (6)

Fix a mapping f_1 : D_1 → X_1 such that f_1(x) ∈ B(x, r_1) \ {x} for each x ∈ D_1 . It is clear that such a mapping exists and is injective since B_1 is composed of disjoint balls. It follows from (6) that Δf_1(D_1) ≥ r_1/3 > 0, whence f_1(D_1) is discrete. Therefore X_2 = X_1 \ f_1(D_1) is massive and we may apply the previous argument for X_2 and D_2 , we consider the family of open pairwise disjoint balls B_2 = { B(x, r_2) : x ∈ D_2 , r_2 = ΔD_2/3 } . We then obtain an injective mapping f_2 : D_2 → X_2 , such that Δf_2(D_2) ≥ r_2/3. Proceeding by induction, we obtain a sequence of injective mappings {f_n : D_n → X_n , n ∈ ▲} with the properties:

(i) Δf_n(D_n) > 0;

(ii) X_{n+1} = X_n \ f_n(D_n).

Now, define f : D → X \ D letting f|D_n = f_n . Since all the sets D_n , f_m(D_m), n, m ∈ ▲, are pairwise disjoint, the mapping f is injective, whence (5) follows.

Remark 2. For metric spaces, the equality |D| = |X \ D| is possible as the following example shows.

Example 2. Consider the space X which is the union of c copies [0, 1]_y of the closed interval [0, 1]: X = ⋃ y∈R [0, 1]_y with the metric

d(x_1, x_2) = { |x_1 − x_2| if x_1, x_2 ∈ [0, 1]_y , 1 if x ∈ [0, 1]_{y1} , x_2 ∈ [0, 1]_{y2} , y_1 ≠ y_2 . (7) Let D be any subset of X which has only one point in common with each [0, 1]_y . Then we clearly have |D| = c = |X \ D| = |X|. Notice that the space X in this example is complete but not connected. To have an example of a connected and complete metric space with the required properties, the so-called “hedgehog space of spininess c” denoted by J(c) ([5]) may be taken. We omit a simple argument showing that there exists a discrete set D ⊂ J(c) such that |D| = c = | |J(c) \ D | | = | |J(c) | |. Next, we will show that in the case of massive nonmetrizable spaces it is possible that |D| > |X \ D| where X may be of arbitrarily large cardinality.

Theorem 5. For each cardinal κ > c there exists a massive space X, |X| =

2^κ , which contains a discrete subset D such that |D| = 2^κ, |X \ D| = κ, so we have |D| > |X \ D|. P r o o f . Let us fix a set A, |A| = κ, and take the Cantor cube E = {0, 1}^A .

We have |E| = 2^κ . Let S be a subset of E consisting of all functions φ : A → {0, 1} such that the set { x ∈ A : φ(x) = 1 } is finite. The set S is dense in E since each element of the base for the topology of E contains an element of S . Furthermore, it follows from the definition of S that |S| = |A| = κ.

Let ⋛^+ be the set of nonnegative reals equipped with the standard subspace topology. Define a topology on Y = E × ⋛^+ by introducing a fundamental system of neighborhoods W = { W (z, t) : (z, t) ∈ Y } as follows.

1) Neighborhoods of (z, 0) ∈ Y are sets of the form W (z, 0) = { (z, 0) } ∪ U(z) × (0, ε) where U(z) is an open neighborhood of z ∈ E , and (0, ε) ⊂ ⋛^+.

2) Neighborhoods of (z, t) ∈ Y , t > 0, are sets of the form W (z, t) = U(z) × (t − ε, t + ε), 0 < ε < t. It is easy to check that W is a fundamental system of neighborhoods on Y .

Next observe that each of these neighborhoods contains an interval of the form I = {z} × (a, b), z ∈ E , 0 < a < b, which is a massive subset of Y because (a, b) is a massive subset of ⋛^+. By Theorem 1(b), this implies that none of the neighborhoods W (z, t) is σ-discrete and therefore Y is a massive space. Now, define the subspace X ⊂ Y letting X = S × ⋛^+ ∪ (E \ S) × {0} . We claim that X is a massive space. To see this, let (z, t) ∈ S × ⋛^+. Then each neighborhood of (z, t) obviously contains an interval of type I described above.

A NOTE ON σ-DISCRETE AND MASSIVE SPACES

Let z ∈ E \ S . Then (z, 0) ∈ X and each neighborhood of this point contains a neighborhood of the form W (z, 0) ∩ X = { (z, 0) } ∪ ( U(z) ∩ S ) × (0, ε) . (8)

Since S is dense in E , we have U(z) ∩ S ≠ ∅, whence it follows that the set (8) contains an interval I^′ = {z^′}×(0, ε), z^′ ∈ U(z)∩S . Therefore by Theorem 1(b) the space X is massive.

Consider the set D = (E \ S) × {0}. This is a discrete subset of X. Indeed, if z ∈ E \ S , no neighborhood (8) meets D except at the point (z, 0).

Finally, let us compare |D| and |X \ D|. We have |D| = |E \ S| = |E| = 2^κ because |S| = κ < 2^κ = |E|. On the other hand, X \ D = S × ⋛^+ whence |X \ D| = max ( |S|, c ) = |S| = κ which completes the proof. Observe that X is nonmetrizable, which is immediate by Theorem 4.

Of course, there exist σ-discrete dense in themselves metric spaces of any cardinality κ ≥ a. For instance, the product space X ×⋚, where X is σ-discrete, |X| = κ, and ⋚ is taken with its usual metric. However each point of X × ⋚ has a countable neighborhood. The space constructed in the next proposition lacks this “flaw” whenever κ > ℵ_0 .

Theorem 6. Given any infinite cardinal κ, there exists a σ-discrete dense in

itself metric space X such that each of its nonempty open subsets has cardinality κ. Moreover, X can always be regarded as a subset of a Hilbert space.

P r o o f . Fix a set A, |A| = κ. Let H be the set of all functions x : A → ⋛ which may take nonzero values on finite sets only. Define the inner product on H letting (x|y) = ∑ a∈A x(a) y(a) and the corresponding norm ‖x‖ = √ (x|x) . Let

E = {χ_a : a ∈ A} be the set of characteristic functions of singletons. Obviously H is a real pre-Hilbert space [10] and E is an orthonormal set in H of cardinality κ. Put E_0 = E . Clearly, ΔE_0 = √ 2. Fix any r_1 ∈ (0, 1) and let R_1 = E_0 +r_1E , E_1 = R_1 ∪ E_0 (by definition, A_1 + λA_2 = {ξ_1 + λξ_2 : ξ_1 ∈ A_1 , ξ_2 ∈ A_2}). Let x, y ∈ R_1 , x ≠ y . Then x = x_0 + r_1u_0 , y = y_0 + r_1v_0 where x_0, y_0, u_0, v_0 ∈ E_0 which yields ‖x − y‖ ≥ ΔE_0 − r_1 √ 2 = √ 2(1 − r_1) > 0. Hence ΔR_1 > 0. In much the same way ΔE_1 > 0 can be proved.

Assume that we have already constructed sets E_1, . . . , E_n in H and positive numbers r_1, . . . , r_n with the following properties: (a) E_k = R_k ∪ E_{k−1} , where R_k = E_{k−1} + r_kE , 1 ≤ k ≤ n; (b) r_k < 1/k and ΔE_k > 0 for 1 ≤ k ≤ n.

Fix any positive number r_{n+1} < min

(_1 n+1 ,^{ΔE}n^√_2 ) and let E_{n+1} = R_{n+1} ∪E_n , R_{n+1} = E_n + r_{n+1}E . It is easily checked that ΔE_{n+1} ≥ min ( r_{n+1} , ΔE_n − r_{n+1} √ 2 ) > 0.

Thus, we have inductively constructed a sequence of sets {E_n : n ∈ ▲}, E_n ⊂ H , and a sequence of positive numbers {r_n : n ∈ ▲}, r_n < 1/n, such that

E_{n+1} = E_n ∪ (E_n + r_nE) , ΔE_n > 0 . (9)

Put X_0 =^∞ ⋃ n=1 E_n . Since ΔE_n > 0 and |E_n| = |E| = κ we have that X_0

is σ-discrete and |X_0| = κ. Let B(x, r) be a fixed open ball in X_0 . There is n such that x ∈ E_n . Then from the recurrent relation (9) it follows that x + r_{n+p}E ⊂ B(x, r) whenever r_{n+p} < r/ √ 2 (notice that diam E = √ 2). Since r_m → 0, we conclude that for all sufficiently large p κ = |E| = | |x + r_{n+p}E | | ≤ | |B(x, r) | | ≤ |X_0| = κ . Thus each ball in X_0 has cardinality κ whence, in particular, X_0 is dense in itself.

Finally, let (H, φ) be a completion of H where φ : H → H is an isometric imbedding. Then X = φ(X_0) is a metric subspace of the Hilbert space H having the required properties.

4 On Fœ-sets and the relation w(X) = jXj

By GCH and MA we mean the Generalized Continuum Hypothesis and Martin’s Axiom, respectively. In what follows, we will need some facts which are easy consequences from the previous results on σ-discrete spaces. It will be convenient to formulate them as

Theorem 7. For each σ-discrete metric space X we have (a) w(X) = |X|; (b) each E ⊂ X is F_σ ; (c) each f : X → ⋛ is Baire 1.

The relation (a) was established in Theorem 3, (b) follows immediately from Lemma 1 while (c) is equivalent to (b).

In this connection we are interested in the following questions. Do these relations imply that X is σ-discrete? And, how can be compared (a) and (b)?

Theorem 8. Assume GCH. If each subset of an infinite metric space X is

F_σ then w(X) = |X|.

P r o o f . It suffices to show that w(X) ≥ |X| (10)

A NOTE ON σ-DISCRETE AND MASSIVE SPACES

since the opposite inequality always holds for metric spaces. We use the notations:

o(X) = cardinality of the family of all open subsets of X. f(X) = cardinality of the family of all closed subsets of X. f_σ(X) = cardinality of the family of all F_σ-subsets of X. It is known that o(X) = 2^{w(X)} ([6], p. 33), therefore f(X) = 2^{w(X)}. It follows that f_σ(X) has the bound (2^{w(X)})^{ℵ0} = 2^{w(X)} because w(X) ≥ ℵ_0 .

Now assume (10) is false. Then using the bound for f_σ(X) and the GCH assumption, we get f_σ(X) ≤ 2^{w(X)} < 2^{|X|} . Therefore there is a set A ⊂ X which is not F_σ , a contradiction. So (10) holds.

Without any assumption whatsoever about X, the statement of Theorem 8 may fail. To see this, let us look at the so-called Q-sets.

Recall that an uncountable set E ⊂ ⋛ is called a Q-set if each subset of E is F_σ in the space E (equipped with the subspace topology). It is known (see [6], p. 709) that under the assumption MA + ¬CH , each E ⊂ ⋛ satisfying ℵ_0 < |E| < c is a Q-set (cf. also [7], [8]).

Each Q-set E , as a subspace of ⋛, is obviously separable and not σ-discrete. It follows by Theorem 2 that there exist massive Q-sets. Indeed, given a Q-set E its subset M(E) is massive. It will be convenient to sum up the mentioned facts in the form of the following proposition.

Theorem 9. Under MA + ¬CH , there exists an uncountable metric space

X ⊂ ⋛ (namely, a Q-set) such that 1) X is massive; 2) w(X) = ℵ_0 < |X|; 3) each subset of X is F_σ .

Thus the relation (b) in Theorem 7 generally need not imply (a). Consider the space X in Example 2. It is easy to check out that w(X) = |X| = c but the set of irrationals in the interval [0, 1]_y, y ∈ ⋛, is not F_σ . The same property could be shown in a similar way for the “hedgehog” J(c). Hence the relation (a) need not imply (b) either. Thus the relations (a), (b) are generally independent.

Next, we will show that the converse of Theorem 7 is not true, i.e., (a)+(b) need not imply that a metric space X is σ-discrete.

Example 3. Assume MA + ¬CH and let E ⊂ [0, 1] be a massive Q-set. Consider the metric space quite analogous to that in Example 2 where c copies of [0, 1] are replaced with |E| copies E_y of E : X = ⋃ y∈E E_y .

It is clear that X is a massive space.

First, we check that w(X) = |X| = |E|. Let B = {b_t : t ∈ T } be a base for X such that w(X) = |B| and let B_y = {b_t : b_t ⊂ [0, 1]_y}, y ∈ E . Since the family {E_y : y ∈ E} is obviously discrete (cf. [5]) we have that B_y is a base for E_y , y ∈ E . It follows that B^∗ = ⋃ y∈E B_y ⊂ B is a base for X, and as a ≤ |B_y| ≤ |E|, we get w(X) = |B^∗| = ∑ y∈E |B_y| = |E| = |X| . We claim that each subset of X is F_σ . Let A ⊂ X. Then A = ⋃ y∈E A ∩ E_y . Since E_y is a Q-set, each A ∩ E_y is F_σ in the closed subset E_y of X. Our claim then follows from the fact that the family {E_y : y ∈ E} is discrete. But X is obviously not σ-discrete. Thus generally the converse of Theorem 7 does not hold.

However, the converse of Theorem 7 holds under some additional assumptions (see Theorem 10).

Definition 6. A topological space X is called a Q-space if each of its subsets

is F_σ .

For example, σ-discrete metric spaces and Q-sets are Q-spaces.

Theorem 10. Let X be a complete metric space such that Σ(X) ≠ ∅. If X

is a Q-space then X is σ-discrete, i.e., X = Σ(X).

Theorem 10 will be given two proofs. The first one is based on the following Lemma 3. In the second proof we will make use of Theorem 12 on the existence of ω-primitives.

Lemma 3. Let X be a dense in itself metric space.

(i) Then X contains a dense subset of the form D = ∞⋃ k=1 D_k (11)

where ΔD_k > 0 and D_k are pairwise disjoint. Thus D is F_σ , first category and σ-discrete.

(ii) If X is a massive space or a dense in itself Baire space, then D is boundary.

P r o o f . Although formally the proof can be reconstructed from certain arguments of Theorem 1 and Lemma 3 in [1], and also Theorem 1.2 in [4], we will give, for the sake of reader’s convenience, a comprehensive proof of the lemma, especially because it was not stated at all in such a form in the mentioned papers.

A NOTE ON σ-DISCRETE AND MASSIVE SPACES

For each natural n consider the property P_n pertained to subsets of X and defined as follows E ⊂ X has the property P_n ⇐⇒ ΔE ≥ 1/n .

It is easily checked that P_n is a property of finite character [5].

According to Teichmüller–Tukey’s Lemma [5], each subset of X with property P_n is contained in the maximal (with respect to the inclusion relation) subset of X which also has the property P_n . Such maximal subset we call a P_n-maximal set (for more details see [1]). So, if we fix, say, a one-element subset of X, we may conclude that it is contained in a P_1-maximal set A_1 ⊂ X.

Now, let us note that since X is dense in itself, then for each A ⊂ X with ΔA > 0 we have that X\A is also dense in itself. Indeed, A is closed and discrete whence the claim follows. So, in particular, X \ A_1 is dense in itself. Proceed inductively. Assume that we have already found nonempty subsets D_1, . . . , D_n of X such that

(a) D_1 ⊂ X, D_k ⊂ X \ (D_1 ∪ · · · ∪ D_{k−1}) for k = 2, . . . , n, (b) ΔD_k > 1/k , 1 ≤ k ≤ n, (c) D_1 is P_1-maximal in X, and D_k is P_k-maximal in X \ (D_1 ∪ · · · ∪ D_{k−1}) for k = 2, . . . , n. Repeating much the same argument as for the set X \ A above, one easily concludes that X \ (D_1 ∪ · · · ∪ D_n) is dense in itself. We may then find (by Teichmüller-Tukey’s lemma) a P_{n+1}-maximal set D_{n+1} ⊂ X \ (D_1 ∪ · · · ∪ D_n).

Thus there exists a sequence {D_k, k ∈ ▲} of subsets of X satisfying the properties (a), (b), (c) for all k . We claim that D = ∞⋃ k=1 D_k is the required set.

Let us show that D is dense in X. Suppose not. Then there is a ball B(x_0, r) ⊂ X \ D . It follows that Δ ( {x_0} ∪ D_k ) = ΔD_k > 1/k for k > 1/r .

This means that D_k is not a P_k-maximal set (cf. the property (c)), a contradiction. Thus the set D is dense in X and, in view of its construction, it has the properties indicated in (i) of the statement of the lemma. The claim (ii) is an easy consequence of these properties.

F i r s t p r o o f o f T h e o r e m 10. By Theorem 2, X = Σ(X) ∪ M(X), so it remains to show that M(X) = ∅. Assume this is not the case. Then the massive subspace M(X) contains, by virtue of Lemma 3, a dense first category boundary subset D . By assumption, X is a Q-space, therefore M(X)\D should be an F_σ subset of a complete space M(X). Thus we have a contradiction because a complete space cannot be a disjoint union of a first category dense set and of an F_σ set.

Theorem 11. Let X be a Baire metric Q-space. Then X = I(X) where

I(X) is the set of isolated points of X (and I(X) means the closure of I(X)).

P r o o f . Assume the contrary. Then the nonempty open set G = X \ I(X) is a dense in itself Baire space. By Lemma 3, G contains a dense first category boundary set D . As X is a Q-space, the set G \ D should be F_σ which is obviously impossible since G is Baire (cf. end of the proof of Theorem 10).

Corollary. There are no dense in themselves Baire metric Q-spaces.

Next, let us give an alternative proof of Theorem 10 making use of the following fact.

Theorem 12. Let X be a dense in itself metric space. Then each USC function

f : X → [0, ∞) has an ω-primitive F : X → ⋛.

This is a particular case of a fundamental Theorem 3 in [3] on the existence of ω-primitives on any metric space, not necessarily dense in itself.

S e c o n d p r o o f o f T h e o r e m 10. By Theorem 2, X = Σ(X)∪M(X). Assuming that M(X) ≠ ∅, consider the constant function f : M(X) → {1} which is obviously USC. By Theorem 12, there is an ω-primitive F : M(X) → ⋛ for f which is Baire 1 because X is a Q-space. Since X is complete, the closed subspace M(X) is also complete. Therefore the oscillation of F vanishes at some point, which contradicts the fact that ω(F , ·) = 1. Thus M(X) = ∅ whence X = Σ(X), and this finishes the proof.

Theorem 11 can be handled in a similar way.

S e c o n d p r o o f o f T h e o r e m 11. Retaining the notations from the first proof, assume that G ≠ ∅. By Theorem 12, there is an ω-primitive F : G → ⋛ for the constant function f : G → {1}. Since X is a Q-set, F is Baire 1, therefore its oscillation vanishes at some point of the Baire space G, a contradiction.

Remark 3. As we have already noted in the proofs of Theorem 10, if X is complete then the subspace M(X) is also complete, whenever nonempty. In Example 4 it is shown that a similar “hereditary property” as well as the analogue of Theorem 10 fails if “complete space” is replaced with “Baire metric space”. The example is partially based on Theorem 13.

Theorem 13. Let X be a Q-space. Then for each σ-discrete metric space Y

the product Z = X × Y is a Q-space.

P r o o f . Assume first that Y is a discrete space. Write Y as a union of singletons: Y = ⋃ t∈T {y_t}. Let A ⊂ Z . For each t ∈ T there is a set E_t ⊂ X such 54

A NOTE ON σ-DISCRETE AND MASSIVE SPACES

that A ∩ ( X × {y_t} ) = E_t × {y_t}. By our assumption, E_t =^∞ ⋃ k=1 F_{tk} where F_{tk} are closed sets in the space X. Then we have A = ⋃ t∈T E_t × {y_t} = ∞⋃ k=1 ( ⋃ t∈T F_{tk} × {y_t} ) . (12)

Each set F_{tk} × {y_t} is closed in Z , and since Y is discrete, the family {F_{tk} × {y_t} : t ∈ T } is discrete (cf. [5]) for each k ∈ ▲. Therefore the set ⋃ t∈T F_{tk} × {y_t} is closed in Z for each k ∈ ▲. It follows by (12) that A is F_σ .

Now let Y be a σ-discrete metric space. By Lemma 1, Y =^∞ ⋃ n=1 Y_n where the

sets Y_n are discrete and closed. Let A ⊂ X × Y . Write A =^∞ ⋃ n=1 A ∩ ( X × Y_n ) . By the previous argument, each set A ∩ (X × Y_n) is F_σ in the closed subspace X × Y_n of the space Z . Therefore the set A is F_σ .

Remark 4. The following two questions seem to be interesting. Let X be a Q-space. For which spaces Y the product X × Y is a Q-space (or, conversely, is not a Q-space)? In this connection one should note that the product of two Q-spaces need not be a Q-space. This is immediate from a result of W. G. F l e i s s n e r in [9]. Second question. Assume that a given space Y is not σ-discrete. Is there a Q-space X such that X × Y is a Q-space?

Finally, let us consider an example explaining what was said in Remark 3.

Example 4. Assume MA + ¬CH . Let a massive Q-set E ⊂ [0, 1] be fixed and let A = {a_1, . . . , a_n, . . . } ⊂ E be a countable set dense in E . Consider the discrete set Y = {1, 1/2, . . . , 1/n, . . . } ⊂ ⋛. By Theorem 13, the product E × Y is a Q-space. Define its subspace X letting X = ( (E × {0} ) ∪ D , where D = { (a_1, 1), . . . , (a_n, 1/n), . . . } . (13)

Clearly, X is a Q-space and D is its discrete subset. We shall show that X is a Baire space. To end this, it suffices to check that D is dense in X, which reduces to showing that E × {0} is contained in the closure D .

Take any open ball B(p, r) ⊂ ⋛^2 around a point p = (x, 0) ∈ E × {0}. Since A is dense in a massive space E , there is a subsequence {a_nk : k ∈ ▲}, a_nk ≠ x, a_nk → x. By (13), this implies that D ∩ B(p, r) ≠ ∅, whence p ∈ D . Thus X = D , and since D is discrete, we conclude that X is a (metrizable) Baire space (for concreteness, we may consider the standard euclidean metric from ⋛^2 ) on X.

Now let us observe that Σ(X) = D , M(X) = E × {0}. The massive space M(X) homeomorphic to the space E is not Baire since E is such. In fact, E is first category in itself (cf. [8]).

Thus Example 4 shows that (underMA + ¬CH ) there exists a Baire metric Q-space X such that Σ(X) ≠ ∅, M(X) ≠ ∅, and M(X) is not a Baire space.

REFERENCES

[1] DUSZYŃSKI, Z.—GRANDE, Z.—PONOMAREV, S. P. : On the ω-primitive, Math. Slovaca 51 (2001), 469–476.

[2] EWERT, J.—PONOMAREV, S. P. : ω-primitives on σ-discrete metric spaces, Tatra Mt.

Math. Publ. 24 (2002), 13–27.

[3] EWERT, J.—PONOMAREV, S. P. : On the existence of ω-primitives on arbitrary metric spaces, Math. Slovaca 53 (2003), 51–57.

[4] EWERT, J.—PONOMAREV, S. P. : Oscillation and ω-primitives, Real Anal. Exchange 26 (2001–2002), 687–702.

[5] ENGELKING, R. : General Topology, PWN, Warszawa, 1977.

[6] Handbook of Set-theoretic Topology (K. Kunen and J. E. Vaughan, ed.), Elsevier Science Publishers, North Holland, Amsterdam, 1984.

[7] FLEISSNER, W. G.—MILLER, A. W. : On Q sets, Proc. Amer. Math. Soc. 78 (1980), 280–284.

[8] FLEISSNER, W. G. : Current research on Q sets, in: Colloq. Math. Soc. János Bolyai, Vol. 23, Topology, Akademiai Kiadó, Budapest, 1978, pp. 413–431.

[9] FLEISSNER, W. G. : Squares of Q sets, Fund. Math. 118 (1984), 223–231. [10] LANG, S. : Real and Functional Analysis, Springer-Verlag, Berlin, 1993.

Received October 16, 2002 Institute of Mathematics Pedagogical University Arciszewskiego 22b PL–76-200 Słupsk POLAND E-mail: stapon@o2.pl